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ABSTRACT. For autonomous Lotka-Volterra systems modelling the dynamics
of N competing species, a new condition has been found to prevent a particular
species from dying out. Based on this condition, criteria have been established
for all or some of the IV species to stabilise at a steady state whilst the others,
if any, die out.

1. INTRODUCTION
Consider the autonomous Lotka-Volterra system
(11) T; = bl{tz(l — Oéil') (Z € IN),

where #; = dx;/dt, b; > 0, I, = {1,2,...,m} for any integer m > 1, N > 3,
T = ((El,xz,... ,LUN)T € RY and o = (ail,aig,... ,aiN) with a;; > 0 and Qij >0
(¢ # j). Since (1.1) is well known as a model of a community of N mutually
competing species, x; denoting the population size of the ith species at time ¢, we
adopt the usual restriction of x to the positive cone Rf .

We are interested in the existence of a global attractor 2* € RY. If 2* € 9RY
(i.e., the boundary of Rf ), then some of the N species will eventually die out
whilst the others will coexist and stabilise at a steady state. If z* € intRY (i.e.,
RY \ ORY), however, no extinction will occur and all of the species will stabilise
at z*. A simple and frequently used condition for (1.1) to have a global attractor
¥ e intRf is
a1 + a2 Tt aiN
ailr  G22 aNN

(1.2) <2

for all i € Iy (see Kaykobad [6], Gopalsamy and Ahlip [5] and Gopalsamy [4, pp.
294-297]). For the existence of a global attractor z* € IRY, Zeeman [9] gives a
condition for the survival of only one species and Ahmad and Lazer [2] obtain a
criterion for the extinction of only one species. Bridging the gap between the above
extreme cases, Montes de Oca and Zeeman [7] prove that the species z1,... ,z,
stabilise at (z7,...,2})7 € intR’, whereas z,41,...,zy go extinct provided (1.2)
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holds for 7 € I, and
(1.3) VkeIn\I,, Jix<k > Vjely, ai;<ag,

where the symbol “3” reads “such that”.

We observe that (1.2) for some i € Iy is employed to prevent the species x;
from extinction while (1.3) for k = N is to drive zny to extinction (cf. Montes de
Oca and Zeeman [8, Lemma 3.1]). We also notice that these ideas, especially (1.2),
are extended to nonautonomous (see [7, 8], Ahmad [1], Ahmad and Lazer [3]) and
retarded autonomous ([5] and [4, §4.1-84.3]) systems. No doubt the popularity of
(1.2) is attributed to its conciseness. Nonetheless, as a means of preserving and
stabilising x; at some xf > 0, (1.2) is too restrictive and is far from necessary.
When N = 3, van den Driessche and Zeeman [10] provide a simpler criterion for
the global attractivity of a steady state x* € intRf assuming the existence of z*.
For the general system (1.1), however, it seems that (1.2) for all ¢ € Iy is the only
condition available for both the existence of a steady state z* € intRY and its
global attractivity.

The purpose of this paper is to find new conditions that are less restrictive than
(1.2) and (1.3) for the existence of a global attractor z* € RY.

2. MAIN RESULTS
For any ag = (ao1,a02,- . ,aon) # 0 with all ag; > 0, the set
(2.1) Yo ={r € RY : qpz = 1}

can be viewed as an (N — 1)-dimensional plane in RY. Let v; be given by (2.1)
with the replacement of 0 by ¢ € Iy and let

T
1 1 1
2) v (L)
ailr a22 aANN

From system (1.1) itself we perceive that the ~;, together with Y, will play an
important role in determining the dynamics of (1.1). Define y* for y € RY and
S C Iy by y? =y; ifi € S and y? = 0 otherwise. Then, for any nonempty S C Iy
and every j € S, anS > 1. In particular, oY > 1 for all ¢ € Iy.

Condition 2.1. For a fixed i € Iny and every pair of m € Iy \ {i} and S C
In \ {i,m} such that

(2.3) Y <1< aysPimd,

every «; (j # i) in (1.1) satisfies

1 1
(2.4) either 1< a;Y® or —(1- ;Y5 < (1—a;Y®).

Ajm, Aim

Remark 2.2. Condition 2.1 for some i € Iy implies that
(25) aij < ajj (j eln \ {Z})

In fact, if @im > amm for some m # i, i.e., (2.3) holds for this m and S = ), then
(2.4) leads to a contradiction a;m;, < @Gmm. This also shows that S # @) for any pair
(m, S) satisfying (2.3) and (2.4).
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T3 yIs\{1}

FIGURE 1. The left (right) satisfies Condition 2.1 ((2.8) for j €
I3\ {1}) but does not satisfy (2.8) for j € I ((1.2)).

The following are preliminaries towards a geometric interpretation of Condi-
tion 2.1. The set o given by (2.1) is convex in the sense that c;z! + cox? € v
whenever 2z € v and ¢; > 0 (i € I)) with ¢; + ¢ = 1. We say that z € RY is
below (on or above) vo if apz < 1(=1or >1). A set D C RY is said to be below
(on or above) v if every point in D is so. For any y',y? € RY with y* <y? (ie,
y; <yj for all j € Iy), the cell

Wyl ={zeRY :y' <z <y’}

is k-dimensional if yj1 < yj2 holds exactly for k indices. Clearly, [y!,y?] is a convex
set too. Suppose that ! is below 7 whereas 32 is on or above 7y. Then there are
pairs of m € Iy and S C Iy \ {m} such that y' + (y? — y*)° is below 7o whilst
yt + (y? — yH)SU1™ is on or above 7. Hence, for each such pair (m, S), there is a
y(m, S) € [y, y?] N~ such that

(2.6) W'+ 2 =yt + 2 =y Ny = {y(m, S)).

Let P be the set of all such y(m,S), so P consists of the points of intersection of
70 and the edges of the cell [y',4?%]. Then, since [y, 4% N 7o is convex, it can be
shown that

(2.7) [yl,yQ]ﬂ%:{ZCMk:CkZO,:BkEP,ZCkZI}-

k k
So [y}, ¥?] N o is the convex hull of P.

Remark 2.3. Condition 2.1 is equivalent to the following statement: Every set
[V, YInMit gy, (j # ), the restriction of y; to [Y?, VI8 \{i}] is below the plane ;.
In other words, [Y?, Y/~ \{&}] 0,  if not empty, is above every plane ; (j # i) (see
Figure 1). This is obvious if a; YN\ < 1 as, in this case, (m, S) satisfying (2.3)
does not exist and the whole cell [Y?, YV is below ;. If o YV M > 1 since
;Y? = 0 < 1, then (2.3) implies (2.6) with the replacements of 7o by 7; and [y*, 2]
by [V?, Y I~\, For each pair (m, S) satisfying (2.3) and every j € Iy \ {i}, (2.4)
holds if and only if y(m,S) in (2.6) is above ;. From (2.7) with the appropriate
replacement we see that Condition 2.1 holds if and only if [Y?, Y /¥ \ {210~ is above
v; for all j € In \ {i}.

We are now able to give an alternative of Condition 2.1.
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Lemma 2.4. (i) Let J C Iy with cardinality |J| > 1. If Condition 2.1 is met for
all i € J, then

(2.8) max {0, 21— anIN\W})} <1 - ayIv\id}
ajj

foralli,j € J withi # j. (it) Conversely, for a fizedi € Iy, (2.8) for all j € In\{i}

implies Condition 2.1. (iii) Hence, Condition 2.1 is fulfilled for all i € Iy if and

only if (2.8) holds for all i,j € In with i # j.

Proof. (i) Under Condition 2.1 for all 4 € J, we suppose ;Y ¥ \53} > 1 for some
i,j € J with i # j. Then [Y? YN\ nq, D [V VINME3 0y # 0. By Re-
mark 2.3, [Y?, YN \453 N, is above ;. On the other hand, as Condition 2.1 holds
for j and [Y? yIn\Mii) ¢ [v? v~} by Remark 2.3 again [V, YIn\{67}] 1,
is below 7;. This contradiction shows that anIN\{i’j} < 1 for all 4,5 € J with
i # j. Since o; YIN\MT} > 1) we have Y3\ yINE 0, = {2} where
i(1 — o YIN\EIY) i | =,
2 = § Q55

i
YkIN i} otherwise.

By Remark 2.3, z is below ~;, i.e.,
oz = OéiYIN\{i’j} + a2 < 1.
Then (2.8) follows for 4,5 € J with i # j.

(i3) If a; YN\ < 1, then [Y?,VI¥\M#] is below 7;. By Remark 2.3, Con-
dition 2.1 holds for this 7. Suppose a;Y VM@ > 1. Then, since (2.8) holds for
j € In \ {i}, for every pair (m, S) satisfying (2.3) we must have m € Iy \ {i} and
S =In\{i,m}. For j € Iy \ {i}, it is obvious that a;Y° > 1if j € S. If j ¢ S,
then j = m and

L 1Y) < (1 - a¥S)

mm a'Lm
by (2.8). Therefore, (2.4) holds for (m, S) satisfying (2.3) and j € I \ {i}.
(4i) This is a combination of (¢) and (i%). |

Remark 2.5. If (1.2) holds for some i € I, then
0<1—a Y\ =1 gy In\d} -3 oy
ajj
which, together with —aj_jlaijoijIN\{i’j} < 0, implies (2.8) for all j € Iy \ {i}.
Hence, by Lemma 2.4 (4i), (1.2) also implies Condition 2.1. But the converses are
not true (see Figure 1).

Theorem 2.6. Assume that (2.8) holds for all i,5 € In with i # j. Then (1.1)
has a global attractor x* € intRf with xf € (0,1/a;) for i € Iy.

Example 2.7. For (1.1) with a1 = (1,¢,2¢), as = (¢,1,¢) and as = (2¢,¢,1),
where € € (1, 3_2‘/5), we have €2 — 3¢ +1 > 0 so that (2.8) holds for all 4,j € I3
with i # j. By Theorem 2.6, (1.1) has a global attractor 2* € intR%. It is obvious

that (1.2) for ¢ = 1, i.e. 32 < 1, is not satisfied.

Remark 2.8. Remark 2.5 and Example 2.7 show that Theorem 2.6 suits a broader
class of systems than the one using (1.2). As (2.8) is still concise enough, with little
extra cost we have obtained a better result and thus achieved a goal set in §1.
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Theorem 2.9. Let J C Iy with 1 < |J| < N —1. Assume that Condition 2.1
holds for all i € J and

(29) Vk e Iy \ J, diged > Vj e J, Qi 5 < Q-

Then (1.1) has a global attractor x* € ORY with xz} € (0,1/ag)] if ¢ € J and z} =0
otherwise.

Remark 2.10. We show that (1.3) implies (2.9) with J = I,.. For any k € Iy \ J,
let iy, be given by (1.3). We need find an ¢; < r such that ag,; < ag; for all j € J
so that (2.9) holds for this k. If iy < r, then ¢, = i; meets the requirement. If
r < i <k, by (1.3) there is an my, < i) such that am,,; < a;,; < ap; for all j € I;, .
We then take £ = my if my < r. If my > r, repeating the above process a number
of times, we can always find the required ¢j.

Replacing Condition 2.1 by (2.8) in Theorem 2.9, we have the following result.

Corollary 2.11. Let J C Iy with 1 < |J| < N — 1. Assume that (2.8), for
every i € J and all j € In \ {i}, and (2.9) are satisfied. Then the conclusion of
Theorem 2.9 holds.

Example 2.12. Consider (1.1) with a3 = (1,%,%,%), Qg = (0,1,%,%), a3 =

(1,1,1,0) and ay = (2, 5, ,1). We can check that (2.8), i.e.,
maX{O, aij(l — Qjk — ajg)} <1l—a;r —ay (k,g S I4 \ {i,j}, k 75 é),

holds for i € Iy and j € I, \ {i}. Since as1 < as1, ase < asze, a;1 < aq; and

a1z < aqg, (2.9) with J = I is satisfied. By Corollary 2.11, (1.1) has a global

attractor z* € ORY with 2 = 2} = 0 and z} € (0,1] for i € I,. Note that

a1 + a1z + a13 + a14 > 2, a1z > aq3, asz > ag3 and asz > ag3. So neither (1.2) for

i =1 nor (1.3) for k =4 is met.

Remark 2.13. From Example 2.12 and Remarks 2.5 and 2.10 we see that The-
orem 2.9 and Corollary 2.11 cover the corresponding result given in [7] for the
autonomous case. However, this does not rob the significance of [7] as it deals with
general nonautonomous systems. From the proof of Theorem 2.9 given in the next
section, it will be clear that Condition 2.1 for all ¢ € J guarantees the existence
of a common point x* of the v;,i € J, such that xf € (0,1/a;] for ¢ € J and
x} = 0 otherwise. The purpose of (2.9) is to ensure that z* is not below ~y; for any
j € Iy \ J without actually finding 2* and then calculating o;z* as Ahmad and
Lazer 2] did for |J| =N — 1.

The special case of Theorem 2.9 and Corollary 2.11 when |J| = 1 can be stated
as follows.

Corollary 2.14. Let i € In be fixzed. Assume that
(2.10) ai <api (ke lIn\{i})

and either (2.8) for j € In \ {i} or Condition 2.1 is met. Then Y is a global
attractor of (1.1).

Remark 2.15. Condition (1.3) with » = 1 can be written
(2.11) VkE>1, Fix<k > Vj<k, Qi < Ay

Zeeman [9] and Montes de Oca and Zeeman [8] show the above conclusion with
i = 1 under the solo condition (2.11) without the requirement of (1.2) for ¢ = 1. As
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3 €3

Y2 Y14
Y1 Y2
Y3 2 s

X1

FIGURE 2. The left (right) satisfies (2.11) (the condition of Corol-
lary 2.14 for ¢ = 1) but does not satisfy Condition 2.1 for i = 1
((2.11) for k = 3).

Corollary 2.14 requires either (2.8) or Condition 2.1, it can be seen that neither of
(2.11) and the condition of Corollary 2.14 implies the other (see Figure 2). Again,
we point out that the result in [8] is more general as it is mainly for nonautonomous
systems.

3. THE PROOFS OF THEOREMS 2.6 AND 2.9
Lemma 3.1. If (2.8) holds for all i,j € Iy with i # j, then ﬂfvzl ~; = {x*} with
0<z; Sa;—l forie ly.

Proof. Denoting the statement of this lemma by P(N), we show the truth of P(N)
by induction. If (2.8) holds for all ¢,j € Iy with ¢ # j, then

(3.1) aYIv- Mt <1 eIy ).
Viewing my as RY ™! and (3.1) as (1.2), where
(3.2) e = {z € RY : 3, = 0} (k€ In),
by Remark 2.5 we obtain
max {0, -l (1 - anINl\{W’})} <1—qYIv-1\{i}

ajj
foralli,j € In_y withi # j. Suppose P(N—1)is true. Then (X5 " 7ilan=0 = {2*},
ie, (ﬂi\;l%) Nry = {(z*7,0)7} where z; € (0,a;;'] for i € Iy_;. Let Ay =

(aij)(N—1)x(N—1) With 4,5 € Ix_;. It follows from the uniqueness of 2* that AO_1

exists. For yn € [0, a},}v], denoting the solution of the system a;y =1 (i € In_1)

by Yy = (z(yN)T, yN)T, we have
z(yn) = 2" — yNAgl(aiN)(N—l)xl-
Since (Z(O)T,O)T _ (Z*T,O)T c [Y@,YINfl] N (mk61N71 'Yk), by Lemma 2.4 (ZZZ)

and Remark 2.3 for i = N, ay (2(0)7, O)T < 1. Let * = (2(y3) 7, y}*v)T, where

* — . — T
(3.3)  yy =sup {yN € (0,any] : 2(yn) € tRY " ay (zyn) " yn) < 1}.
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Then z* € ﬂfi_ll vi with 2%, = yi € (0,ayy]. Thus, as a;;2(yy) < a;z* =1 for
i€ In_1,z* <Y. Then P(N) is true if we can show that

(3.4) z2(yn) € intRf_l and ayz* =1.

Note that z(ayy) € RY 1 if an (2(ayy) T any) < 1. Hence, if (3.4) does not hold,
then we must have z(y%) € ORY ™! so that z;(y%) = 0 for some j € Iy_;. Thus
z* € [YO YIn\I} n oy, for this j # N. By Remark 2.3, z* is above . This is
impossible as (3.3) indicates that 2* is on or below vy. We therefore have shown
the truth of P(N) when P(N — 1) is true.

For N = 2, (2.8) for i € I becomes a12a2_21 < 1 and aglal_ll < 1. P(2) is true
since the system of a1121 + a1222 = 1 and a21x1 + agex2 = 1 has a unique solution
z* € R with 2} € (0,a;'] (i € I,). By induction, P(N) is true for all N > 2. O

(et 74

In the following, by saying that z is a solution of (1.1) we mean z(0) € intRY
and z(t) satisfies (1.1) for all ¢ > 0.

Lemma 3.2. Let & € Rf such that £; =0 if ;@ > 1,1 € Iy, and let § € Rf be
given by
. N o1 .
(3.5) 9; =max<q0,3; + (1 — ajx); (5 € In).
J3
If a solution of (1.1) satisfies lim ¢ ,oox(t) > &, then lim ;. ox(t) < .
Proof. We show the conclusion by starting with

(3.6) Ji€ Iy, limy.oomi(t)=p> @

and then ending up with a contradiction. Take § = %au‘ (p — 9;) and € > 0 such
that ec;& < §. Then, by the assumption, there is a T > 0 such that z(t) > (1 —¢)Z
for t > T. Hence, if z;(t) > X(3p + §;) for some ¢ > T, from (3.5) we obtain

a;x(t) > a;g; + 30+ (1 — E)aiﬁlN\{i} >1—eaz™M 436> 1426
so that
(37) {ti(t) < —26bi$i(t).

This, along with (3.6), leads to z;(t) > p > +(3p + §:) and further to (3.7) for
all t > T Integration of (3.7) gives lim;_.oc z;(f) = 0, a contradiction to (3.6).
Therefore, lim ;o2 (t) < §. |

Lemma 3.3. Assume that

(i) 2,9 € RY as in Lemma 5.2;
(ii) every solution of (1.1) satisfies lim ;ox(t) > &;
(131) for somei € Iy, au& < 1 andy;N[Z, 2], if not empty, is above every ~y; (j # 1),
where 3 = g\ 4 gt

Then there is a § > 0 such that every solution of (1.1) satisfies
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Proof. Put
(3.9) e=sup qx:x € U v u{at | nlz, 2] .,
JEIN\{i}
_ . 1
(3.10) r; = {a: eRY: ozi(a:IN\{Z} + i:{l}) > 5(1 + a)} .

Then, by (i74) and the compactness of the set in (3.9), ¢ € [0,1). We show that
§ = (1 — £)a;;" meets the requirement of (3.8). For any solution z of (1.1), we
shall see later the existence of T' > 0 such that

, , 1
(3.11) ozi (:z:(t)IN\{’} + :f;{l}) <31+9)

for all ¢ > T. Then, for any ¢t > T, z(t) is below 7; (i.e., ayz(t) < 1) if x;(¢) <
Z; + 9. If (3.8) does not hold, since #;(t) > 0 if and only if x(¢) is below ~;, we
must have z;(t) < 6o for some dy < &; + ¢ and all t > T. By (3.11), ayz(t) <
%(1 =+ 6) =+ a;; (Jil(t) — jz) S %(1 + E) + aii(is() — Zi?l) =¢c0 < 1. Integration of the
ith component equation of (1.1) leads to lim;—, z;(¢t) = oo, which contradicts
x;(t) < dp. Therefore, we have shown (3.8).

The existence of T' > 0 such that (3.11) holds for ¢ > T follows from (i), (i%)
and Lemma 3.2 if ;2 < (1 +¢). Suppose a;z2 > £(1+¢). Then 2 € I; and
[£,9)NT; D [Z,2]NT; # 0. The definitions (3.9) and (3.10) suggest that [, 9] N T;
is above every «y; (j # 1), so

n=inf{a;y:y e[z, 9Nl jeln\{i}} > 1.
Then (i), (i) and Lemma 3.2 lead to the existence of Ty > 0 such that, for any
t>Tpand j € Iy \ {i}, oja(t) > $(1+n) > 1 so that @;(t) < —3b;(n— 1)x;(t) as
long as z(t) € I';. This indicates that either there is a T' > T such that z(t) ¢ T';
for t > T or z(t) € T; for all t > Ty. In the latter case, lim; o 2(t)"\{%} = 0 50
that ;21" > 1(1+¢). This is impossible as, by (3.9), ;31" < a;@ <e < 3(1+2).
Hence, by the equivalence of x(t) € T'; to (3.11), z(t) satisfies (3.11) for t >T. O

Proof of Theorem 2.9. Since Condition 2.1 holds for all ¢ € J, by Remark 2.3
[V, VI~ Mi] A, if not empty, is above every 7; (j # i). Then, as [Y?, y/\Mi}] ¢
(YO, yIn M [v0 v /M ny; s above every v, (5 # 4) if [Y?, VM Ny, #£ (. Note
that [Y? Y] C ﬂkeIN\J . Viewing ﬂkeIN\J Tk as R‘jr]‘ and applying Lemmas 2.4
and 3.1 to the ~; (i € J) when |J| > 1, we have

(M) 1 )=t
i€J kelIn\J

where z¥ € (0,a;;"] for i € J and x} = 0 otherwise. That this also holds for |J| = 1
is trivial.
By Lemma 3.2, every solution of (1.1) satisfies
V0 < limy oz (t) < Timyooz(t) < Y-

Applying Lemma 3.3 to all i € J, we have a € (0,1) such that every solution of
(1.1) satisfies lim ¢, 002 (t) > dz*. Let & = dz* and let § be given by (3.5). Then,
by Lemma 3.2 again, every solution of (1.1) satisfies

(3.12) & <lmy o oor(t) < limyoox(t) < 9.
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If we can show that & = z*, then, since ayz* = 1 for ¢ € J and ayz* > 1 for
i€ In\J by (2.9), (3.5) gives § = z* so that * is a global attractor. For this
purpose, we put

(3.13) o = sup{d € (0,1) : (3.12) holds for all solutions of (1.1)}
and show that §y = 1 for (3.12) still holds with & = doa*.

Suppose dg < 1. Then, for each i € J, since ;& = Jpa;x™ = §g < 1, if we can
show that

(3.14) [, 21 + g™ M3 N, is above every ; (j # 7)

when [z, 21 + ¢V M N, # 0, by Lemma 3.3 we can find a 6 € (dp, 1) such that
(3.12) holds with & = dz*. This contradicts (3.13). Thus d = 1.

To verify (3.14) under the hypothesis dg < 1, we introduce a mapping f : Rf —
RY given by f(z) = & + (1 — dp)z. Then f ([Y?,VIN\E]) = [z, f(Y IV ).
Since the definition of z* and (2.9) imply that ajz* > 1 for all j € Iy, we have
fi(YINMEH) = 4 and, by (3.5),

. 1 1

FYIMI) = 5 4 (1 = 69) — > max {0,55]. +01- 500<j$*)_} =Y
Ajj Ajj
for j € In \ {i}. Thus [#, 20} + g/~ 3] C £ ([Y?, VI~ \3]). Therefore, instead of
showing (3.14), we need only prove that
(3.15) f([YQ, YIN\{i}]) N~ is above every v; (j # 1)
if f ([YQ,YIN\{i}]) N~; # 0. For any y € f ([YQ,YIN\{i}]) N ~;, there is a unique
z € [Y? YN\ such that f(x) =y. As §y < 1 and
1 =a;y = a;f(x) = a;{doz" + (1 — do)z} = o + (1 — do) i,

we have oz = 1 so that z € [Y?, Y~ \{#] 0 4,. By Condition 2.1 and Remark 2.3,
ajx > 1 and this, along with o;2* > 1, implies that

oYy = ajf(x) = 500(j$* + (1 — 50)04j1’ > 6o + (1 - 50) =1.

Thus (3.15) holds if f ([Y?, Y5 \]) 0y, 2 0. O
Proof of Theorem 2.6. The proof of Theorem 2.9 is still valid with J = I. O
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