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ABSTRACT. For the classical Hardy-Littlewood maximal function M f, a well
known and important estimate due to Herz and Stein gives the equivalence
(M f)*(t) ~ f**(t). In the present note, we study the validity of analogous
estimates for maximal operators of the form

Mpwqf(x) = sup M7
z€Q ”XQ“P,q

where ||.||p,q denotes the Lorentz space L(p, g)-norm.

1. INTRODUCTION

The Hardy-Littlewood maximal function M plays a central role in classical har-
monic analysis, differentiation theory and PDE’s. It is well known that the maximal
operator M is of weak type (1,1) and strong type (0o, 00) from where it follows
readily, for example using K-functionals (see [BS]), that there exists an absolute
constant C' > 0 such that

(1) (Mf)*(t) < Cf**(t),Vt > 0,Yf € Lj,.(R"),

where * denotes non-increasing rearrangement, and f**(t) = + fot f*(s)ds.
Herz (cf. [H], and also [BS]) proved that the reverse inequality is also true, that
is,

(2) fr(t) < e(Mf)(t), t > 0.

Inequalities (1) and (2) contain the basic information to study M, and the oper-
ators it controls, in rearrangement invariant function spaces. We refer to [AKMP]
for a recent and exhaustive study of inequalities (1) and (2) where the underlying
measure is more general than Lebesgue measure.

Recall that the maximal operator M is defined by

1 1
M) = swp o [ [p(@lar = sup L2022
2€Q Q| Jo zeQ lIxellz:
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A commonly used variant of the maximal operator, M, f = (M|f[P)'/?, is obtained
by means of replacing L' averages with LP-averages. More generally Stein [S],
in order to obtain certain end point results in differentiation theory, introduced
maximal operators associated with L(p, q) averages as follows. Let 1 < p < 400,
1 < g < 4o00; then Stein defines

1 fxallp.q Ifxellp.g
M, ,f(x) = sup = = sup =
e 2@ IXQllpa  weq QY7

These operators have been also considered by other authors, for instance see [N],
[LN] and [P].

It is a basic fact of real interpolation (see [BS]) that f**(¢) can be obtained in
terms of the K-functional for the pair (L', L®°) as

K,k K ta f; L17 L
f (t) = %)
where for a compatible pair of Banach spaces (X,Y),f € X +Y,t > 0,

K(t, f; X,Y) = inf{{lz] x +tllylly},
and the inf runs over all possible decompositions f =z +y with x € X,y € Y.
From the definition of M, given above it follows readily, using (1), (2) and the
reiteration theorem, that
(M f)*(8) m 4= PE (87, 5 L7, L),

Therefore one is led to ask if a similar relationship exists between (M, 4 f)*(t)
and the corresponding K-functional for the pair (L(p, ¢), L>), which is given by

K(t'/7, f; L(p,q), L>) 1 "o ) e
Y s /Of(s)qsq/p ds Z%Hf X(0,t) |lp.g-

)

As we shall show below the somewhat surprising answer to this question is: no! The
two cases we need to consider p < ¢ and g < p turn out to be very different from
each other. In fact for ¢ < p, the L(p, ¢) version of inequality (1) is known to hold
as can be readily seen since My, , is bounded from L(p,q) into L(p, c0) and from
L™ into L* (cf. [S] and also [LN] for a different proof). For p < ¢, the validity
of the corresponding L(p, q) version of inequality (1) must be ruled out since, as is
well known, M, , is not bounded from L(p, ¢) into L(p, c0) (cf. [S]).

Our purpose in this note is to complete these results by showing in section 2 that
the L(p, q) version of inequality (2) is true when ¢ > p and false when ¢ < p. In
view of these negative results it is natural to ask: what is the appropriate maximal
operator associated with the K-functional for the pair (L(p,q), L) so that the
corresponding version of Herz’s theorem holds? In section 3 we provide an answer
by means of finding an improvement on the operator (M, ,f)*.

It will be convenient for us to work in the more general context of r.i. spaces.
Indeed the added generality does not complicate the proofs and helps one to see
better how the geometrical properties of the L(p, ¢) spaces intervene in the analysis
of the cases ¢ > p or p > q.

2

As usual, a Banach space (X, ||.||x) of real-valued, locally integrable, Lebesgue
measurable functions on R”™ is said to be a r.i. space if it satisfies the following
conditions:
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i) If g* < f* and f € X, then g € X with |lg]|x < ||fllx (f* denotes the
non-increasing rearrangement of the function f).

ii) If A is a Lebesgue measurable set of finite measure, then x4 € X.

i) 0 < fn 1, suppen | fnllx < M, imply that f = sup f, € X and ||f||x =
suppen || follx-

For each r.i. space X on R", a r.i. space X on I = (0,400) is associated such
that f € X if and only if f* € X and || f||x = || f*|lx (see [BS]).
The fundamental function of a r.i. Banach space X is defined by

o(t) = ox(t) = lIxpllx: ¢ >0
We will denote by M*(X) the space of all measurable functions for which

£llar- ) = sup ®x (£) F7 (£) < oo.

The function || a-(x) is a quasinorm on M*(X).
For any measurable function f such that fyxg € X, we define the maximal
operator

M () = sup WXl
zeq |Ixqlx

where the supremum is taken over all cubes @ C R™ which contain x with sides
parallel to the coordinate axes.

Since a conditional expectation operator is a norm one projection in any r.i.
space, it is clear that for any cube ) we have

(7 [ #) val < xalx.

and therefore, M f < Mx f, where as usual M f is the classical Hardy-Littlewood
maximal function.

Definition. Let X be a r.i. space and let ¢ : [0, +00) — [0,400) an increasing
bijection. X is said to satisfy an upper ¢-estimate (resp. lower ¢-estimate) if
there exists a constant M < +oo such that, for every choice {f;}? ; of functions in
X with disjoint supports,

I Zle\x < Mg <Z¢ (I fillx) )

respectively

[ Zfz”x > Mo <Z¢ (I1£:01x) ) .

In the special case when ¢(t) = t!/P we recover the well known notions of lower
and upper p-estimates (see [LT]).

Theorem 1. Let X be a r.i. space with fundamental function ®. If X satisfies
a lower ®-estimate, then Mx : X — M*(X) is a bounded operator. In other
words, there exists C' > 0 such that for all f € X we have

Slip@(t)(MXf)*(t) <Clflx-
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As a consequence,
C
M ) < —=I|If" vt > 0.
(Mx P () < gyl Yoollx, V>
Proof. Let f € X, in terms distribution functions we have to prove that
C
C({z s Mxf(z) > A}) < SlIfllx, A>0.

Let = {z : Mx f(x) > A}. Using the definition of Mx and a standard covering
lemma (cf. [BS], pg. 118), it is possible to choose a countable family F of cubes
{Q}ics with pairwise disjoint interiors and such that

2l <4y 1Qil, Iixedlx oy v e
ic) ||XQ7.’ X

Moreover, if @ €F, then

f 1 d
2(1Q1) < I(5)xallx. Q1< 27 ((D)xallx).
Therefore, using that ®(5t) < 5®(¢) and the lower ®-estimate, we get

X>> <5M) (5 e,

ieJ

5M
x < T||f||x

a(j0)) < 50 (Z 2 ((D)xe,
icJ
This proves the first part of the theorem. The proof of the second part is a routine
argument in interpolation theory. Indeed, since Mx is a bounded operator on L*,
we have that, Vt > 0,

Now, we recall that the left-hand side of this inequality is equivalent to

Slg(fo)*(S)@(SL
while the right-hand side is equivalent to
"X (0.0l x
(see [BR]), and the result follows. |

Theorem 2. Let X be a 1.i. space with fundamental function ®. If X satisfies
an upper ®-estimate, then there exists and absolute constant C > 0 such that
Vfe X,t>0 we have

(Mx )0 = ges I Xonlx

Proof. Fix f € X,t > 0. Let @« = (Mxf)*(t) and Q@ = {x : Mxf(z) > a}.
Following [BS], pgs. 122-123, we can choose a sequence of dyadic cubes {Q;}ics
with pairwise disjoint interiors, which covers €2, and such that

C
t

Sl <cla<cr, WXedx oy
icJ HXQi X

Then, we decompose

f=Y fxq +h=g+h

icJ
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Using the upper ®-estimate, we get

H—||x <M® (Zcb ||—><Ql >>
ieJ

< M® (Z@ (|Q; |))> < CO(t).

iceJ
Thus,

lgllx < C(Mx f)"(£)®(?).
On the other hand, since f < M f < Mx f a.e., we have
1hllsc < (Mx f)"(t).
Then using [BR] and the definition of the K-functional we obtain

ﬁnf*x(o,wux - ﬁfaw), F.X, L) < C(Mx £ (0). 0

We now turn to study the case when X = L(p, ¢) is a Lorentz space; in this case
the fundamental function of X is ®(t) = t'/?. We shall need the following

Lemma. Let p € (1,+00), then
i) If 1 <p < q < +oo, then L(p,q) satisfies an upper p-estimate.
ii) If 1 < q <p, L(p,q) satisfies a lower p-estimate.

Proof. Recall that, in terms of the distribution function, an expression equivalent
to the L(p, ¢)-norm can be given as follows:

0o 1/q
1 llpa = ( / <Af<s>>q/psq-1ds) ,

with the usual modification when ¢ = +o00. Given a sum f = ) f; where the f;
have disjoint supports, it is clear that

s) = Z Af; (S)

Therefore in the case ¢ < oo the corresponding lower and upper p-estimates con-
cern only the interchange of sums and integrals and can be obtained easily using
Minkowski’s vector-valued inequality, while the case ¢ = 400 is even simpler. [

Corollary. Let p € (1,+00). Then:
i) If 1 < p < ¢ < 400, then there exists a constant C > 0 such thatVf € X,t > 0,

1/q
( ;qu = tl/p </ .f Sq/P—ldS)

(with the usual modification if ¢ = +00).
ii) If 1 < g < p, then there exists a constant C > 0 such that Vf € X,t > 0,

1/q
(Mp,of)*(t) < tl/P </ f( sq/P—lds) )
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We now focus on the validity of the reverse inequalities which correspond to
those stated in the previous corollary. We remark that, as we mentioned in the
introduction, under the conditions of i), the corresponding reverse inequality can-
not be true. Our next theorem completes this result by showing that the reverse
inequality in ii) is not true either. Since there is no loss of generality, we shall work
in dimension one.

Theorem 3. There exists a function f defined on R for which fg fH(z)zt/Pldx =
oo for all t > 0 while (M, 1f)*(t) < oo, for all t > 0.

Proof. Let
© ok
h(z) = ; #X[%k,szﬂ)(ﬂﬁ)v z > 0.
Since
x— /P
h(z) > C’m, 0<z<1/2,

it is clear that
t
/ h(x)xt/ P~ dx = 400, Yt > 0.
0

Now, we want to distribute the values of h(z) in a convenient form. Let A; =
[al,bl] = [0,2_1], Ay = [aQ,bQ] = [bl + 22,b1 +22 + 2_2] and, in general, Ay =
[ak, bk] = [bk_l + Qk, br_1 + 2k 4 2_k], k € N. Let

> 9ok/p
f= XA
k=1

It is clear that the rearrangement of f is the function h. In order to estimate its
maximal function, we need the following facts which have straightforward proofs
(in what follows @ stands for an interval in R):

DIEQNA A0 fori=kk+1,...1,1 >k, then

Ifxallp.1 < %HXA;CUMUAsz,l < l

QIr = 9/p =T
ii) Let by < z < agt1. If Q = [z, 2] with 2z € Ay, then

1/xeller !
QIYP ™~ klw — ax/P

iii) Let by < < ag41. If Q = [x,y] with y € Agy1, then

I1/xellpr 1 .
QP = (k4 Db — [P

Now, given s > 0 , we choose kg such that skg > 1. Let k > ko. If

1
<z< B S
fpsp = = Okt (k + 1)psp’

br +
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then M f(z) < s. On the other hand, if we take yo < 0 such that

si/p
1240 B(lyol + 24 -+ 20/
then
{zr e R;Mf(x) > s}
1 1
€ (Yo, bro] U (Ak U (bk, br + w) U (ag+1 — m,akﬂ)) )

k>ko

and we obtain the estimate

= /1 1 1
A < |bg, — — .
My f(5) < |k, y0|+k2+:1 (2k + oot sl’(k—i—l)l’) < o0
0

Moreover, lims .o Anr, , (s) = 0, and therefore
(M, 1f)*(t) < oo, Vt > 0.
O

Remark. The counterexample given above can be easily extended to the case 1 <
q < p since we have

Myof(2) = (Mra(Ff)9, 7 =p/q.

3

We recall that a mapping 7 from R" into R” is said to be a measure-preserving
transformation if, whenever A is a Borel subset of R™, the set 771(A) is also Borel
set, and [T771(A)| = |A|.

Theorem 4. Let X be a r.i. space. Then there exists an absolute constant C' > 0
such that, for any function f € X + L*°,

< 1
T 9(t)

for all t > 0, where T runs through all measure-preserving transformations.

cinf(Mx (f o))" (1) 17" X0.0llx < Csup(Mx (f o 7))"(2)

Proof. We begin by proving the second inequality. Fix ¢ and f. We can suppose
that o = ﬁ”][*X[O,t] ||x > 0. Without loss of generality, we can also suppose that
f is Borel measurable. Then there exists a Borel set B in R™ such that |B| = ¢ and
satisfying

{z e RY [f(2)| > f7(1)} € B S {z e R [f(2)| = [ (1)}

Now, given a cube Qg with measure ¢ it is always possible to find a bijective measure-
preserving transformation 7 such that 7(Qo) = B (except perhaps null measurable
subsets of @ and B). (This statement can be readily proved using [R], p. 315,
Theorem 15.2, Theorem 15.13; see also [W] for the one dimensional case.) That is,
we can find a measure-preserving transformation 7 (which, of course, depends on
f and t) such that

(foT)xq, = fxB ae.
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Then
I(foT)xaollx _ IIfxslx _ 1/ xp.allx

Ix@ollx o(t) o(t)

If we take @1 = 2Q, the cube with equal center and double the side of Q)g, then
since D(|Q1]) < 2"®(t), we have

I oxalllx . o _ a

Ixeullx  —2m 7 227
Therefore, Mx (f o 7)(x) > 557 for all z € @ and
* o n
s € (0,00); (Ma(f 07)" () > 72} 2 Q1] = 210l > 1
Thus,
. a
(Mx(f o) (1) > 2

and the second inequality is proved.

It remains to prove the first inequality. Let ¢ > 0 and suppose, as we may, that
a= ﬁﬂf*)([o,t] lx > 0 ( since otherwise f = 0). By repeating the arguments as
before we find the same Qq, @1 and 7.

We are going to estimate Mx (f o 7)(z) for ¢ Q1. Let @ be a cube such that
z2€Q. IfQNQy=0, then

[(fomxellx _ ,« 1/ *x0.0llx
ol =7 0="%a -

If QN Qo # 0, then there exists a cube Q C Q N Q1 such that |Qo| = |Q|. Thus

I(foT)xqllx < [(f o T)xQ\Qo llx (f o T)xQnqo llx

L

Ixellx  ~ Ixellx Ixellx
* ||XQ\Q0||X + ||(fOT)XQ0||X
xellx xqollx
< fHt) +a < 2.
Therefore,
{z € R"; M(foT)(x) >3a}| <|Q:] =2"¢,
and so

(M(for))*(2") < 3a.

In particular, if we apply the preceding argument to to = t/2™ < t, we find 79 for
which

* * n 1 *
(M(f 070))"(t) = (M(f 070))"(2"t0) < 3%'” X[0.t0]llx
2" * n
< 3m||f Xjo,gllx = 3.2"a,
and the desired inequality follows by taking infimum. |
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Corollary 2. Let p € (1,400). Then:
i) If1<q<p,

1 t 1/q
sup (M0 )0 ~ i ([ (oo ias)

i) If 1 <p < g < oo,

1 t 1/q
(0 7)" (0 ~ g ([ 77 (o1s0tas)

Proof. i) One inequality follows directly from the corollary to Theorem 2. To prove
the reverse inequality we note that since f and f o 7 have the same distribution,
Mx(f o) is a bounded operator from X into M*(X) and from L into L.
Therefore (see proof of Theorem 1)

* 1 " q4a/p—1 &
(om0 < O ([ rrtomsaiias)

and the result follows taking the supremum over all 7.
ii) As in the previous proof, one inequality comes again from Theorem 2, while
the other follows from

(Myalf 07" (0) 2 O (/ot<f o T)*(s)qsq/p—ldS) :

ti/p

where the constant C' is independent of 7 (see proof of Theorem 2). a
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