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ABSTRACT. For the transformation 7' : = — kx (mod 1) for k > 2, it is
proved that a real-valued function f(z) of modulus 1 is not a multiplicative

coboundary if the discontinuities 0 < z1 < -+- < zn < 1 of f(z) are k-adic

points and z1 > % It is also proved that the weakly mixing skew product

transformations arising from Bernoulli shifts have Lebesgue spectrum.

1. INTRODUCTION

Given a measure-preserving transformation 7' on a probability space X and a
measurable function ¢ : X — T = {z € C: |z| = 1}, we define an isometry V®7 on
L3(X) by (VST f)(z) = ¢(z)f(Tx). If T is invertible, then V7 is unitary. When
T is an irrational rotation, the properties of V¢ are investigated in [4], [5], [8], [10].
In [5] it is proved that, if ¢ is a step function with its discontinuities at rational
points, V®T has no eigenfunction. In this paper, we are interested in the case
when T is a Bernoulli shift. We also investigate the skew product transformation
associated with ¢ defined on X x T by Ty(z, z) = (T'z,¢(z)z). For the spectral
properties of Ty, see [2], [7].

A function ¢ of modulus 1 is called a (multiplicative) coboundary if there exists
q(z) such that ¢(z) = q(z)q(Tz), |¢| = 1 ae. on X. Let M = {h € L*(X) :
Uh = h}. If T is ergodic and ¢ is real-valued, i.e. ¢(z) = exp(mixg(z)) where
XE is a characteristic function of E, then the dimension of M is 0 or 1. If dim
M =1, then (i) ¢(x) is a coboundary, and (ii) there exists g such that q(z) =
exp(mixr(z)) for some F, exp(rixg(r)) = ¢(x)q(Tx), E = F A T™'F = F¢ A
T—1Fe. Throughout the paper all the set equalities, set inclusions and function
equalities are understood as being modulo measure zero sets and all the subsets are
measurable unless otherwise stated.

Numbers of the form Y"1, a; k™%, a; € {0, ...,k — 1}, are called k-adic numbers
and denoted by [a1,as,...,a,]. For k = 2 they are called dyadic numbers. We
will regard 1 as a k-adic number. In [1] it is shown that if 0 < a < b < 1 are
dyadic numbers and if exp(7ix(q,)) is @ coboundary for 7" : z + 2z (mod 1), then
a= %, b= %.
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Let F be a Lebesgue measurable subset of R and A the Lebesgue measure on R.
For a point € R the metric density of F' at = is defined to be

. AMFN(x—rx+
dF(JT)ETl_l)%l_i_ ( (IE2T’I”ZZ? 7"))7

provided that this limit exists. The metric density of F' equals 1 and 0 at a.e. point
of F' and F¢, respectively. If (x — r,x + r) and 2r are replaced by [z,x + r) and
r, respectively, in the above limit, then we call the corresponding limit d;(x) the
right metric density of F' at x. Similarly the left metric density dp(x) is defined.
Recall that for f € L}(R), z € R is called a Lebesgue point of f if

. |f(y) — f(z)|dX(y) = 0.

lim —
r—0+ 27 (x—r,z+7r)

It is known that for f € L'(R) almost every x is a Lebesgue point of f. If x is a
Lebesgue point of yg, then dr(z) = df(z) (see [13]). The metric density of F' at
a specific point may not be defined, hence it is not a Lebesgue point of xp: For
k and 7,0 < k <7 < 1, there exists F' C R so that the upper and lower limits of
A(FN(=4,6))/20 are n and k, respectively, as § — 0 (see [9]). Recall that for a point
x a sequence Ap, Ag, As, ... of measurable sets is said to shrink to x nicely if there
is a constant ¢ > 0 for which there is a sequence of positive numbers ry, 73,73, ...
with limr,, = 0 such that A,, C (x —rn,z +7,) and A(A,) > ¢-r,. If a sequence
{A,}, shrinks to z nicely and z is a Lebesgue point of xr, then
o) = J 255

(See p.140, [13].)

2. WEAKLY MIXING SKEW PRODUCT ON BERNOULLI SHIFT

Suppose T is a measure-preserving transformation on a probability space (X, ).
For ¢ : X — T, if the skew product transformation Ty(x, 2) = (T'z, ¢(x) z) on X x T
is weakly mixing, then we say that ¢ is weakly mixing. Let C'(T') be the centralizer
for T,ie. C(T)={S:S0oT =T oS}. We need the following facts.

Lemma 1. Let T : X — X be Bernoulli, and let ¢1, ¢2 : X — T be weakly
mizing. Then there exists S € C(T) and a measurable function f : X — T such

that 61 0 S/¢s = f o T/f.
For the proof see [14]. In this case we have a commutative diagram:

¢1,T
2(x) =

vasl lvf’s

2x) 20 r2x)

Lemma 2. Let T : X — X be Bernoulli, and let ¢ : X — T be weakly mizing.
Then Ty is also Bernoulli. Hence T and Ty are isomorphic, since they are both
Bernoulli with the same entropy.

For the proof see [6] and [14]. As a corollary, V®T : f(z) — ¢(z)f(Tx) in L?(X)
has absolutely continuous spectrum since Ur, has countable Lebesgue spectrum on
L*(X x T) and since V®7 is spectrally equivalent to Ur,|n, : Hi — Hi where
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Hy ={f(z)-z€ L*(X xT) : f € L*(X)} and Uy, is the unitary operator induced
by T¢.

Theorem 1. Let T be a Bernoulli transformation on (X,u). Define a unitary
operator VoI . f(x) — ¢(x) f(Tx) in L*(X). If ¢ is weakly mizing, then V*T has
countable Lebesgue spectrum.

Proof. By Lemma 1 it suffices to show the existence of weakly mixing ¢ such that
VT has Lebesgue spectrum.

First, we replace T on X by Ty, on X x T where ¢ : X — T is weakly mixing.
By Lemma 2, T, is isomorphic to T', so it is enough to prove that T = Ty has a
weakly mixing skew product Tq; such that V7T has countable Lebesgue spectrum
WhGFGX:XXTaDdéZXHT. o

Put ¢(Z) = ¢(z,2) = z. Then (V*TF)(z,2) = 2F(T(x, z)) where F € L*(X).
We use the following Fourier type argument: If f L g, then for any n € Z,

(VT £,g) // VAEN o, 2o D) dueds
B // O (2, 2) f(T™ (2, 2))g(w) dps d=

= // 2" 1:[ VD (z) f(T"x)g(x) dpdz = 0.
i=0
We used T'(z, z) = (Tz,(z)z) an
o (2, 2) = d(x, 2)o( ~( 2)) - (T (z, 2))

n—1
=z Pe)z - pP @)z D @)z = 2" [[ 6 ()
i=0

Now take f, = fn(z) € L*(X) satisfying f,, L fm if n # m. Then the cyclic sub-
spaces generated by f,, are mutually orthogonal. Similarly we have (V1) f, )
=0 for n # 0. (]

3. A COCYCLE EQUATION FOR ONE-SIDED BERNOULLI SHIFT

First we consider one-sided Bernoulli- (27 5) shift, which is measure-theoretically
isomorphic to T :  +— 2z (mod 1) on [0,1) with Lebesgue measure A. Note that
T7'FN0,r]=3FN[0,r]for 0<r <%, and T-'FN[r,1] = (3F +3)N[r1) for
% <r<l.

Definition 1. For a fixed set F' and a real 0 < ¢ < 1, define a continuous function
hp(r) on (0,1 —1t) by

AF N[t t+
hpi(r) = h(r) = —( [r T])
Note that dj(t) = lim, oy hp(r).

Lemma 3. If E C [$,1) and E = F A T7'F for some set F, then (i) ho(%) =
ho(r) forn € N, 0 < r < 1; (i) if d5(0) ewists, then df(0) = ho(r) = 0 or 1 for
every .
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Proof. (i) Take 0 <r < 1. Since A(F o T7'F)N[0,%4]) = 0, we have FN[0,5] =
T='FNI0, ). Hence A(FN[0, 5]) = A(T~*FN[0, 5]) = A(3F N[0, 5]) = 3A(FN[0, r]
and ho(%) = hQ(T). Thus h0(27;) ho(zn 1) == h()(?").
(i) Since ho(z7) = ho(r), for all n € Nand 0 <r < 1 by (i),
. MNEFNJ0,s]) r
dr(0) = SEIgl+ — - nh—{r;o h0(2 ) = ho(r).

Assume that d(0) = o, 0 < o < 1. Since for every 0 < r < 1, there exists
sufficiently small §(r) > 0 such that 0 <r + ¢ < 1 for all 0 < e < §(r), i.e.,
AMEN[0,7+€])
T+e€ -

)

MEN[r,r+e€)=AXFN[0,7r+¢])— AFN[0,7])
=a(r+e¢ —ar = ae.

Hence AM(F' N [r,r + €])/e = a, so r has right metric density « for all 0 < r < 1.
Since 0 < a < 1, we arrive at a contradiction. O

Hence we investigate the existence of d}.(0) in Lemmas 4 and 5.

Lemma 4. Let E = F A T7'F. If E C [3,1) is a finite union of intervals with
dyadic endpoints, then there exists an ro such that fort = [c1, ..., ci], hi(5%) = he(r)
and hy =hg or hy =1—hg forneNand 0 <r < g—?

Proof. Let E = |J;~ 1[al,bi] with a; = [a;1,..., a5 p,] and b; = [b;1,...,Diq,] for
i=1,...,m. Put ro = 2k where k = max{p1,...,Pm, q1, s Gm }-

Step I. We consider the case for I = 1. By Lemma 3 we have ho(r) = ho(57)
for 0 <7 <rgand N\EN[L L+ %) =00r NEN[L, L+ 2]) =2

Case 1. Assume A\(EN|3, %+7]) 0. Since E=F AT'F, N(Fn[}, 3+7]) =
AT (5,5 +7]) = NT'FN[0,7]) = $A(F N [0,2r]). Thus hy(r) = ho(2r) =

ho(r), and hy(gw) = ho(gx
Case 2. Assume A\(E N [3,

)
A(Fﬁ B ;M}S =r—)\<T‘1Fﬁ B%MD

Thus hy(r) =1—=ho(2r) = 1= ho(r) and hy(
forn € Nand 0 <7 < 3. Hence hi(3z) =h

ho(r) = hy(r) for 0 <r < 3.

2
1 r):ho( ) orh (QH)—l—h (r).
Step II. By induction we assume that if s = [s1, ..., $1-1], then he(57) = hs(r)
ho.
Let t = [cl,.. cl] and s = [02,.. ¢]; then t = [0, ca,...,¢q] or t = [1,02,.. ¢l If
t =10,c2,...,¢;), then t = }s, and if t = [1,¢a,...,¢i], then t = 1s+ 1. Note that

AMEN[tt+ 57]) =0or )\(Eﬂ[t,t—i— ) = 5
Case 1. Assume MEN[tt+52]) =0. Then N(EN[t,t+r]) =0 for 0 <r < 5.
Since E=F AT 'F,

MEN[tt+7]) = NT EN[tt+7]) = %)\(F N [s, s+ 2r]).
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Thus
he(r) = hs(2r) = hs(r) = ho(r) or  hy(r) =1 — ho(r)
and
hilgr) = halgs) = har) = hu(r)

forO<r< g—?
Case 2. If N(EN[t,t+ 52]) = 5%, then A(EN[t,t+7]) =7 for 0 <r < 3¢ Since

MEO[tLt+7)=r—NT'FO[tt+71])

1
=r— 5)\(17 N[s, s+ 2r]),

we have
he(r) =1—hy(2r) =1 — hy(r) = ho(r) or  h(r) =1 — ho(r)
and
h&%ﬁ:1-h4§9:1_h4ﬂ:hxm

Hence for t = [cq, ..., ¢;] we have

) = he(r) = ho(r) or hu(5;) = 1= hor).

r

ht(Q_n

|

Remark. By Lemma 4 we know that df(0) exists if and only if dj.(t) exists for
every dyadic point ¢ and if it exists, then df(t) = d5(0) or df(t) =1 — d(0).

Lemma 5. Let E = F o T7'F. If E C [§,1) is a finite union of intervals with
dyadic endpoints, then every dyadic point has the right metric density for F.

Proof. By Lemma 4 it suffices to show that the point 0 has the right metric density
for F. Hence we assume that lim,_o ho(r) does not exist. Let rg be the same as
in Lemma 4. We see that for t = [c1, ..., c1], hi(57) = hi(r) = ho(r) or 1 — ho(r) for
0 <r < 5 by Lemma 5.

Take a Lebesgue point £ of xr, with dr(§) = 1 and put r, = 3%. For every n
take &, in the set of dyadic numbers {[c1, ..., ¢mm] : m < n} so that the sequence &,
converges to & and [£,, & + 1] C (€ — 527, € + 3727). Since

A[&ns En + 1) _To

22—n 4’
the subsets [£,, &, + ] shrink to & nicely. For a fixed rg, there exists € > 0 such
that € < ho(ro) < 1 — e. If not, the metric density at the point 0 exists. Hence for

all n,
AE N [€ns &n +1nl)

T'n

= he, (rn) = ho(rn)
or
1-— ho('f‘n) <l-—e

Since dr(§) = 1, we have a contradiction. (]
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Lemma 6. Let E = F A T7'F. If E is a finite union of intervals with dyadic
endpoints and there exists a dyadic number p > 0 such that E D [0,p), then there
is an o satisfying the following:

(i) ho(5z) = ho(r) and ho(zmi=r) =1 — ho(r) for alln € N and 0 <r < ro.

(ii) Fort = [c1,...,c1], hi(55w) = he(r), he(gmi=r) = 1 — he(r) and hy = ho or
ht =1—ho forn €N and 0 <r < 3.

(iii) There is no measurable set F' such that E=F A T71F.

Proof. Let E = ;% [ai, b;] with a; = [ai1,...,aip,] and b; = [bi1,...,b; 4] for
i=1,...,m. Put rg = zlk where k = max{p1,....,Pm, q1, s Gm }-

(i) Take r, 0 < r < ro. Since A((F & T7'F)N[0, 3]) = %, we have A(FN[0,%]) =
—3A(FN[0,r]) and ho(5) = 1—ho(r).

L-NT7IFN[0,5]) = 5 —A3FN[0,3]) =%
Hence ho(z5r) = 1—ho(gm=r) = -+ = ho(r) and ho(gze=7) = 1= ho(gm=z) = - =
l—h()(?").

(ii) By (i), ho(gzw) = ho(r) and ho(gzi=r) = 1 = ho(r) forn € Nand 0 < r < ro,
and A(EN[3, 3+ 2]) =0o0r M(EN[3, 5+ %]) = 2. Now proceed as in Lemma 4.
(iii) Take &, 7o, 7, and &, as in Lemma 5. Then

dr(&) = nh_}n;o he, (rn) =1 — ho(ro) or ho(ro)

by the relations (i, ii). If dp(£) = 1 — ho(ro), then ho(rg) =0 and E # F A T7'F
for this F. O

Remark. For T : z +— kx (mod 1), we can use the same argument: Put E =
Ui~ [ai, b;] with k-adic endpoints % <ag <b<lfori=1,....m. f E=FA
T~'F for some set F, then

(i) ho(4%) = ho(r) for all n € N and for all 0 < r < 1.

(ii) If d}.(0) exists, then d}.(0) = ho(r) =0 or 1.

The existence of d}.(0) is proved similarly as in Lemmas 4 and 5. As in Lemma 6,
if there is a k-adic number p > 0 such that E D [0,p), then there is no measurable
set I such that E=F A T7'F.

Proposition 1. Let T be defined by T : x — kx (mod 1) on [0,1) and let E be a
finite union of intervals with k-adic endpoints. If there exists an integerl, 0 <1 < k,
such that E¢ D [L, 2], then £ exp(miyg) is not a coboundary.

Proof. For the sake of notational simplicity, we consider the case k = 2. The other
case is proved by exactly the same argument.

Assume E C [$,1] and exp(mixg) is a coboundary. Then by Lemmas 4 and 5
d1(0) exists, and d}(0) = 0 or 1 by Lemma 3. If d5(0) = 1, then ho(1) = df(0) = 1,
and

ho(1) = A(F N [0,1]) = 1.
Thus F = X. If d(0) = 0, then ho(1) = d£(0) = 0, and
ho(1) = A(F N [0,1]) = 0.

Thus F¢ = X. So there is no measurable subset F such that E = F A T1F.
Since — exp(mixg) = exp(mixge) and E¢ D [0, 1), — exp(mix g) is not a coboundary.
Assume that E C [0, %] We know that T' is measure-theoretically isomorphic to
itself by ¢ : ¢ +— x + & (mod 1). Since 1(E) C [%,1] and coboundaries are sent to

coboundaries by an isomorphism, the conclusion follows. O
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Corollary 1. For the transformation T' defined by x +— kx (mod 1) for k > 2, a
real-valued function f(x) of modulus one is not a coboundary if the discontinuities
0<z < - <xp<1of f(x) are k-adic points and x1 > %

Proof. Note that there exists a measurable set E such that f(z) = texp(mixg)
and E is a finite union of k-adic endpoints with E¢ > [0, 4]. O

4. A COCYCLE EQUATION FOR TWO-SIDED BERNOULLI SHIFT

Let (Y,C, ;1) be a probability space, f € L*(Y,C,u) and B C C a sub-o-algebra.
Define a complex measure v(B) = [, fdu, B € B. By the Radon-Nikodym The-
orem, there is a function g € L'(Y, B, uu) such that v(B) = [;gdu. We use the
notation E(f|B) for g, and call it the conditional expectation of f with respect to
B. Also let S be a transformation defined on Y. Then we say that B is an ez-
haustive o-algebra if S™*B C B and S"B 1 C. The Martingale Theorem states that
E(f|S"B) converges to f a.e. and in LY(Y,C, u) for f € LY(Y,C, p).

Proposition 2. Let S be a transformation on (Y,C, u), let B be an exhaustive o-
algebra B C C, and let f :' Y — T be a B-measurable map to the circle group T.
If ¢ : Y — T is a C-measurable solution to the equation f-q = qo S, then q is
B-measurable.

Proof. We follow the idea in [11]. Applying the conditional expectation operator
E(-|B) to the equation

(%) frq=qoS

then f - E(q|B) = E(qo S|B) or f - E(¢q|B) = E(q|SB) o S. Multiplying this with
(%) inverted we have

q(y) - E(q|B)(y) = q(Sy) - E(qlSB) o S(y)  ae.
so that

/Gﬂwmw=/ﬁﬂwwww
Y Y

By exactly the same argument, using S™B in place of B, we have
[ BGls"B)du= [ - Bls™B)du
Y Y
so that
/Gﬂwmw:/GEMW@W-
Y Y

Taking limits, we get [, 7- E(q|B) du = [ |q|? dp.
Thus E(q|B) = q a.e., and ¢ is B-measurable. |

Definition 2. Let k be fixed and B = |J[*, B; where

B, = {y|(y07 7ym) = (ai,Ov ER) ai,m)}-
We call B an elementary set generated by Bi, ..., By,. If there exists an integer [,
0 <1 < k, such that a;o # ! for all 0 < i < m, then we say that By, ..., By, have
the same missing initial digit.

Theorem 2. For the two-sided Bernoulli—(%, ey %) shift with k > 2, a function
+exp(mixp) is not a coboundary if B is an elementary set generated by a finite

union of blocks with the same missing initial digit.
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Proof. Without loss of generality, we assume that B is a cylinder set generated
by a block. Let S be a shift on the Bernoulli-(£, ..., +) shift space (Y,C,p). Let
B = {y|(yo, ---»yn) = (ao, ..., an)} be a cylinder set generated by a block (aq, ..., an)
of finite length.

Let B C C be a sub-o-algebra generated by the cylinder sets

B= {y|(y07 7y’m) = (b()a [EX) bm)}

Then B is an exhaustive o-algebra of C. If f-q = qo .S, then ¢ is B-measurable by
Proposition 2. Since (Y, B, 3, S) is measure-theoretically isomorphic to (X, A, X, T)
where X = [0, 1), A is a Borel o-algebra, A is Lebesgue measure, and T is defined by
x +— kz (mod 1), it follows that f(y) is a coboundary if and only if exp(mix|a,p)(z))
is a coboundary where a = [ag,...,an], b = [ao,...,an + 1]. Hence f(y) is not a
coboundary by Proposition 1.

For the finite union of blocks with the same missing initial digit, the proof is
similar. O
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