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A NOTE ON p-BASES OF RINGS

TOMOAKI ONO

(Communicated by Wolmer V. Vasconcelos)

Abstract. Let R ⊇ R′ ⊇ Rp be a tower of rings of characteristic p > 0.
Suppose that R is a finitely presented R′-module. We give necessary and
sufficient conditions for the existence of p-bases of R over R′. Next, let A
be a polynomial ring k[X1, . . . , Xn] where k is a perfect field of characteristic
p > 0, and let B be a regular noetherian subring of A containing Ap such
that [Q(B) : Q(Ap)] = p. Suppose that DerAp(B) is a free B-module. Then,
applying the above result to a tower B ⊇ Ap ⊇ Bp of rings, we shall show
that a polynomial of minimal degree in B −Ap is a p-basis of B over Ap.

1. Preliminaries

Throughout this paper, let p be always a prime number, let R be a commutative
ring with unity of characteristic p, and let R′ be a subring of R containing Rp =
{ap | a ∈ R}. Then there is a canonical one-to-one correspondence between Spec R
and Spec R′ by Lemma 1 of [6]. So, for any given p ∈ Spec R, we denote by p′ the
corresponding element in Spec R′, i.e., p′ = p ∩R′.

A subset {x1, ..., xl} of R is said to be a p-basis of R over R′ if the monomials
xe1

1 · · ·xel

l (0 ≤ ei ≤ p− 1) are linearly independent over R′ and R = R′[x1, ..., xl].
If, for each p ∈ Spec R, there exists a p-basis of Rp over R′

p′ , we say that R has
locally p-bases over R′. Moreover, if R is finitely generated and projective as an
R′-module in addition to the previous condition, then the R′-algebra R is called a
Galois extension of R′ ([6]).

When R is a local ring, the existence of a p-basis of R over R′ is studied for
example in [1]. But it is not well-known whether there is a p-basis of R over R′

or not, when R is not a local ring ([2]). If R has a p-basis over R′, then for any
p ∈ SpecR the localization Rp at p also has a p-basis over R′

p′ . The converse does
not hold in general. In this paper, we study a condition for the existence of a
p-basis of R over R′, when R has locally p-bases over R′ (Theorems 2.2 and 3.2).
As an example we consider the existence of a p-basis of a regular ring which is
contained in a polynomial ring over a perfect field (Theorem 4.1). A special basis
of the module of derivations plays a central role in our study, and we use the results
of [6] frequently.

Let DerR′(R) be the set of all derivations of R over R′, let S be a multiplicatively
closed subset of R, and let S′ be S ∩ R′. We denote by φS and τS the canonical
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maps R −→ RS and DerR′(R) −→ DerR′
S′ (RS), respectively. In particular, when

S is a multiplicatively closed subset {fn}n≥0 (f ∈ R), resp. R− p, we denote by
φf and τf , resp. φp and τp (or simply φ and τ), the previous canonical maps. Note
that τS(D)(φS(x)) = φS(D(x)) for any x ∈ R and any D ∈ DerR′(R).

As is well-known, the following three facts hold:
(1) If RS has a p-basis {x1/s1, ..., xl/sl} over R′

S′ , then {φS(sp−1
1 x1), ...,

φS(sp−1
l xl)} is a p-basis of RS over R′

S′ , i.e., we can choose a p-basis of RS over
R′

S′ from the image φ(R).
(2) If R has a p-basis {x1, ..., xl} over R′, then the image {φS(x1), ..., φS(xl)} in

RS is a p-basis of RS over R′
S′ .

(3) If R has a p-basis {x1, ..., xl} over R′, then there exists a unique set of deriva-
tions Dx1 , ..., Dxl

of R over R′ such that Dxi(xj) = δij where δij is Kronecker’s
delta. This set forms a basis for DerR′(R). We always denote by Dx1, ..., Dxl

such
derivations which are associated with a p-basis {x1, ..., xl} of R over R′.

Definition. Suppose R has locally p-bases over R′. Let {m} be the set of all
maximal ideals of R. We call D ∈ DerR′(R) the preferable derivation, if for each
m there is a p-basis {φm(x)} (x ∈ R) of Rm over R′

m′ such that φm(D(x))p−1 ∈⊕p−2
i=0 R′

m′φm(x)i.

Lemma 1.1. Suppose R has locally p-bases over R′. Let S be a multiplicatively
closed subset of R disjoint from at least one prime ideal, and suppose RS has a
p-basis {φS(x)} over R′

S′ . If D ∈ DerR′(R) is preferable, then φS(D(x))p−1 ∈⊕p−2
i=0 R′

S′φS(x)i.

Proof. Let {p} be the set of all prime ideals of R disjoint from S. The set {p} is
non-empty by the assumption. Let m be a maximal ideal containing p. Since
D is preferable, there exists a p-basis {φm(y)} (y ∈ R) of Rm over R′

m′ such
that φm(D(y))p−1 ∈ ⊕p−2

i=0 R′
m′φm(y)i. We use a symbol φ for the canonical map

R −→ Rp. Then, by the above fact (2), {φ(y)} is a p-basis of Rp over R′
p′ , and

φ(D(y))p−1 ∈ ⊕p−2
i=0 R′

p′φ(y)i. Therefore we can take an element z of Rp such
that φ(D(y))p−1 = Dφ(y)(z). Since {Dφ(y)} forms a basis for DerR′

p′ (Rp) and
Dφ(y)(φ(y)) = 1, we have τp(D) = τp(D)(φ(y))Dφ(y) = φ(D(y))Dφ(y).

Now, the fact (2) says that {φ(x)} is a p-basis of Rp over R′
p′ . Hence, there

is a unique basis {Dφ(x)} of DerR′
p′ (Rp) such that Dφ(x)(φ(x)) = 1, and Dφ(y) =

Dφ(y)(φ(x))Dφ(x). From these facts, we get the following equations:

φ(D(x))p−1 = {τp(D)(φ(x))}p−1

= {φ(D(y))Dφ(y)(φ(x))}p−1

= Dφ(y)(z)Dφ(y)(φ(x))p−1

= {Dφ(y)(φ(x))Dφ(x)(z)}Dφ(y)(φ(x))p−1

= Dφ(y)(φ(x))pDφ(x)(z).

Thus φ(D(x))p−1 is contained in
⊕p−2

i=0 R′
p′φ(x)i. When we write φS(D(x))p−1 as∑p−1

i=0 (ci/si)φS(x)i (ci ∈ R′, si ∈ S′), we can find for each p an element t of R′− p′

such that cp−1t = 0, i.e., φ(cp−1) = 0. This implies that φS(cp−1) = 0. Therefore
φS(D(x))p−1 ∈ ⊕p−2

i=0 R′
S′φS(x)i.
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Lemma 1.2. Suppose R is reduced and has locally p-bases over R′. Let {q} be
the set of all minimal prime ideals belonging to the zero ideal (0), and let {φq(x)}
(x ∈ R) be a p-basis of Rq over Rq′ . If D ∈ DerR′(R) satisfies that for each q

φq(D(x))p−1 ∈
p−2⊕
i=0

R′
q′φq(x)i,

then D is preferable.

Proof. Let m be a maximal ideal of R, and let {φm(y)} (y ∈ R) be a p-basis of
Rm over R′

m′ . By the same argument as in the proof of Lemma 1.1, we see that
φq(D(y))p−1 ∈ ⊕p−2

i=0 R′
q′φq(y)i for each q contained in m. Writing φm(D(y))p−1

as
∑p−1

i=0 (ci/si)φm(y)i (ci ∈ R′, si ∈ R′ − m′), there exists an element t of R′ − q′

such that cp−1t = 0. This means that cp−1 ∈
⋂

allq⊆m q′. Since R is reduced, the
localization R′

m′ of R′ is also, i.e., the nilradical (
⋂

allq⊆m q′)R′
m′ is equal to (0). It

follows that cp−1/sp−1 = 0. Thus D is preferable.

2. p-bases which consist of one element

Lemma 2.1. Let D be a derivation of R. Then, for any a ∈ R we have

(aD)p−1(a) = −aDp−1(ap−1).

Proof. To prove this assertion, we make use of the proof of the Hochschild formula
(see Theorem 25.5 of [4]). By induction, for k ≥ 1 we get

(aD)k = akDk +
k−1∑
i=2

bk,iD
i + (aD)k−1(a)D,

where bk,i = fk,i(a, D(a), D2(a), ..., Dk−i(a)) (2 ≤ i ≤ p − 1), more precisely the
fk,i are polynomials with coefficients in Z/(p) not depending on R, on a or on D.
Then according to the proof of Theorem 25.5 of [4], the polynomial fp,i is equal to
0 for any i. On the other hand, the following expansion is obtained:

(aD)p = apDp + a{D(ap−1) + bp−1,p−2}Dp−1 +
p−2∑
i=3

a{D(bp−1,i) + bp−1,i−1}Di

+ a{D(bp−1,2) + (aD)p−2(a)}D2 + (aD)p−1(a)D.

Hence, we get the following recurrence formula:
D(ap−1) + bp−1,p−2 = 0,

D(bp−1,i) + bp−1,i−1 = 0 (3 ≤ i ≤ p− 2),

D(bp−1,2) + (aD)p−2(a) = 0.

It follows that

(aD)p−2(a) = −D(bp−1,2)

= −D(−D(bp−1,3))
. . . . . .

= (−1)p−3Dp−3(−D(ap−1))

= (−1)p−2Dp−2(ap−1).

Consequently, we have (aD)p−1(a) = −aDp−1(ap−1).
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Theorem 2.2. Suppose R is finitely presented as an R′-module. Then the follow-
ing conditions are equivalent:

(1) R has a p-basis over R′ which consists of one element.
(2) R has locally p-bases over R′ and DerR′(R) has a basis D such that Dp = 0.
(3) R has locally p-bases over R′ and DerR′(R) has a basis which consists of one

preferable derivation.

Proof. (1) ⇒ (2). This assertion is obvious.
(2) ⇒ (3). Let m be a maximal ideal of R. Since R is a finitely presented R′-

module, the module DerR′
m′ (Rm) is canonically isomorphic to DerR′(R) ⊗R Rm.

This implies that DerR′
m′ (Rm) is a free Rm-module with rank 1. So any p-basis of

Rm over R′
m′ consists of one element. Let φ(x) (x ∈ R) be a p-basis of Rm over

R′
m′ , where φ expresses the canonical map R −→ Rm. For the canonical map τm,

note that τm(Dp) = τm(D)p. Since Dφ(x) forms a basis for DerR′
m′ (Rm), we have

τm(D) = φ(D(x))Dφ(x) and τm(Dp) = φ(Dp(x))Dφ(x).

By virtue of Lemma 2.1, we have

φ(Dp(x)) = {φ(D(x))Dφ(x)}p−1(φ(D(x))) = −φ(D(x))Dp−1
φ(x)(φ(D(x))p−1).

Hence, the following equation is obtained:

τm(Dp) = −φ(D(x))Dp−1
φ(x)(φ(D(x))p−1)Dφ(x).

Now, φ(D(x)) is a unit in Rm, because τm(D) forms a basis for DerR′
m′ (Rm). From

this Dp = 0 implies Dp−1
φ(x)(φ(D(x))p−1) = 0. Thus D is preferable.

(3) ⇒ (1). Let {p} be the set of all prime ideals of R, and for each p let {φ(x)}
(x ∈ R) be a p-basis of Rp over R′

p′ , where φ is the canonical map R −→ Rp. Let
D be a preferable derivation which is a basis of DerR′(R). Since R is a finitely
presented R′-module, τp(D) forms a basis for DerR′

p′ (Rp) as in the proof of (2) ⇒
(3), so D(x) 6∈ p. We claim that Ker D = R′. Indeed, R is a Galois extension
of R′, and the claim follows from Theorem 9 (2) of [6]. Put f = D(x)p and
D(f) = {D(x)p−1/f}τf(D). Then D(f) is an element of DerR′

f
(Rf ) such that

Ker D(f) = R′
f and D(f)(φf (x)) = 1. Moreover, Dp

(f) = 0, because τf,p(D
p
(f)) =

(τf,p(D(f)))p = (Dφ(x))p = 0 for any prime ideal p which does not contain f , where
τf,p is the canonical map DerR′

f
(Rf ) −→ DerR′

p′ (Rp). By Theorem 27.3 (i) of [4],
{φf (x)} is a p-basis of Rf over R′

f .
Now, since Spec Rp is quasi-compact, we can take a finite subset {f1, . . . , fm} of

{f}p∈SpecR and a finite subset {g1, . . . , gm} of Rp such that
∑m

j=1 fjgj = 1. Denote
by xj the element x associated with each fj . Since D is preferable, by Lemma
1.1 we have φfj (D(xj))p−1 ∈ ⊕p−2

i=0 R′
fj

φfj (xj)i for each j. Hence, we can write

φfj (D(xj))p−1 as {∑p−2
i=0 (i+1)cijx

i
j}/f

nj

j , where cij (0 ≤ i ≤ p−1, 1 ≤ j ≤ m) are
elements of R′ and nj (1 ≤ j ≤ m) are non-negative integers. There exists a positive
integer e such that pe ≥ nj +1 and f

pe−nj−1
j {fnj

j D(xj)p−1−∑p−2
i=0 (i+1)cijx

i
j} = 0
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for all j. Here, put z =
∑m

j=1 gpe

j (
∑p−2

i=0 f
pe−nj−1
j cijx

i+1
j ). Then we have

D(z) =
m∑

j=1

gpe

j {
p−2∑
i=0

(i + 1)fpe−nj−1
j cijx

i
j}D(xj)

=
m∑

j=1

gpe

j (fpe−1
j D(xj)p−1)D(xj)

=
m∑

j=1

fpe

j gpe

j = 1.

Now, we shall show that {z} is a p-basis of R over R′. According to Theorem 27.3
(i) of [4], nothing remains but to show Dp = 0. Since D forms a basis for DerR′(R),
the derivation Dp is equal to aD (a ∈ R). Clearly, a = aD(z) = Dp(z) = 0. Thus
Dp = 0. Therefore R has the p-basis {z} over R′.

Corollary 2.3. Suppose that R and R′ are regular noetherian rings, and suppose
that R is finitely generated as an R′-module. Then the following conditions are
equivalent:

(1) R has a p-basis over R′ which consists of one element.
(2) DerR′(R) has a basis D such that Dp = 0.
(3) DerR′(R) has a basis which consists of one preferable derivation.

Proof. By the Theorem of [1] (cf. [3], Theorem 15.7), R has locally p-bases over
R′. Therefore this is an immediate consequence of Theorem 2.2.

3. p-bases which consist of l elements

Lemma 3.1. Suppose that R is a Galois extension of R′. Let D be a derivation of
R over R′, and suppose that Dp = 0 and the R-module RD is a direct summand of
DerR′(R). Then the following holds:

(1) R is a Galois extension of Ker D,
(2) Ker D is a Galois extension of R′,
(3) RD = DerKer D(R).

Proof. For any a, b ∈ R, we have

[aD, bD] = {aD(b)− bD(a)}D,

and by the Hochschild formula

(aD)p = apDp + (aD)p−1(a)D = (aD)p−1(a)D.

Thus [aD, bD] and (aD)p are contained in RD. It follows that RD is a p -Lie
subalgebra of DerR′(R). Theorem 12 of [6] says that R is a Galois extension of
Ker D and RD = DerKer D(R). Therefore Ker D is a Galois extension of R′ by
Theorem 11 of [6].

Theorem 3.2. Let l be an integer greater than 1. Suppose R is finitely presented
as an R′-module. Then the following conditions are equivalent:

(1) R has a p-basis over R′ which consists of l elements.
(2) R has locally p-bases over R′ and DerR′ (R) has a basis {D1, . . . , Dl} such

that Dp
i = 0 and [Di, Dj ] = 0 for any i, j = 1, 2, . . . , l.
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Proof. (1) ⇒ (2). This immediately follows from fact (3) in §1.
(2) ⇒ (1). Let R1 be the kernel of the derivation D1 which is an R′-algebra.

Then, by Lemma 3.1 R is a Galois extension of R1 and RD1 = DerR1(R). Hence,
there exists a p-basis {x1} of R over R1 by Theorem 2.2.

Now, in order to find the other elements which constitute a p-basis of R over
R′, we need to show that {Di|R1}i=2,...,l forms a basis for DerR′ (R1). First of all,
we claim that Di|R1 ∈ DerR′(R1) and Di|R1 6= 0 for any i ≥ 2. The first assertion
follows from [D1, Di] = 0. To show the second assertion, assume R1 ⊆ Ker Di.
Then Di ∈ DerR1(R) = RD1. This contradicts the fact that {D1, . . . , Dl} is a
basis of DerR′(R). Thus Di|R1 6= 0. Let m be a maximal ideal of R and let n be
the maximal ideal m ∩ R1 of R1. Since R1 is a Galois extension of R′ by Lemma
3.1, there is a subset {y2, . . . , yl} of R1n which is a p-basis of R1n over R′

m′ . Ob-
viously, {φm(x1), y2, . . . , yl} is a p-basis of Rm over R′

m′ . Let Dφm(x1), Dy2 , . . . , Dyl

be the derivations of Rm over R′
m′ associated with this p-basis (see fact (3) in §1).

Denote by D′
j the derivation Dyj |R1n of R1n over R′

m′ . Then τn(Di|R1) is writ-
ten as

∑l
j=2 aijD

′
j for each i ≥ 2 where aij ∈ R1n, because {D′

j}j=2,...,l forms a
basis for DerR′

m′ (R1n). Since R is finitely presented as an R′-module, the module
DerR′

m′ (Rm) is isomorphic to DerR′(R)⊗RRm. Hence, {τm(D1), . . . , τm(Dl)} forms

a basis for DerR′
m′ (Rm), so the derivation Dyj is expressed as

∑l
i=1 bjiτm(Di) for

each j ≥ 2 where bji ∈ Rm. For each j ≥ 2 we have

D′
j =

l∑
i=1

bjiτm(Di)|R1n =
l∑

i=2

bjiτn(Di|R1).

These show that the matrix [bji]2≤i,j≤l is equal to the inverse matrix of [aij ]2≤i,j≤l,
i.e., bji ∈ R1n. Thus, for any maximal ideal n of R1, {τn(Di|R1)}i=2,...,l is a basis
of DerR′

m′ (R1n). This implies that {Di|R1}i=2,...,l forms a basis for DerR′(R1).
Set Rh = Ker D1 ∩ · · · ∩ Ker Dh for h = 2, . . . , l. Repeating the previous

argument in the situation that Rh−1 ⊇ Rh ⊇ R′, we can show that there exists
a p-basis {xh} of Rh−1 over Rh inductively. Then Theorem 9 (2) of [6] says that
Rl = R′. In conclusion, {x1, . . . , xl} is a p-basis of R over R′.

Corollary 3.3. Let l be an integer greater than 1. Suppose that R and R′ are
regular noetherian rings, and suppose that R is finitely generated as an R′-module.
Then the following are equivalent:

(1) R has a p-basis over R′ which consists of l elements.
(2) DerR′(R) has a basis {D1, . . . , Dl} such that Dp

i = 0 and [Di, Dj ] = 0 for
any i, j = 1, 2, . . . , l.

Proof. By virtue of the Theorem of [1], R has locally p-bases over R′. Clearly, the
assertion holds by Theorem 3.2.

4. p-bases of polynomial rings

In this section, when R is an integral domain, Q(R) denotes the field of fractions
of R. The next theorem is an analogy of the result of [2].

Theorem 4.1. Let k be a perfect field of characteristic p > 0. Let A be a polyno-
mial ring k[X1, . . . , Xn], and let B be a regular noetherian subring of A containing
Ap such that [Q(B) : Q(Ap)] = p. Suppose that DerAp(B) is a free B-module. If F
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is a polynomial of minimal degree (in X1, . . . , Xn) in B − Ap which has no terms
of elements in Ap, then {F} is a p-basis of B over Ap.

Proof. Since A is finitely generated as an Ap-module and B is noetherian, A is
finitely presented as a B-module. By the Theorem of [1], A is a Galois extension of
B. Clearly A is a Galois extension of Ap, and B is also by Theorem 11 (1) of [6].

Set H = {D ∈ DerAp(A) |D(B) ⊆ B}. Then, by Theorem 11 (2) of [6], there is a
B-module homomorphism Φ : DerAp(B) −→ H which, followed by the restriction
map H −→ DerAp(B) given by D −→ D|B, is the identity map on DerAp(B). We

write ˜DerAp(B) for the image of DerAp(B) in H . Theorem 11 (3) of [6] says that

DerAp(A) = DerB(A) ⊕A ˜DerAp(B).(∗)
We see that rankB DerAp(B) = 1, because [Q(B) : Q(Ap)] = p. Let D be a basis

for DerAp(B), and put D̃ = Φ(D). Obviously D̃|B = D, so D̃ generates ˜DerAp(B).
From (∗), there are a derivation Di ∈ DerB(A) and an element ai ∈ A such that

∂

∂Xi
= Di + aiD̃ for i = 1, . . . , n.

Hence, for each i we have
∂F

∂Xi
= aiD̃(F ).

Now, F 6∈ Ap implies aj 6= 0 for some j. It follows that

deg D̃(F ) ≤ deg
∂F

∂Xj
< deg F.(†)

On the other hand, since F ∈ B − Ap and Ker D = Ap (see [6], Theorem 9 (2)),
we obtain

D̃(F ) = D̃|B(F ) = D(F ) ∈ B − {0}.(‡)
Since the degree of F is minimal in B −Ap, the above (†) and (‡) yield that

D(F ) ∈ Ap − {0}.(?)

Let t (t ∈ B) be a p-basis of Q(B) over Q(Ap), and let Dt be a derivation of Q(B)
over Q(Ap) such that Dt(t) = 1. Then, since Dt is a basis of DerQ(Ap)(Q(B)), the
derivation D is equal to D(t)Dt, where D is regarded as the derivation of Q(B)
over Q(Ap) by the canonical inclusion map DerAp(B) −→ DerQ(Ap)(Q(B)). So we
have

D(t)p−1 =
1

D(F )
D(t)pDt(F ) ∈

p−2⊕
i=0

Q(Ap)ti.

Hence, D is preferable by Lemma 1.2. According to the proof of Theorem 2.2, there
exists a p-basis {F ′} of B over Ap such that D(F ′) = 1. We may assume that F ′

has no terms of elements in Ap. Writing F as
∑p−1

i=0 ap
i F

′i (ai ∈ A), (?) implies
that a2 = a3 = · · · = ap−1 = 0. Considering the assumptions for the degree and
the terms of F , we have a0 = 0 and a1 ∈ k − {0}. Consequently, {F} is a p-basis
of B over Ap.

Remark. The following assertions immediately follow from the proof of Theorem
4.1.

(1) F is unique up to multiplication by elements of k − {0}.
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(2) Any p-basis of B over Ap can be uniquely expressed as cF + ap (c ∈ k −
{0}, a ∈ A).

Corollary 4.2 (Kimura-Niitsuma). Let k and A be as in Theorem 4.1. Let B be
a polynomial ring k[Y1, . . . , Yn] which is a subring of A containing Ap such that
[Q(B) : Q(Ap)] = p (resp. [Q(A) : Q(B)] = p). Then B has a p-basis over Ap

(resp. A has a p-basis over B).

Proof. Suppose [Q(B) : Q(Ap)] = p. Recall that B is a Galois extension of Ap (see
the proof of Theorem 4.1). By Theorem 9 of [6] DerAp(B) is afinitely generated
and projective as a B-module. By virtue of Quillen’s result of [5], DerAp(B) is free.
Therefore the assertion holds by Theorem 4.1.

Next, suppose [Q(A) : Q(B)] = p. Then by a similar argument we can show that
there is a p-basis {F p} (F ∈ A) of Ap over Bp. Obviously, {F} is a p-basis of A
over B.

Remark. In 1990, the above result was first announced by T. Kimura and H. Niit-
suma.
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