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ABSTRACT. Two Ti-topologies 7 and p given on the same set X, are called
transversal if their union generates the discrete topology on X. The topologies
7 and p are Tj-complementary if they are transversal and their intersection
is the cofinite topology on X. We establish that for any connected Tychonoff
topology there exists a connected Tychonoff transversal one. Another result
is that no Ti-complementary topology exists for the maximal topology con-
structed by van Douwen on the rational numbers. This gives a negative answer
to Problem 162 from Open Problems in Topology (1990).

0. INTRODUCTION

The lattice £1(X) of all Ty-topologies on a given set X has been under intensive
study since 1966 when A.K. Steiner [St] showed that for any infinite set X there
exist Ti-topologies on X which do not have a complement in the lattice £1(X).
Recall that a topology p on X is a complement of 7 in £;(X) if 7 U pu is a subbase
of the discrete topology and 7 N u coincides with the cofinite topology on X.

The papers [An], [AnSt], [StSt1] and [StSt2] contain positive results on the exis-
tence of complements in the lattice £1(X) which are also called Ty-complements. It
was proved, in particular, that every Hausdorff locally compact or Frechet-Urysohn
topology has a Tj-complement [An]. In the same paper, Anderson constructed an
example of an irresolvable (= not representable as a union of two disjoint dense
subsets) dense in itself space which has a Tj-complement and asked whether every
MI-space has one [An, Question 1]. Recall that (X, 7) is a MI-space if it is dense
in itself and every dense subset of X is open. It is easy to see that every MI-space
is irresolvable.

Later, S. Watson asked whether each Hausdorff space has a T1-complement. This
question is published as Problem 162 (Problem 94 in the internal enumeration of
Watson’s paper) in Open Problems in Topology [Wal]. The second part of Problem
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162 of [Wal] is an inquiry whether every completely regular T3-topology has a T}-
complement. The same question is repeated in [Wa2] (Problem 6.6).

In this paper we work only with T}-spaces. We use the modern term “submax-
imal space” instead of “MlI-space”. Our main result is Theorem 3.6 which implies
that no submaximal Hausdorff topology on a countable set is T3-complementary.
A narrower class than submaximal topologies is formed by the maximal ones. A
topology 7 is mazximal if it is dense in itself but any strictly stonger one is not. As
there exists in ZFC a Tychonoff countable maximal space [vD], Theorem 3.6 and
Corollary 3.8 provide the negative answer to the respective questions from [An],
[Wal] and [Wa2].

Given a set X and 7,u € £1(X) we say that 7 and p are transversal if 7 U p
is a subbase of the discrete topology on X. It is immediate that if 7 and p are
Ti-complementary, then they are transversal.

We prove in particular, that every connected Tychonoff topology has a connec-
ted Tychonoff transversal topology. Examples of the non-existence of transversal
connected topologies are given.

1. NOTATIONS AND TERMINOLOGY

All spaces are assumed to be T7. If X is a space, then 7(X) is its topology and
7(X) = 7(X)\{0}. Analogously, if 7 is a topology, then 7* = 7\{(}. A topology T
on a set X is called cofinite (and is denoted by CF (X)) if every non-empty element
of 7 is a complement of a finite set. If 7 is a topology on a set X and x € X, then
7(x) ={U € 7: 2 € U}. We will write 7(x, X) instead of 7(X)(z). Given a space
(X,7) and a subset A C X we denote by cl.(A) and Int,(A) the 7-closure and
T-interior of A respectively. A space X is called submaximal if it is dense in itself
and every dense subset of X is open. A topology 7 on a set X is mazimal if (X, 1)
has no isolated points, but (X, ) has an isolated point if p is a topology strictly
stronger than 7.

All other notions are standard and can be found in [En].

2. TRANSVERSAL TOPOLOGIES
Let us start with the main definitions and some auxiliary results.

2.1. Definition. Two topologies 7 and p on the same set X are called transversal
if their join 7V p (= the smallest topology that contains 7 U u) is discrete. The
topology p will be referred to as a 7-transversal one.

2.2. Proposition. If 7 and p are topologies on the same set X, then the following
conditions are equivalent:

(1) T and p are transversal;

(2) for each point x € X there exist U € 7 and V € p such that UNV = {x};

(8) there is a T-open cover v of X such that X is a union of p-isolated points of
elements of .

Proof. Tt is clear that the family B(r,u) = {UNV : U € 7,V € u} is a base of
TV p. As each singleton belongs to 7V u, we have {x} € B(r, u) for every z € X.
This proves (1) = (2).

For each z € X take U, € 7(x) and V, € p(x) such that {z} = U, NV,. Let
v ={U, : xz € X}. Tt is clear that 7 is a 7-open cover of X and z is p-isolated in
U, for each z € X. Thus (2) = (3).
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To prove (3) = (1) consider any v as in (3). For every z € X there is a U, € v
such that z is p-isolated in U,. This means that U, NV, = {x} for some V, € pu
and therefore {2} is open in 7V p. O

2.3. Theorem. Let (X, 7) be a space of weight k. If v is a T-transversal topology
on X, then (X, u) is a union of < k discrete subspaces.

Proof. Take a base B for (X, 7) of cardinality x. For every = € X fix a U, € B and
Ve € pwith U, NV, ={z}. For every U € Bput Ay ={x € X : U =U,}. Since
for each x € Ay we have V, N Ay = {z}, the set Ay is discrete in (X, u). Now
X =U{Av : U € B} is a union of £ many sets discrete in (X, u). |

2.4. Corollary. If (X,7) is a second countable space and p is a T-transversal
topology on X, then (X, ) is o-discrete.

2.5. Corollary. Let (X, 7) be an infinite connected second countable space. Then
there is no dense-in-itself compact (or even Baire) T-transversal topology p on X.

Proof. Suppose that p is transversal for 7 and (X, ) is a Baire space. According to
Corollary 2.4 we have X = [J{X,, : n € w}, where X,, is a u-discrete subset of X.
The Baire property of (X, 1) implies U = Int,,(cl, (X)) # 0 for some n € w. Then
X, NU # () and any z € X,, N U is an isolated point of (X, ) which contradicts
the fact that (X, p) is dense-in-itself. O

2.6. Theorem. For every cardinal k > w there exists a space D,, with the following
properties:

(1) D, is homeomorphic to a dense subspace of I and hence D, is a Tychonoff
space without isolated points;

(2) D, = \U{D? : n € w}, where each D! is closed, discrete in D,, and |D}}| = k;

(8) if AC Dy and |A] < K, then A is closed and discrete in D,;

(4) if & > ¢, then the space D,; is connected.

Proof. Tt is possible to represent the set x in the following form: xk = [ J{K, : o <
k}, where |K,| =k for all o« < k and K, N Kg =0 if o # 3.

If k < ¢, then for every finite A C k pick a countable dense subspace C4 of the
space I and let F = [J{C4 : A is a finite subset of x}.

If k > ¢, then for every finite A C x put C4 = I and let F = J{Ca : A is a
finite subset of k}.

It is clear that in both cases |F| = &, so it is possible to enumerate the elements
of F as {zo : @ < K} in such a way that for each x € F the set {a : zo = z}
has cardinality k. Given an z, € F we denote by S, the finite set of coordinates
corresponding to the face to which the point z,, belongs.

For each o < k let

0, ift ¢ Ko U Sy;
da(t) = S zo(t), ift € Sy;
1, if t € K,\Sa,

and denote by D,, the subspace {d, : @ < Kk} of I".

Let us prove that the space D, has the properties we promised. Observe first
that D, is dense in I” for all x > w.

Indeed, for a finite S C k every x € C's occurs k times in the enumeration of F.
Thus, there is an a(r) < & such that z,(,) = = and hence Sy ;) = S. It is clear
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that 75(da(z)) = . Therefore, mg(D,) D Cs for every finite S C k. Since the
set C'g is dense in I°, we can conclude that ws(Dy) is dense in [ S for every finite
S C k. Thus D, is dense in I". This shows that (1) is true for D,.

Now let D = {dyn € D, : |Sa| = n} for every n € w. It is evident that
|D?| = k for each n € w and J{D? : n € w} = D,. Given an a < k take
any distinet t1,... ,th41 € Ko\Sa. Then d,(t;) = 1 for every i < n + 1. Thus,
Wo = {d € D,, : d(t;) > 5 for all i < n+ 1} is an open neighbourhood of dq. If
B # a and |Sg| = n, then

{t1.-. s tas1 P\(Kp U Sp) # 0,

which implies dg(t;) = 0 for some i < n+ 1. Therefore, dg ¢ W,. This proves that
D7 is closed and discrete in D,.. Hence we established (2) for D,.

Take a subset A of D, with |A] < k. The sets B = {a < k : dy € A} and
H = |J{Sa : @ € B} have cardinality less than k. Take any ag < k. It is clear that
Koo \H # 0. Pick any t € Kq\H and let Vo, = {d € Dy : d(t) > 3}. Then Vg,
is an open neighbourhood of d,, which does not contain any point of A, distinct
from dq,. Thus, A is closed and discrete in D,,. This proves (3).

Finally, suppose that « > ¢. If D, is disconnected, then there is a continuous
surjective function ¢ : D, — {0,1}. As D, is dense in IX, there is a countable set
T C  and a continuous function ¢; : 7p(D,) — {0,1} such that ¢1 o mp = ¢ [Ar].
In particular, ¢; is surjective. Now, if S is a finite subset of 7" and x € I, then
the set P(S) = {a < k : 7, = x} has cardinality x > w. Therefore, K, NT = ()
for some o € P(S) and hence dy|s = 2 and do|7\s = 0. This proves that w7 (Dy)
contains the set o = {2z € IT : [{t € T : 2(t) # 0}| < w} which is connected and
dense in IT. Since 7r(D,) contains a dense connected subspace, it is connected.
This gives a contradiction with the continuity and surjectivity of ;. Consequently,
D,. is connected. O

2.7. Corollary. For every cardinal k > w there exists a Tychonoff space E, with
the following properties:

(1) E;, = Ag U B, where each one of the subspaces A, By is closed in E. and
homeomorphic to the space D, from Theorem 2.6. In particular, if A C E, and
|A| < K, then A is closed and discrete in Ey;

(2) there is a point p € E,, such that A, N By, = {p};

(3) A\{p} = U{A" : n € w} and B \{p} = U{B! : n € w}, where A7 and B
are closed and discrete in E,; for alln € w;

(4) |A| = |B| = k for alln € w;

(5) AN A™ = () and B N B™ = () whenever m # n;

(6) if k > ¢, then the space E is connected.

Proof. Let P, and @, be two disjoint copies of the space D, with P! C P, and
Q7 C @, as respective copies of D. Pick points a € P, b € ), and identify a
and b in the space P, & @x. Denote by E, the resulting quotient space and by
i P ® Q, — E, the relevant quotient map. Define the point p by the equality
{p} = vn({a,b}) andlet A, = ¢ (Pr), A = @u(P\{a}) and By = ¢ (Qx), B =
©r(Q\{b}). Tt is straightforward that the space E,; satisfies (1)-(6). |

The following example shows that not every Tychonoff space has a transversal
connected or even dense-in-itself topology.
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2.8. Example. The one-point compactification of any infinite discrete space has
no transversal connected (or even dense-in-itself) topology.

Proof. Let X be the one-point compactification of an infinite discrete space. If a is
the only non-isolated point of X, then for every U € 7(a, X) the set X\U is finite.
Suppose that p is a dense-in-itself topology, transversal to 7(X). Then there is a
V € u such that UNV = {a} for some U € 7(a,X). Hence V C (X\U) U {a}
is a non-empty finite set. Since (X, ) is a Ty-space, any point of V' is isolated in
(X, i), which is a contradiction. O

2.9. Example. There exists a dense-in-itself Tychonoff space X of cardinality ¢
such that 7(X) has no transversal connected Tychonoff topology.

Proof. Consider the discrete union ¥ = @{Qq : @ < ¢} of ¢ copies of rationals.
Take any point z ¢ ¥ and let X = {2} UY. Declare the family 7(y,Y) to be the
local base in X at any y € Y. Let B={Ua = {z}UU{Qp : § € (\A} where A is a
countable subset of ¢} be the neighbourhood base of z in X.

Suppose that X has a connected transversal Tychonoff topology u. By Propo-
sition 2.2 there exist U € 7(X) and V € pu such that {z} = UNV. But the
complement of U is countable, which implies that V' C (X\U) U {z} is count-
able. Since in a connected Tychonoff space no non-empty proper open set can be
countable, we have a contradiction. O

2.10. Lemma. Let (X, 7) be a space of cardinality k > w. Suppose that there exist
families {Uy, : n € w} and {V;, : n € w} of open subsets of X with the following
properties:

(1) Unps1 CU, and Vyq CV, for any n € w;

(2) UgNVo=0;

(3) |P| = K, where P = X\(Uy U Vp);

(4) (U \Un+1| = [Va\Vat1| = & for all n € w.

Then there exists a T-transversal topology p on the set X such that (X, u) is ho-
meomorphic to E. from Corollary 2.7. In particular, T has a transversal dense-in-
itself Tychonoff topology and if k > ¢, then T has a transversal connected Tychonoff
topology.

Proof. Let F = ({U, : n € w} and G = ({V,, : n € w} (the sets F and G can
be empty). Take a point p’ € P. Using evident decompositions of F,, and X into
countably many pieces of cardinality x, we conclude that there exists a bijection
¢ : B, — X such that

(i) @(p) =p";

(i) $(A2) = F U (P\[p'});

(iii) ¢(By) = G U (Uo\Un);

(v) (A1) = V;\Viqq for every i € w.

Let = {p(W) : W is open in E,}. Tt is clear that (X, ) is homeomorphic to
E,.. We are going to prove that the topology u is 7-transversal.

Given an 2 € X\(F U G), there exists an n € w such that ¢ U, UV,. Let
U=X\(U,UV,). Then x € U and »~*(U) is contained in the closed and discrete
subset

A={ptuAd’u...ua”uB’U...UB"
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of the space E,;. Therefore, thereis a W € 7(E,) such that {¢~1(z)} = Wne~1(U).
Then V =oW) € pand UNV = {z}.

Now if € F, then let U = Uy. Observe that =1 (U) = (B.\BY) U ¢~ }(F) C
B, UA? and ¢~ 1(z) € o7} (F) C AY. Thus A,\{p} is an open neighbourhood of
@~ 1(x), whose intersection with ¢ ~1(U) is contained in A%. Therefore, p~!(z) is
isolated in =1 (U). Take any W € 7(E,) such that WNp~1(U) = {¢~!(x)}. Then
V=pW)epuand VNU = {z}.

Finally, assume that x € G. For U = V; we have o~} (U) = (A,\A2)Up™1(G) C
A, UBY. Thus B, \{p} is an open neighbourhood of »~!(x), whose intersection
with ¢~1(U) is contained in BY. Therefore, ¢~!(x) is isolated in p~1(U). Take
any W € 7(E,) such that W N o= 1(U) = {¢~*(z)}. Then V = (W) € p and
V NU = {x}. We have established that for any = € X property (2) of Proposition
2.2 is fulfilled and hence p is 7-transversal. O

2.11. Lemma. Suppose that in a space (X, T) of cardinality k there exist a,b € X
and Uy, Uy, Vo, V1 € T such that

(1) a €U CUl C UQ,’

(2)beViCcVycCVy;

(3) |Ux| = VA| = k;

(4) UgNn'Vo =0 and X\(Uy U Vp) # 0;

(5) for any x € (Up\{a})U(Vo\{b}) there exists a U € 7(x, X) such that |U| < k.

Then there exists a T-transversal topology p on the set X such that (X, u) is ho-
meomorphic to the space E, from Corollary 2.7. In particular, T has a transversal
dense-in-itself Tychonoff topology and if kK > ¢, then T has a transversal connected
Tychonoff topology.

Proof. Pick any p’ € X\(UpUVp) and denote by P the set X\ (UpUV,U{p'}). Using
evident decompositions of X and E, into finitely many pieces we can construct a
bijection ¢ : E, — X such that

(i) (p) =p';

(i) p(AR) D P U{b} and (A \{p}) = (U1\{a}) U P U {b};

(iii) ¢(By) D Up\Us and o(Bi\{p}) = (Vi\{b}) U (Uo\U1) U{a}.

Let p = {p(W) : W is open in E,}. Tt is clear that (X, ) is homeomorphic to
E,.. We are going to prove that the topology u is 7-transversal.

Given an x € X\(Up U Vo) let U = X\(U; U Vy). The set U is a 7-open
neighbourhood of the point x and p=1(U) C o= 1 (PU{p'} U(Uo\U1)) C A2U{p}u
BY. Since the set A% U {p} U BY is closed and discrete in E, there is a W € 7(E,)
such that W N~ (U) = {p~1(z)}. Then V =¢(W) € pand UNV = {z}.

Suppose that = € (Up\{a}) U (Vo\{b}). Apply (5) to find a U € 7 such that
x € U and |U| < k. Then |¢~}(U)| < k and therefore ¢=*(U) is closed and
discrete in E, by condition (1) of Proposition 2.7. Pick a W € 7(E,) such that
Wne Y (U)={et(x)}. ThenV = (W)€ pand UNV = {z}.

If v = a, let U = U;. Then ¢~ Y(U) N (B:\{p}) = {¢"*(a)}. Thus for W =
B \{p} we have V = p(W) € pand UNV = {a}.

If = b, let U =V;. Then o= '(U) N (A\{p}) = {¢"'(b)}. Thus for W =
A\{p} we have V.= (W) € p and UNV = {b}.

Condition (2) of Proposition 2.2 having been checked for every x € X we conclude
that 7 and p are transversal. O
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2.12. Theorem. Given a cardinal number A > w suppose that (X, T) is a regular
space such that |U| > X for any U € 7*. Then 7 has a dense-in-itself transversal
Tychonoff topology . Moreover, if X > ¢, then p can be chosen to be Tychonoff
and connected.

Proof. Let
M={xeX:|Ul=|X|=kforany U € 7(x)}.

There are three cases to consider.
Case 1. The set M has at least two cluster points, say a and b. It is clear that M
has to be infinite and a,b € M.

Pick two distinct points xg,yo € M\{a,b}. There exist Uy € 7(a), Vo € 7()
such that Uy NV = 0 and {xg,y0} C X\(UpU V). In particular |P| = , where
P = X\(Up UVp).

Suppose that we have constructed open sets U; € 7(a), V; € 7(b) and points
xi,y; € M for all ¢ < n in such a way that

(i) Uix1 C U; and Vg CV; for all i < n;

(11) Tiy1 € Ui\UH—l and Yi+r1 € ‘/;\Vi—i-l for all i < n.

Since a and b are cluster points of M, there exist z,11 € (Uy\{a}) N M and
yn+1 € (Vu\{b}) N M. Since the space X is regular, we can find U,41 € 7(a)
and V,, 11 € 7(b) such that U,+1 C (Up\{zns1}) and Var1 € (Vi \{yna1}). It is
evident that the properties (i) and (ii) are fulfilled for all ¢ < n.

Observe that the families i = {U; : ¢ € w} and V = {V; : i € w} satisfy the
conditions (1)-(3) of Lemma 2.10. The condition (4) is also fulfilled because each
of the sets U, \U,+1 and V;,\V,,41 is open and meets M for any n € w. Therefore,
we can apply Lemma 2.10 and conclude that (X, 7) has a dense-in-itself transversal
topology p which will be connected if k > ¢.

Case 2. The set M has at least two isolated points, say a and b.

Pick any p’ € X\{a,b}. Since X is Hausdorfl, there exist Uy € 7(a), Vp € 7(b)
such that Uy NV = 0, p' € X\([UoUVp) and Uy N M = {a}, Vo N M = {b}.
Applying the regularity of X find U; € 7(a) and Vi € 7(b) such that U; C Uy and
V1 C Vp. Tt is clear that the conditions (1), (2) and (4) of Lemma 2.11 are satisfied
for a,b, Uy, Uy, Vy, V1. The condition (3) is fulfilled because a € M and b € M. The
condition (5) holds due to the fact that there are no points of M in Uy UV} distinct
from a and b.

Thus we can apply Lemma 2.11 and conclude that (X, 7) has a dense-in-itself
transversal Tychonoff topology p which will be connected if k > c.

Case 3. The set M has at most one point.

If M = 0, then let ¢ : E,, — X be any bijection. The topology u = {p(W) :
W e 7(E,)} is as promised and to prove it we must only establish 7-transversality
of p. Let z € X. As M = (), there is a U € 7(x) with |U| < x. Therefore, the set
¢ Y(U) is closed and discrete in E, by (1) of Corollary 2.7. Take any W € 7(E,)
such that WN =1 (U) = {¢"(z)}. Then V = ¢p(W) € pand UNV = {z} so that
W is T-transversal.

Assume that M = {a}. Let v = min{|Z]| : Z € 7*}. Since the space X is regular,
there exists an H € 7* such that |[H| = v and a ¢ H. Since |Z| = v > X for any
Z € 7*(H), the conclusion of Case 1 is applicable to the space H. This makes it
possible to find a bijection £ : E, — H such that the topology {{(W) : W € 7(E,)}
is 7(H )-transversal.



294 M. G. TKACENKO, V. V. TKACHUK, R. G. WILSON, AND I. V. YASCHENKO

Since v < k we have | X\({a} U H)| = k. Let ¢ : E, — X\(H U {a}) be any
bijection. The spaces F, and E, are not compact by Corollary 2.7, so it is possible
to choose points z € SE,\FE, and t € SE;\E,. Take any ¢ € H and in the space
E* = (B, U{t}) ® (E, U{z}) identify the points ¢ = £~!(¢) and t. Denote the
resulting quotient space by FE, the point {¢’,t} by w, and let f : E* — E be the
relevant quotient map. It is clear that F is a dense-in-itself Tychonoff space which
is connected if A > ¢. Identifying E, U (E,\{¢'}) with f(E. U (E,\{¢'})) we have

E=E,U(E\d}) U{w}U{z}.
Now let

£ly), ifye B \{d'h
, ifye B

ply) = { VW T

a, if y =z,

q, if y = w.

Then ¢ : E — X is a bijection. To conclude our proof it suffices to establish that
w={e(W): W e 7(E)} is a 7-transversal topology.

Take any = € X\{a}. If x € H, then there is a U € 7(H) and W' € 7(E,)
such that W' N ¢~ (U) = {€71(x)}. If 2 # q, then p~1(z) = £~ (z). Otherwise
¢ H(z) = w. But in both cases ¢~} (U) C £~1(U)U{w} and the set W = f(W')UE,
is open in E. It is immediate that UNV = {z}, where V = (W) € u. This shows
that the condition (2) of Proposition 2.2 holds for x.

Assume that x € X\(HU{a}). There exists a U € 7(z) with |U| < k. Therefore,
Y~ (U\H) is closed and discrete in E,. Take any W € 7(E,) such that W N
Y=Y U\H) = {¢p=Y(z)}. Then W € 7(E) and WNe~*(U) = {¢~1(x)}. Therefore,
V=p(W) € puand UNV = {x} which proves the property (2) of Proposition 2.2
for x.

Finally, if x = a, then W = {z}U(E,\{¢'}) is an open neighbourhood of z in E. If
U= X\H, then o~ " (U)NW = {2} = {¢ ! (a)}. Therefore, U € 7, V = (W) € u
and U NV = {a} which shows that the condition (2) of Proposition 2.2 is fulfilled
for x = a. Since this condition holds for every z € X we conclude that u is a
T-transversal topology. O

2.13. Corollary. Let X be a regular space without isolated points. Then X has a
transversal dense-in-itself Tychonoff topology.

2.14. Corollary. Let X be a connected Tychonoff space. Then X has a connected
Tychonoff transversal topology.

Proof. Any open subset of a Tychonoff connected space has cardinality > ¢. Now
apply Theorem 2.12. O

3. COMPLEMENTARY TOPOLOGIES

Recall that topologies 7 and p on the same set X are called T)-complementary
[Wa2], if their join is discrete and 7 N pu = CF(X).

3.1. Definition. A closed subset F' of a space X is called well-placed if F and
X\F are infinite.
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3.2. Proposition. A space (X, 7) has a well-placed subset if and only if
Tlx\a ={UN(X\A): U e 7} #CF(X\A)
for each finite A C X.

Proof. If there is a finite A C X such that the topology of X\ A is cofinite, then
for any infinite closed F' C X the set F' N (X\A) is infinite and closed in X\ A.
Therefore (X\A)\F is finite whence X\ F' is finite.

Suppose that there is no finite A C X with 7[x\ 4 = CF(X\A). If D is an infinite
discrete subspace of X, then splitting it into two disjoint infinite parts Dy, D1 we
see that Dy is closed, infinite and does not intersect Dy which implies F' = Dy is
well-placed.

Thus, if the set A of isolated points of X is infinite, our proof is complete. If
not, then 7|x\ 4 is not cofinite and hence X'\ A has a proper infinite closed subset
F. If B = (X\A)\F is finite, then every point of B is isolated in X\ A and hence
in X which is a contradiction because BN A = (). Thus F is well-placed. O

3.3. Lemma. Let 7 and p be transversal topologies on a set X. Suppose that
wla =CF(A) for some A C X. Then A is a discrete subspace of (X, ).

Proof. By Proposition 2.2 there exist U € 7 and V € u such that UNV = {a} for
every a € A. But F' = A\V is finite, so that UN A C {a} U F is also finite. Hence
a is a T-isolated point of A. O

3.4. Corollary. Let (X,7) be a space in which every discrete subset is closed. If
w is a Ty -complementary topology for T, then for every well-placed set F' of (X, u)
there exists a well-placed set G of (X, u) such that G C F and G # F.

Proof. Indeed, if pulp = CF(F), then by Lemma 3.3 the set F' is 7-discrete and
hence closed in (X, 7), which is a contradiction with 7 N p = CF(X). Thus there
exists an infinite closed proper subset G of F'. It is clear that G is as required. [

3.5. Lemma. Let (X,7) be a Hausdorff space in which every discrete subset is
closed. Suppose that p is a Ti-complementary topology for 7 and F = {F, : n € w}
is a family of well-placed subsets of (X, p) with F,y1 C F,, for each n € w. Then
F =NF is well-placed in (X, u).

Proof. Tt suffices to prove that F' is infinite. Suppose not. Since every F,, is infinite,
we can assume that F,\F,11 # 0 for each n € w. Let z, € F,\F,11. It is
straightforward that F U A is p-closed for every A C Y = {z,, : n € w}. Any
infinite subspace of a Hausdorff space has an infinite discrete subspace, so there
is an infinite A C Y such that A is 7-discrete and hence closed in (X, 7). Then
F U A is also 7-closed and hence it is well-placed in (X, p) and (X, 7), which is a
contradiction with 7 N p = CF(X). O

3.6. Theorem. Let (X,7) be a dense-in-itself Hausdorff countable space in which
every discrete subset is closed. Then T does not have a T1-complement.

Proof. Assume that p is a Ti-complementary topology for 7. If A is a finite subset
of X and pu|x\4 = CF(A), then by Lemma 3.3 the set X\A is closed and discrete
in (X, 7). Then X = (X\A)UA is discrete, which is a contradiction. Consequently,
we can apply Proposition 3.2 to conclude that (X, u) has a well-placed subset F.
Let F() = F.
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Suppose that for some o < w; we have constructed p-well-placed subsets
{F3 : f < a} such that Fs is a proper subset of Fg if 8 < 6 < a. If o is a
limit ordinal, let F,, = ({Fp : f < a}. Lemma 3.5 makes it possible to assert that
F, is p-well-placed. If @« = 4+ 1 use Corollary 3.4 to find a u-well-placed G which
is a proper subset of Fjg. Putting F,, = G we finish our transfinite construction.

As a result we get a family F = {F,, : & < w1} of subsets of a countable set X
such that Fj3g C Fy, and Fj3 # Fy, if o < . It is evident that such an F cannot exist
so the theorem is proved. O

3.7. Corollary. If (X,7) is a submazimal Hausdorff countable space, then T has
no Ty -complement.

Proof. Tt is well-known (see e.g. [ArCo]) that in a submaximal Hausdorff space any
discrete subspace is closed. O

Corollary 3.7 gives a negative answer to Question 1 from [An].

3.8. Corollary. There exists a Tychonoff countable dense-in-itself space (X, )
which has no Ty -complement.

Proof. Van Douwen constructed in [vD] an example of a Tychonoff maximal (and
hence submaximal) countable space (X, 7). Now apply 3.6 to see that (X, 1) is as
promised. O

Corollary 3.8 gives a negative answer to Problem 162 (Problem 94 in its internal
enumeration) of [Wal] as well as to Problem 6.6 of [Wa2].

3.9. Question. Let X be a Hausdorfl dense-in-itself space. Does 7(X) have a
transversal dense-in-itself Hausdorff (or Tychonoff) topology?

3.10. Question. Let X be a Hausdorfl connected space. Does 7(X) have a
transversal connected Hausdorff (or Tychonoff) topology? What is the answer
if X is regular?
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