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THE CONNECTED STABLE RANK
OF THE PURELY INFINITE SIMPLE C*-ALGEBRAS

YIFENG XUE

(Communicated by David R. Larson)

ABSTRACT. Suppose that A is a unital purely infinite simple C*-algebra. If
the class [1] of the unit 1 in Ky(A) has torsion, then csr(A) = oo; if [1] is
torsion-free in Ko(.A), then csr(A) = 2. If A is a non-unital purely infinite
simple C*-algebra, then csr(A) = 2.

Before considering the connected stable rank of the purely infinite simple C*-
algebra, we need to introduce some notation as follows. For the C*-algebra A with
unit 1, we denote by U, (A) the group of unitary elements in the matrix algebra
M,,(A) and also denote by U%(A) the connected component of 1,, in U, (A). We

view A" = {(a1,...,a,)"|a; € A} as the set of all n x 1 matrices over A. For
a=(ay,...,a,)T, we set a* = (a},...,a’)—the 1 x n over A. Put
Sn(A) = {(al, conan)t € AMata = Za;“ai = 1} .
i=1

S, (A) has the base point e, = (1,0,...,0)T € A". Let m(S,(A),e,) denote the
set of all path connected components of S,,(A). We identify the path connected
component containing e, with zero element “0”. Thus from [Sr], we have

cst(A) = min{n|mo(Sm(A), emn) =0, Ym > n}
where
cst(A) = min{n|U’ (A) acts transitively on S,,(A), ¥m > n}

is the connected stable rank of A defined in [Rf]. If no such integer exists, we
set csr(A) = oo. If A is not unital, we set csr(A) = csr(AT), where AT is the
C*-algebra obtained from A by adjoining the unit 1.

Let p, g be two projections in the C*-algebra A. We write p ~ ¢ if thereis u € A
such that p = u*u, ¢ = wu* and denote by [p] the equivalence class of p with respect

[43 9

to “~” and we also put
D(A) = {[p]|p is a non-zero projection in A}.

Recall that a projection p in A is called infinite if there is a projection ¢ in A such
that p ~ ¢ < p. We say that A is purely infinite if the closure of a.4a contains an
infinite projection for any positive element a in A (cf. [Cu]).
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From [Cu] we have known that if A is the unital purely infinite simple C*-
algebra, then D(A) becomes a group with the natural addition [p] + [¢] = [p’ + ¢]
and D(A) = Ky(A) where p’ ~p,¢ ~q,p'q¢’ =0 and Ky(A) is the Ko-group of A
defined in [BK].

Let p be a non-zero projection of the purely infinite simple C*-algebra A with
unit 1. Set

SU(A) = {u e Alu"u = 1,uu™ < 1}, SUp(A) = {u € SU(A)|luu™ < p}.
If p =1, then SU;(A) = U(A)USU(A). In this situation, SU; (A) is not connected
for U(A) N SU(A) = @ and U(A), SU(A) are all closed in SU;(A).
It is known from [Rf, Proposition 6.5] that the topological stable rank of A is oo
if A is a purely infinite simple C*-algebra. But what is the csr(A)? In this paper,

we will show that csr(A) € {2, 00}. First we have the following known lemma which
could be deduced directly from [Cu, Lemma 1.8]:

Lemma 1. Suppose that A is a purely infinite simple C*-algebra with unit 1. Then
for k > 2 there are isometries s, . .., sk in A such that Zle 5;8; = p is a projection
in A. Furthermore, if [1] is torsion-free in Ko(A) or if k # 1 modn when [1] has
ordern (1 <n < o0) in Ko(A), then [p] # [1] and if k = 1modn for above n, then
p can be chosen as p = 1.

From Lemma 1, we can choose k isometries s1, ..., sg in the unital purely infinite
simple C*-algebra A such that Zle s;s; = p is a projection in A. Now define a
map ¢y, of My (A) to A by

k
Ok ((aij)ixk) = Z 8ia;js; +1—p.
ij=1
It is easy to check that ¢y is a *-homomorphism with ¢ (1x) = 1.
The following corollary somewhat enhances a partial result of [Cu, Lemma 1.8].

Corollary. Let A be a purely infinite simple C*-algebra with unit 1. Then for any
u € Uy(A) (k > 2), there is ug € Uy (A) such that u = ug diag(¢x(u), 1x—1).

Proof. Let s1,...,s, be as above and put
S1 S92 ... Sk
10 0 ... 0 (X 1 - XX
L I Cor=( )
0 0 0

Then it is clear that X*X = 15, Y € Uak(A) and moreover, by the definitions of
¢, and Y, we have the following identity:

(1) Y diag(u, 15)Y™ = diag(¢x (u), log—1).

Noting that Y can be decomposed as the form

v — 1y, X 0 1y —2XX* 1, X* 1, O
S \0 1 1% 0 0 1 -X 1)’
we obtain that ¥ € UY, (A). Therefore applying [LZ, Condition (ii)] and [Lin,

Lemma 2.2] to (1), we get the assertion. |

Let s1,...,s, be as above. Then (sju,...,stu) € Si(A) for any u € SU,(A)
because uu* < p iff pu = u for u € SU,(A). This leads to the following lemma.
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Lemma 2. The map 3: (SU,(A),s1) — (Sk(A), ex) given by B(u) = (siu,...,sju)
is homeomorphic.

Proof. Obviously, § is continuous and §(s;) = eg. Now for any (a1,...,ax) €
Sk(A), put u = Zle sia;. Since s7s; = 0;;1 and ps; = s;, 4,5 =1,..., k, it follows
that pu = v and

k
utu = g ajs;sja; = E apar =1,
ij i=1

ie., u € SUy(A). Therefore we can define a continuous map 7v: (Sk(A),ex) —
(SU,(A),s1) by v((a1,...,ak)) = Zle s;a;. By the definitions of 8 and +, the
assertion follows. |

Using Lemma 1 and Lemma 2, we then establish the theorem in the following.

Theorem 1. Suppose that A is a unital purely infinite simple C*-algebra. If the
class [1] of the unit 1 in Ko(A) has torsion in Ko(A), then csr(A) = oo; if [1] is
torsion-free in Ko(A), then csr(A) = 2.

Proof. We assume that n (1 < n < c0) is the order of [1] in K¢(A), i.e., n is the
least positive integer such that n[1] =0 in Ko(A).

If k¥ = 1modn, then SU;(A) is not connected by Lemma 1 and consequently
mo(Sk(A),ex) # 0 by Lemma 2. If & # 1modn, then there are k isometries
S1,...,5k in A such that Zle sisf = p is a projection in A with [p] # [1] by
Lemma 1. In this case, we have uu* # p for all u € SU,(A).

Since D(A) is a group and

[Pl = [p — wu™] + [uw’] = [p — s157] + [s157]
in D(A) for any u € SU,(A), it follows that [p — uu*] = [p — s157] in D(A). Noting
that uu® < p, s1s7 < p, we have p —uu*, p — 5157 € pAp and p — wu* ~ p — 515}
in pAp. Since usj € pAp and wu* = (us])(us})*, s1s7 = (usi)*(usy) in pAp, it
follows that there is wg € U; (pAp) such that uu* = wisisiwe. Put a = sjwiu and
w = (8;wo5;)kxk- Then

(2) u = wps1a, a €U (A) and w € Uy (A).

Since (sju,...,siu)T = w(a,0,...,0)T by (2), it follows from the Corollary that
there exists ug € Uy (A) such that

(stu,...,spu)’ = ug diag(dp(w), 1x_1)(a,0,...,0)"
=y diag(wo + 1 — p,1,_1)(a,0,...,0)T
= Ug diag(b, b*, 1k—2)€k,

where b = (wo + 1 — p)a € Ui (A), that is, (sju,...,s;u)T is in the component of
e, for ug diag(b,b*, 1x_2) € UP(A). Therefore mo(Sk(A), ex) = 0 by Lemma 2 when
k # 1modn.

The above shows that csr(A) = oo when [1] has torsion.

As to the case that [1] is torsion-free in K((A), we can use Lemma 1 and the
same method as in the proof of m(Sk(A), ex) = 0 when k Z 1 modn to deduce that
mo(Sk(A),ex) =0 Vk > 2, ie., csr(A) < 2. Since A contains an isometry s1, csr(.A)
must be equal to two. O
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Let O, be the Cuntz algebra. Then by Theorem 1, we have csr(O,,)
(2 <n < o), and csr(Ou) = 2 since Ko(Oy,) = Zp—1 (n < 00), Ko(Ooo) =
the class [1] of unit 1 is the generator of Ky(O,,) (cf. [Cu]).

As an end of this paper, we will consider the csr(A) if A is a non-unital purely
infinite simple C*-algebra. Our result is the following:

an

Theorem 2. Let A be a non-unital purely infinite simple C*-algebra. Then csr(A)
=2.

In order to prove this theorem, we need the following lemmas.

Lemma 3. Let A be a C*-algebra with unit 1 and let a = (a1,...,a,)", b =
(b1,...,bn)T € S, (A) such that ||a; — bil| < (5 llail)™ . Then a,b are in the
same component of S, (A).

Proof. Put ¢; = ((1 — t)a + tb)*((1 — t)a + tb) Vt € [0,1]. Since a*a = b*b =1, it
follows that

[1—cel| = [|(1 = t)t(a*(b—a)+ (b—a)*a)| < 5 Vte[0,1].
Set Gy = ((1 —t)a + tb)(c;)~'/2. Then G is the path from a to b in S, (A). |

Lemma 4. Suppose that A is a purely infinite simple C*-algebra. Then there exists
a in A with 0 < a <1 such that aAa is non-unital.

Proof. Choose a non-trivial projection ¢ in A. Since A is purely infinite simple,
there is a projection ¢g in A such that gy < g and gg ~ ¢. Using the same method
as in the proof of [Cu, Lemma 1.8], we can find a sequence of pairwise orthogonal
projections r; < g — ro in ¢.Aqg such that r; ~ ¢, ¢ > 0. Let {3,}5° be a sequence in
(0,1) with lim, o 8, =0. Set a =3 > Bnrn. Thena € Aand 0 <a <1,

We now claim that aAa is non-unital for such a. If the statement is not true,
then there is a projection R in aAa such that R is the unit of a.Aa. Thus we have
Ra?® = a® and |R = azal < § for some x € A. Consequently, r,, < R and

[7n — Barnary|| < |ra(R — aza)r, || < 4

This implies that 82||z|| > B2||lrp@ra| > ||rall — 3 = 3 which is contrary to the
assumption that lim,,_ .~ 8, = 0. O

Proof of Theorem 2. If A is a o-unital, then by [Zh, Theorem 1.2] A is stable, i.e.,
A= AR K, where K is the algebra of all compact operators on a separable, infinite
dimensional Hilbert space over C. In this case, csr(.A) < 2 by [Ni, Corollary 2.5].

Consider the general case. For k > 2, let @ = (a; + A1,...,ar + )T € Sp(AT)
where a; € A, \; € C. Set

k

x = Z(afai + a;al).
i=1
Then for & = 2 min((6k) ™", (1+12k)~* (37, lla; + Ail) 1), there is a projection r
in A such that ||z(1—r)|| < &2 by [LZ, Condition (ii)] and [BP, Theorem 2.6]. Since
(1—7)A(1—r) is purely infinite simple ([Zh, Theorem 1.3]), there is by Lemma 4 a
c¢in (1 —7r)A(1 —r) with 0 < ¢ < 1 —r such that cAc is non-unital. Put d = r + ¢.
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Then 0 < d <1 and B = dAd is non-unital (if @ is the unit of B, Q — r must be
the unit of cAc) and furthermore, we have

(3) 221 — d)?2t? < 2'V2(1 — d)at/? <221 - r)2t/? <&

Now (3) indicates that |la;(1 — d)|| < € and ||(1 — d)a;|| < e, 1 < i < k. Set
b; = da;d+ N\;, b= Zle brb;. Then b;, b € B+, ||az + X\ — b1|| <2, 1<i<k,and

K3

k k
10— bl = ||> (ai + As = bi) (@ + M) + > b (a; + Ai — by)
i=1 i=1
i 1
<3 i+ N — by < 6ke < =
< ;Ha + | < ke < 5

(for [la; + Xill < 1, [|N]] <€ 1 and ||b;]| = ||d(a; + Ai)d + Xi(1 — d?)|| < 2). Thus b is
invertible in Bt with ||b=!|| < 2. Since b > 0, we get that |[b~/2|| < 2!/2 and

11— 072 = ||~ 2(1 — b'/2)|| < 221 — b|| < 12ke.
Now set ¢; = b;b~1/2 € Bt. Then (c1,...,c;)T € Si(B1) and
llai + X — ]| = [Jai + A — b; + b;(1 — b~ /2))

k —1
< 2 + 24ke < (Z lla; + )\1-||> .

=1

(4)

Since B is a non-unital , o-unital, hereditary C*-subalgebra of A, it follows from
[Zh, Theorem 1.2] that B is stable and consequently, by means of the above argu-
ment, there exists w € UY(BT) C UP(AT) such that (c1,...,c,)T = wey. Apply-
ing Lemma 3 to (4), we obtain that a is in the component containing ej. Thus
cst(AT) < 2. Now choose an isometry s in rAr with s*s = r, ss* < r. Set
T =s+1—r. Then T is an isometry in AT. Therefore csr(A) = 2. O
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