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ABSTRACT. In this note we consider the Sobolev inequality
2,2
14 ¢ll2 > Saligll o, N >4, ¢ € DG (RY),

where S> is the best Sobolev constant and DS’Q(RN) is the space obtained by
taking the completion of C§°(RY) with the norm || A ¢||2. We prove here a
refined version of this inequality,

12 8l = S3ll¢l%x > ad®(g, M), N >4, ¢ € DF*(RY),

where «a is a positive constant, the distance is taken in the Sobolev space
DS’Q(RN), and M> is the set of solutions which attain the Sobolev equality.
This generalizes a result of Bianchi and Egnell (A note on the Sobolev inequal-
ity, J. Funct. Anal. 100 (1991), 18-24), which was posed by Brezis and Lieb
(Sobolev inequalities with remainder terms, J. Funct. Anal. 62 (1985), 73-86).
regarding the classical Sobolev inequality

17 6ll2 > S1ll8|_2x_, ¢ € Dp*(RY).

—2

A key ingredient in our proof is the analysis of eigenvalues of the fourth order

equation
8
Ny — ,uSg'HUN*‘LU =0,v € DS’Q(RN),
where p = % and U is the unique radial function in My with ||AU||2 = 1.
We will show that the eigenvalues i of the above equation are discrete:
pr=lpr=p3 = =pNt2 =p<pUN43 <o
and the corresponding eigenfunction spaces are
ou N—4
Vl:{U}vvp:{—7j:17"‘7N75C‘VU+ U}7
dy;
1. INTRODUCTION
In this note we consider the Sobolev inequality
2,2 /N
(1.1) ||A¢||2_52||¢||—13f4 >0, N>4, 9D (R™),

where Dg’2 (R™) is the completion of the space of smooth functions with compact
support under the norm || A ¢||2, and S is the best Sobolev constant. We assume
N > 4 throughout this paper, and we denote by || - ||, the LP norm in RV,
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In [2], Brezis and Lieb asked if the following refined classical Sobolev inequality
holds:
(1.2) 17 ¢ll5 = Sil0|P ey, > ad® (g, My), N >2, ¢ € Dy*(RY),

N—2

where Dy*(RN) is the completion of C§°(RN) under the norm of || 7 ¢||> when
N >3, a > 0 and M; is the (N + 2)-dimensional manifold which consists of all
solutions attaining the classical Sobolev inequality. In [1], Bianchi and Egnell gave
an affirmative answer to this question.

Some related results were proved by Brezis and Nirenberg in [3], among many
other things. They showed in [3] that if ¢ < %, then there is a positive number
A such that
(1.3) 17 ¢ll5 = S0l %y, > Allg|l3, N > 2, ¢ € Dy*(9),

N—2

where A only depends on N, ¢ and the bounded domain 2. Moreover, the result
(1.3) is proved to be sharp in the sense that it fails for ¢ = 5.

The following refinement of (1.3) was also proved in [2]:
(1.4) 17 6l13 = STl > Allgl2x_ . N >2, ¢ € Dy*(9),

N-—2

where || - ||q,w is the weak L7 norm. An alternate proof of (1.4) was given in [1].
The result of Brezis and Nirenberg [3] was generalized to 1 < p < N and ¢ <
N(p—=1)

=N Py Egnell, Pacella and Tricarico in [5]. They proved in [5] that there is a

positive number A depending only N, ¢, p and the bounded domain 2 such that
(1.5) |7 6l — SElelE. > Allgllz, N > 2, ¢ € Dy* (),

where px = J\J,V—_p and S}, is the best Sobolev constant in the Sobolev embedding

p
theorem with the critical exponent p+. Furthermore, (1.5) fails for ¢ = %.
p

The purpose of this paper is to generalize the result of [1] and prove the following
refined inequality of (1.1):

(16) 128 618 — S319lPas, > ad? (6, My),

where My = {¢ € Dy*(RY) : || A ¢l = Sa|¢]] 2x}.

—1
By Theorem 2.1 of [4], My is an (N + 2)-dimensional manifold and consists of
functions of the form

(1.7) $(x) = cUny(x) = AUNTT (z — ),

_N-4

where c € R,\ € Ry, U(z) = ko(1+|z|>)~ "2 and ky is chosen so that || AU|| = 1.
The best constant is

Sy = 72(N + 2)N(N — 2)(N — 4) (T'(N/2)/T(N)V .
Hence
My ={cUyy:ceRXeR,,yc RV}

(In fact, C.-S. Lin recently showed (see Theorem 1.4 in [7]) that any solution of
the equation

N+4

(1.8) (—A)2u=u~1,u>0inRY (N >5)

is symmetric around some point and is of the form (1.7).)
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We define the distance between this manifold and a function ¢ € DS’Z(RN ) as

d(¢, M2) = inf |[A (¢ —u)llz = nf [|A (¢ — cUxy)ll2-
u€ Ma Ay

Note that d(cA¢(AT-7 (- — y)), Ma) = cd(¢, Ms).
We shall prove

Theorem 1.9. There is a positive constant o depending only on the dimension N
such that

18 6113 — S31161%x. > ad?(9, M),

Furthermore, this result is sharp in the sense that it is false if the left hand side is
replaced with d(¢, M)P|| 2 ¢||37, where B < 2.

We refer the reader to [1], [2], [5], [6], [8] and [9] for more information on Sobolev
inequalities of such type.

A key ingredient in our proof is the analysis of eigenvalues of the following fourth
order equation:

(1.10) AZU—MSSHUﬁv:O,v e D*(RN),
where p = 1. We will show that the eigenvalues p of (1.10) are discrete and
(111) ,Ul:17M2:N3:"':MN+2:P<MN+3§"'.

The corresponding eigenfunction spaces are

oU N —4
2= i=1,--Naz-vU+—"U).
ayﬂ o N U+ —5 }

This result is interesting and may have applications in analyzing blow up problems
involving the biharmonic operator. We prove this in Section 2. In Section 3, we
prove Theorem 1.9.

(1.12) Vi={U}V,={

2. AN EIGENVALUE PROBLEM
In this section, we solve the eigenvalue problem
(2.1) AZU—MSSHUﬁv:O,v e D*(RN),
N

where U = ko(1 + |#[2)~"=". Note that U satisfies
AU — SPHUP = 0,U(0) = max U(2)

zERN

and p = £
Note also that (2.1) is a fourth order eigenvalue problem. We will show the

following
Theorem 2.2. The eigenvalues pu of (2.1) are discrete and

(2:3) pr=1lpg=pz =" =pNt2 =P < hNt3 < -
The corresponding eigenfunction spaces are

ou . N -4

(2:4) Vi={U}\V,={;—,j=1,Na U+ ——U}
Fy; 2
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Proof. We decompose the fourth order equation (2.1) into a system of two second
order equations.
We first note that the eigenvalues of Agn-1 are given by

(2.5) /\1ZO,)\QZ'--Z/\N+1=N—1,/\N+1 </\N+2-

Let U;(6) be the corresponding eigenfunctions, i.e., Agn-1®; = —\;®; for each
1. Set

oi(r) = /SN?1 v(x)U,;(6)do
and

w;(r) = — /st1 Av(z)P,;(0)do.

Then we obtain a system of two equations

g
(2.6) A pi — T_2¢i +w; =0,
/\i p+1rrp—1
(27) A w; — T—2w1 + ,LLSQ U ¢; = 0.

We now show that
(2.8) ¢;i=0,ifi>N+2 pu<p.

We will prove it by contradiction. Suppose now that y < pand ¢; Z0,7 > N + 2.
Without loss of generality, we assume that

(29) (bz < 0in (0,T1),¢i(T1) =0.

Since ¢ > N + 2, ¢;(0) = w;(0) = ¢}(0) = wj}(0) = 0.

We now compare (¢;,w;) with a new pair of functions.

Observe that U satisfies A2U — S57'UP = 0, and let Uy = — A U. Then both
U and U; are radial and monotone decreasing functions. We observe that for any
radial function f(r) we have

(AF) = (F"(r) + 22 ) = () + ) —

Then (U’,Uy) satisfies

f'(r).

r2

N -1

(2.10) AU = ——=U"+U; =0.
We note
AU = AU, = — (U{’ + ?U{) ;
thus
Ul + N= 1U{+S§“UP:0.

Differentiating both sides of the above identity with respect to r, we get

N-1 N-1
Uy + . Uy — > U, +pSEHtur—1y’ = o.

This is equivalent to

N-1
(2.11) AU{ = ——=U] + pSEHyr-1y’ = o.



79

SOBOLEV INEQUALITY
Multiplying (2.7) by U’ and integrating over B, we get
(2.12)
Ai
0:/ MS’§+1U”_1¢Z-U/+/ (Aw; — = ¢)U’
, B, "
i
=(n—») / SERUTT o U +p | SETUMT U + / (Aw; — )’
B, B, r
N -1
= (u —p)/ Syl —/ [AU{ - — '] i
B, - "
—i—/ {Awl — /\—wl} U'.
B
The second term in (2.12) can be seen as follows:
N -1
5]
) N -1
= - [ divwUpes [ S vt
B, B. T
/ / N-1 /
= - (VUL - v)¢i + (VUl) “¢i + ——U19;
9B B. T
ou; 89%)1 , N -1
= — ; U; Ui Do, ——Ui ;.
ABray / 16 /;7,1¢+‘/B,’, 72 l(b
By using equation (2.6) the second term of (2.12) becomes
N — ,00; ou
/ U1¢z / < d) - (bz 1) / U{’UJZ
aB, B,
The third term of (2.12) is
/ |:Aw1 — —2w1] U/ = / iU/ —/ Wi —— +/ wlﬁU’ —/ —2w1U/
B, r oB, OV oB, OV B, B,

Note that by (2.10) we have AU’ = £52U’ — U{; thus the third term of (2.12) is

equal to

N-—-1-X\ ow; ou’
7U’wi+/ U’ v — W —— —/ w; U7
B, 7"2 8B, 31/ 31/ .
Therefore

N-1-M\ , 00,
0= (u—p) S§+1Up_1¢iU/+/ 72[]{@4—/ ( 0
B g r 9B

. N—l—)\iU,ler/ 0w U
B, T'2 ! OB, 81/ ! 8V

N
(n— p/ SPHU” Lo U + /—/\(Ulgbl—l—le)

6 i 8U ow; ou’
8B, OB, 6V ('31/
=N(r)+ I(r) + 13(7") + I4(7‘),
where I;(r),i = 1,2,3, 4, are defined at the last equality.

— i

ouU!

)
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We now choose appropriate r and estimate each term. Recall that ¢; < 0 in
(0,71), ¢i(r1) = 0 (we can take 1 = o0 if ¢; < 0 in (0, 00)).

We first deduce from equations (2.6) and (2.7) some useful facts:

1) U'(r) <0,Ui(r) < 0if r # 0.

2) Awi—%wi = — ,uSg +1Up_1¢)1-. Thus w; cannot have a positive local maximum
in (0,71).

3) There exists some 7* € (0, 1) such that w;(r*) < 0. This is because ¢; attains
at least one local minimum in (0,71) and by using equation (2.7).

4) By 2) and 3), w;(r) < 0 for r € (0,r2) for some ro > 0 and w;(r2) = 0.

If 1 = ro, then we take r = 11 = 7. In this case, I;(r) < 0 since p < p,
¢i, U < 0; Io(r) < 0since A; > N —1; I3(r) < 0 since %ﬁi > 0; I4(r) < 0 since
Gui > 0.

Therefore, we have I;(r) = I2(r) = I3(r) = I4(r) = 0. This is a contradiction
since I3(r) < 0 and I4(r) < 0.

The rest of the cases can be discussed in the following:

Case 1: ry < ry.

In this case, we take r = ro. Then I1(r2) < 0, Iz(r2) <0, I4(r2) < 0. We only
need to know if I3(re) < 0. To this end, we consider the function

w=rN"1glU] —rNT1U] ¢

By an easy calculation we get
N -1

r

N

A e LA I ] P

By using equations (2.6) and (2.11) we can easily see that in (ra,r1)
w' = (N — (N = 1)V 3¢,U] — N LUl + pSETUP~U PN " 1g; > 0,
since w; > 0 in (re,r1) by fact 2), Uy <0, ¢; < 0and A\; > N — 1.
Thus
_ . N—1 1 / N—1gmn
w(r2) =1y @i(r2)Ui(r2) —ry U (r2)¢i(r2) < w(ri) <0
and

I3(re) = / rl_Nw(r) < 0.
OB,

This is again a contradiction.
Case 2: 1 < ro.
In this case,
Aq
2
Hence ¢; > 0 for r € (r1,r2).
Now we take r = r1. Then I1(r1) < 0, Io(r1) <0, I3(r1) < 0. Thus we only
need to show I4(r1) < 0. Consider

h=rN"YwlU" — N0 w;.

Ag; ¢; = —w; >0, for r € (0,72).

We note that

h/ZT'N_l |:w{/+N_1

r

w;] U/ _ T‘N_l [U/// + N — 1U//:| w;
T

=V Aw)U — PN H AU w;.
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By using equations (2.7) and (2.10) we thus have
W=\ — (N = 1) w0 N3 = pSEH ur=1p,U0'rN =1 4 N =3(N — 1)Ujw; > 0

for 7 € (r1,m2) in Ay > N — 1. Hence h(r1) < h(r2) = rY ~tw!|(ro)U’ (r5) < 0.
Therefore we have

Iy(r) = / r=Nh(r) <o0.
By
In conclusion, we have that if u < p, then ¢; = 0 for ¢ > N + 2. Hence, when
1 < p, the eigenfunction space has at most (N + 2) dimensions. On the other
hand, when 4 = 1, v = U is a solution; when p = p, 2U (1 <j < N)and

Dy,
6%;’0 r=1 =z VU + %U are eigenfunctions.

Note that U, g—g (1<j<N),and 8[(;;,0 =z -yU+ %U are linearly indepen-
dent. Thus (2.2) has the following solutions:

w=1v=alU,
oU 0Uy
=p,v€E — =21 )
=D, spcm{ayj 3\ [x=1}
O
Consider the operator
1 1—p A2 -1
Ly = FUM”A , on L2(UYH).

Since the imbedding
Dg’Q(RN) N LZ(Uf;ll)
is compact, the spectrum is discrete.
Consider

(2.13) Ly yv—pv=0.
Then we have
(2.14) Ay — ,uSé’HUf\’;/lv =0.

By a simple scaling argument, we have that p does not depend on A, y. Moreover,
by Theorem 2.1 we have

Lemma 2.15. Let p;, ¢ = 1, - -, denote the eigenvalues of (2.13) in increasing
order. Then pn = 1 is simple with eigenfunction Uy, and pio = ... = ny2 = P
with the corresponding (N + 1)-dimensional eigenfunction space spanned by
(O\Ux,y, VyUxy). Furthermore, eigenvalues do not depend on A\, y, and pin43 > po.

3. PROOF OF THE THEOREM

The main ingredient in the proof of the theorem is contained in the lemma below,
where the behavior near M5 is studied.

Lemma 3.1. There is a constant a, depending only on the dimension, such that

1A¢]15 — S31|¢l%on > ad? (¢, Ma) + o(d(9, M2)?),

N—4

for all ¢ € DY*(RN) with d(¢, M) < [|A¢]|2.
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Proof. Since My is an (N + 2)-dimensional manifold embedded in Dg*(RN),
(e, \y) € Rx Ry xRN — clUy, € DY?(RY).
Take ¢ € Dg”*(RN) with
d = d(¢, M>)
= inf [|A(6 - cUs,)IB

= inf (||A¢||§+c2 —2c/ AqS-AUM)
c,\y RN :
< [lagll3.

It is easy to see that the infimum above is attained at a point (cp, Ao, yo) € R x
R, x RN with ¢y # 0. Since M2\{0} is a smooth manifold and the tangential space
at (co, Ao, Yo) is given by

TMCOUAO,yO = span {U)\o,yov aAU)\o,yov VyUAO,yo}v

we must have that (¢ —coUl,,y,) is perpendicular to T'Mc,u,, - By Lemma 2.15,
we necessarily have

/]RN |A(¢ - cOU}\Oyyo)|2 2 MN+3S§+1 /]R Ufg ;o (¢ — COU}\07y0)2'

Let ¢ = coUng,yo + dv, ||Av||2 = 1. Then
180113 = d® + || AU o ll5 = d* + ¢,

/ ¢p+l - / (COUAO,?JO + dv)p+l
RN RN
_ +1 ;o+1
_ANCg >\0y p—|—1cp/ >\0>y0

+1 _
+d2p7(p2 )|co|p 1/R Ufo ;Ov + o(d?).

. . . p _ .
Since v is perpendicular to Uy, y,, then fRN U/\07yovdx =0, i.e.,

A0,Y0”

AU-AUAO)yO :O:/

2 — gptl P
VA Uxg,yo = 55 / vU
RN RN

RN
Thus
_ 1
¢p+1 < chSQ (p+1) +d2|60|p_1 p(p + p)-i-l +0(d2).
RN 201N 1355
Therefore

p+1 _ 1 T
(/ ¢p+1> < Cg+152 (p+1) + d2|CO|p—1 p(p+ p)+1 + o(dQ)
RN 2N 4355

1 pil
_ 255 <1+d2 gzwﬂ(da)
2uN+13

— 2 _p(p+1) )
2 a—2 2 —2 2
=c5S 14+ ——d°c,"— + o(d
02 < p+1 0 20N +3 ( )

2
=28y + @ Sy 2+ o(d?).
HUN+3
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Thus
18613 — 531161,
d*pS;?
>d*+ct-S; <c§5’2_2 T e B o(dQ))
HN+3
> d2(1— —2) 4+ o(d?).
HUN+3
This is true when d is small. Thus the lemma holds with « = (1 — m 1&3 ). To see

that this is the best possible result we can argue as follows:

Take ¢ = U + dv, where v is the (N + 3)th eigenfunction of Ly ¢ and d is a small
positive number. We then have d(¢, M2) = d if d is small and the closest point on
MisU. O

Proof of Theorem 1.9. The fact that the result is sharp follows from the last part
of the proof of the lemma above. Assume that the theorem were not true, then we
could find a sequence {¢,,} such that

||A¢m||§ _522||¢m||213_1:’4

d((b’ﬂh M?)Z
By homogeneity we can assume that || A¢y,||2 = 1, and after selecting a subsequence
we can assume that d(¢y,, Ma) — L € [0,1]. Note that d(¢m, Ma) < ||A¢m|l2 = 1.
If L =0, then we have a contradiction by Lemma 3.1 above. The other possibility
is that L > 0. In this case we must have

186ml13 = S3lloml%n. — 0,[[Adm]l5 = 1.

—4

— 0, as m — oo.

By P. L. Lions’ concentration and compactness principle (see Corollary 1.2 of Sec-
tion I.4 in Part I of P. L. Lions [6]) we have two sequences of numbers Ay, Ym SO
that

a4
AmGm AN (& = ym)) — +U (or —U) € Dg*(RN) as m — oc.
This implies

4
d(¢m, M2) =d (/\mqu <)\,ﬁ4 (x — ym)> ,Mg) — 0 as m — oo.
This is a contradiction.
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