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ABSTRACT. Let R O R’ O RP be a tower of rings of characteristic p > 0.
Suppose that R is a finitely presented R’-module. We give necessary and
sufficient conditions for the existence of p-bases of R over R/. Next, let A
be a polynomial ring k[X1, ..., Xy] where k is a perfect field of characteristic
p > 0, and let B be a regular noetherian subring of A containing AP such
that [Q(B) : Q(AP)] = p. Suppose that Derp(B) is a free B-module. Then,
applying the above result to a tower B DO AP D BP of rings, we shall show
that a polynomial of minimal degree in B — AP is a p-basis of B over AP.

1. PRELIMINARIES

Throughout this paper, let p be always a prime number, let R be a commutative
ring with unity of characteristic p, and let R’ be a subring of R containing RP =
{a? | a € R}. Then there is a canonical one-to-one correspondence between Spec R
and Spec R’ by Lemma 1 of [6]. So, for any given p € Spec R, we denote by p’ the
corresponding element in Spec R/, i.e., p’ =pN R'.

A subset {z1,...,x;} of R is said to be a p-basis of R over R’ if the monomials
it -+ 2z)" (0 < e; < p—1) are linearly independent over R' and R = R'[x1, ..., z].
If, for each p € Spec R, there exists a p-basis of R, over R;,,, we say that R has
locally p-bases over R'. Moreover, if R is finitely generated and projective as an
R’-module in addition to the previous condition, then the R’-algebra R is called a
Galois extension of R’ ([6]).

When R is a local ring, the existence of a p-basis of R over R’ is studied for
example in [1]. But it is not well-known whether there is a p-basis of R over R’
or not, when R is not a local ring ([2]). If R has a p-basis over R/, then for any
p € SpecR the localization R, at p also has a p-basis over R;,. The converse does
not hold in general. In this paper, we study a condition for the existence of a
p-basis of R over R, when R has locally p-bases over R’ (Theorems 2.2 and 3.2).
As an example we consider the existence of a p-basis of a regular ring which is
contained in a polynomial ring over a perfect field (Theorem 4.1). A special basis
of the module of derivations plays a central role in our study, and we use the results
of [6] frequently.

Let Derg/ (R) be the set of all derivations of R over R’, let S be a multiplicatively
closed subset of R, and let S’ be SN R’. We denote by ¢s and 7¢ the canonical
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maps R — Rg and Dergr/(R) — Derg,, (Rs), respectively. In particular, when
S is a multiplicatively closed subset {f"},>0 (f € R), resp. R — p, we denote by
¢5 and 7y, resp. ¢, and 7, (or simply ¢ and 7), the previous canonical maps. Note
that 75(D)(¢s(x)) = ¢s(D(x)) for any z € R and any D € Derg/(R).

As is well-known, the following three facts hold:

(1) If Rs has a p-basis {x1/s1,..,x1/5} over Ry, then {¢s(st ' x1),...,
(bs(sf_lxl)} is a p-basis of Rg over RY,, i.e., we can choose a p-basis of Rg over
R, from the image ¢(R).

(2) If R has a p-basis {x1,...,2;} over R’, then the image {¢s(z1), ..., ¢s(z1)} in
Rg is a p-basis of Rg over RY,.

(3) If R has a p-basis {1, ..., 2;} over R, then there exists a unique set of deriva-
tions Dy, , ..., Dy, of R over R’ such that D,,(z;) = J;; where d;; is Kronecker’s
delta. This set forms a basis for Derp/(R). We always denote by Dy, ..., Dy, such
derivations which are associated with a p-basis {z1,...,2;} of R over R'.

Definition. Suppose R has locally p-bases over R'. Let {m} be the set of all
maximal ideals of R. We call D € Derg/(R) the preferable derivation, if for each
m there is a p-basis {¢m(z)} (¥ € R) of Ry over Rl such that ¢n(D(z))P~1 €

@f O2Rm’¢m( ) .
Lemma 1.1. Suppose R has locally p-bases over R'. Let S be a multiplicatively

closed subset of R disjoint from at least one prime ideal, and suppose Rs has a
p- basis {¢s(z)} over Ry. If D € Derp/(R) is preferable, then ¢s(D(z))P~! €
D5 R ps(x)".

Proof. Let {p} be the set of all prime ideals of R disjoint from S. The set {p} is
non-empty by the assumption. Let m be a maximal ideal containing p. Since
D is preferable, there exists a p-basis {¢pm(y)} (y € R) of Ry over R, such

that ¢m(D(y))P~! € @f:_g Rl dm(y)". We use a symbol ¢ for the canonical map
R — Ry. Then, by the above fact (2), {¢(y)} is a p-basis of R, over Ry, and

o(D(y)P~' e @2 Ry ¢(y)'. Therefore we can take an element z of R, such
that ¢(D(y))P~" = Dgy(y)(z). Since {Dg(,} forms a basis for DerR;/(Rp) and

Dy(y)(6(y)) = 1, we have 7,(D) = 7 (D)(¢(y)) Do) = ¢(D(y)) Doy -
Now, the fact (2) says that {¢(x)} is a p-basis of R, over Ry,. Hence, there

is a unique basis {Dy(,)} of DerR;/(Rp) such that Dy (o(2)) = 1, and D,y =
D gy (¢(x))Dg(s). From these facts, we get the following equations:

¢(D ()P~ = {1 (D)(d(x))}"~"
= {8(D(y)) Doy ()}~
= Dy(y)(2) Doy (6(x))" ™
= {Dy(y)(¢(z ))Daﬁ(w)(z)}Dqﬁ(y)( €9)
= D) (¢(2))" Ds(a) (2)-

Thus ¢(D(x))P~" is contained in @F—7 Ry, (;5(1:)1. When we write ¢g(D(x))P~! as

S (ei)si)ps(x)t (¢; € R, s; € S'), we can find for each p an element ¢ of R’ — p’
such that ¢,_1t = 0, i.e., ¢(cp—1) = 0. This implies that ¢g(c,—1) = 0. Therefore

¢s(D(x))P~" € DY) Ry os(a)'. O
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Lemma 1.2. Suppose R is reduced and has locally p-bases over R'. Let {q} be
the set of all minimal prime ideals belonging to the zero ideal (0), and let {¢q(x)}
(x € R) be a p-basis of Ry over Ry:. If D € Dergr/(R) satisfies that for each q

p—2
®q (D(z))P~" € @ Réﬂbq (x)",
i=0

then D 1is preferable.

Proof. Let m be a maximal ideal of R, and let {¢m(y)} (y € R) be a p-basis of
Ry over R;,,. By the same argument as in the proof of Lemma 1.1, we see that

dq(D(y))P~' € B Ry, dq(y)" for each q contained in m. Writing ¢w(D(y))P~"
as YV (ci/si)bm(y)’ (c; € R',s; € R —m’), there exists an element ¢ of R — ¢’
such that ¢,—1t = 0. This means that ¢,—1 € (\,,cn 9" Since R is reduced, the
localization Ry, of R is also, i.e., the nilradical ((,,c 9') R s equal to (0). It
follows that ¢,—1/sp—1 = 0. Thus D is preferable. O

2. p-BASES WHICH CONSIST OF ONE ELEMENT
Lemma 2.1. Let D be a derivation of R. Then, for any a € R we have
(aD)P"Y(a) = —aDP~(aP™ ).

Proof. To prove this assertion, we make use of the proof of the Hochschild formula
(see Theorem 25.5 of [4]). By induction, for k£ > 1 we get

k—1
(aD)¥ = a*D* +> b D' + (aD)¥*(a)D,
i=2
where by ; = fr.i(a, D(a), D*(a),...,D*"%(a)) (2 < i < p — 1), more precisely the
fr,i are polynomials with coefficients in Z/(p) not depending on R, on a or on D.
Then according to the proof of Theorem 25.5 of [4], the polynomial f, ; is equal to
0 for any ¢. On the other hand, the following expansion is obtained:
p—2
((lD)p =aPDP + a{D(a,p_l) + bp_l)p_Q}Dp_l + Z Q{D(bp_l)i) + bp_l)i_l}Di
i=3
+a{D(by-1,2) + (aD)""*(a)} D* + (aD)*~}(a)D.
Hence, we get the following recurrence formula:
D(ap_l) + bp_17p_2 =0,
D(bp—1,i) +bp-1,i-1=0 (3<i<p-2),
D(b,_12) + (aD)P~?(a) = 0.
It follows that
(aD)P~*(a) = =D (bp-1,2)
= —D(=D(bp-13))
~1)P7°DP3(=D(a"™1))
—1)P2DP2(qP™ ).
Consequently, we have (aD)P~1(a) = —aDP~1(aP71). |
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Theorem 2.2. Suppose R is finitely presented as an R'-module. Then the follow-
ing conditions are equivalent:

(1) R has a p-basis over R’ which consists of one element.

(2) R has locally p-bases over R’ and Derg/(R) has a basis D such that D? = 0.

(3) R has locally p-bases over R’ and Derg/(R) has a basis which consists of one
preferable derivation.

Proof. (1) = (2). This assertion is obvious.

(2) = (3). Let m be a maximal ideal of R. Since R is a finitely presented R’-
module, the module Derp (Rw) is canonically isomorphic to Derp/ (R) Qg Rum.
This implies that Derp (Rw) is a free Ry-module with rank 1. So any p-basis of
Ry over R!,, consists of one element. Let ¢(z) (z € R) be a p-basis of Ry, over
R}/, where ¢ expresses the canonical map R — Ry,. For the canonical map 7,

note that 7w (DP) = Tm(D)P. Since Dgy(y) forms a basis for Derp: , (Rm), we have

Tw(D) = ¢(D(2))Dy(zy and 7w(DP) = ¢(DP(2))Dy(a)-
By virtue of Lemma 2.1, we have
$(D?(x)) = {$(D(2)) D) }*~($(D(x))) = =¢(D(x)) D5 ) ($(D ()P~ ").
Hence, the following equation is obtained:
7(D?) = ~(D(@)) DY (6(D(@))P ™) D).

Now, ¢(D(z)) is a unit in Rm, because 7w (D) forms a basis for Derp: , (Rm). From
this DP = 0 implies DZ(_;)(¢(D(:U))”_1) = 0. Thus D is preferable.

(3) = (1). Let {p} be the set of all prime ideals of R, and for each p let {¢(z)}
(x € R) be a p-basis of Ry, over R;/, where ¢ is the canonical map R — R,,. Let
D be a preferable derivation which is a basis of Dergp/(R). Since R is a finitely
presented R’-module, 7, (D) forms a basis for Derpy, (Ry) as in the proof of (2) =
(3), so D(z) € p. We claim that Ker D = R’. Indeed, R is a Galois extension
of R', and the claim follows from Theorem 9 (2) of [6]. Put f = D(z)? and
Dy = {D(x)P~'/f}r4(D). Then Dy is an element of Derg, (Ry) such that
Ker Diyy = R} and Dy)(¢y(x)) = 1. Moreover, D](Df) = 0, because Tf,p(Dﬁ)f)) =
(77.p(D£)))? = (Dg(z))? = 0 for any prime ideal p which does not contain f, where
Tf,p is the canonical map Derg, (Ry) — Dergy, (Rp). By Theorem 27.3 (i) of [4],
{#¢(x)} is a p-basis of Ry over I

Now, since Spec RP is quasi-compact, we can take a finite subset {fi,..., fm} of
{f}vespec r and a finite subset {g1, ..., gm} of RP such that Z;nzl fig; = 1. Denote
by x; the element x associated with each f;. Since D is preferable, by Lemma
1.1 we have ¢y, (D(z;))P~" € @V—; 408, (x;)" for each j. Hence, we can write
of, (D(x;))P~ " as {Zf:_g(i—i-l)cijx;}/f;j, where ¢;; (0<i<p—1,1<j<m)are
elements of R’ and n; (1 < j < m) are non-negative integers. There exists a positive
integer e such that p® > n; +1 and ffe_"j_l{fij(zj)p_l — P2+ Deijai} =0
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for all j. Here, put z = 37" | gfe(z:f:_g fe_"j_lcijx§+1). Then we have

3

D(z) ‘

p—2
€ . ¢—n;—1 3
@D G+ 0] cijai}D(x;)
j=1 i=0

M-

a7 (fF 7' D ()P ) D(x;)

<.
Il
—

M-

[ =1

<.
Il
—

Now, we shall show that {2} is a p-basis of R over R’. According to Theorem 27.3
(i) of [4], nothing remains but to show DP = 0. Since D forms a basis for Derg/ (R),
the derivation DP is equal to aD (a € R). Clearly, a = aD(z) = DP(z) = 0. Thus
DP = 0. Therefore R has the p-basis {z} over R'. O

Corollary 2.3. Suppose that R and R’ are regular noetherian rings, and suppose
that R is finitely generated as an R'-module. Then the following conditions are
equivalent:

(1) R has a p-basis over R’ which consists of one element.

(2) Derg/(R) has a basis D such that DP = 0.

(3) Derg/(R) has a basis which consists of one preferable derivation.

Proof. By the Theorem of [1] (cf. [3], Theorem 15.7), R has locally p-bases over
R'. Therefore this is an immediate consequence of Theorem 2.2. O

3. p-BASES WHICH CONSIST OF [ ELEMENTS

Lemma 3.1. Suppose that R is a Galois extension of R'. Let D be a derivation of
R over R, and suppose that DP = 0 and the R-module RD is a direct summand of
Derg/(R). Then the following holds:

(1) R is a Galois extension of Ker D,

(2) Ker D is a Galois extension of R',

(3) RD = DETKGTD(R).

Proof. For any a, b € R, we have
[aD, bD] = {aD(b) — bD(a)} D,
and by the Hochschild formula
(aD)? = a?DP + (aD)P~(a)D = (aD)?~'(a)D.

Thus [aD, bD] and (aD)P are contained in RD. It follows that RD is a p-Lie
subalgebra of Derg/(R). Theorem 12 of [6] says that R is a Galois extension of
Ker D and RD = Derker p(R). Therefore Ker D is a Galois extension of R’ by
Theorem 11 of [6]. |

Theorem 3.2. Let | be an integer greater than 1. Suppose R is finitely presented
as an R'-module. Then the following conditions are equivalent:

(1) R has a p-basis over R’ which consists of | elements.

(2) R has locally p-bases over R’ and Derpr/(R) has a basis {D1,...,D;} such
that DY =0 and [D;, D;] =0 for any i, j =1,2,...,1.



358 T. ONO

Proof. (1) = (2). This immediately follows from fact (3) in §1.

(2) = (1). Let R; be the kernel of the derivation Dy which is an R’-algebra.
Then, by Lemma 3.1 R is a Galois extension of Ry and RD; = Derg, (R). Hence,
there exists a p-basis {1} of R over Ry by Theorem 2.2.

Now, in order to find the other elements which constitute a p-basis of R over
R’, we need to show that {D;|g, }i=2..; forms a basis for Derg/ (R1). First of all,
we claim that D;|g, € Derg/(R1) and D;|r, # 0 for any ¢ > 2. The first assertion
follows from [D;, D;] = 0. To show the second assertion, assume Ry C Ker D;.
Then D; € Derg,(R) = RD;. This contradicts the fact that {Dy,...,D;} is a
basis of Derg/(R). Thus D;|g, # 0. Let m be a maximal ideal of R and let n be
the maximal ideal m N Ry of R;. Since R; is a Galois extension of R’ by Lemma
3.1, there is a subset {y2,...,y} of Ri, which is a p-basis of Ry, over R,. Ob-
viously, {¢m(x1),y2,...,u} is a p-basis of Ry over Ry,,. Let Dy (5,), Dy,, ..., Dy,
be the derivations of Ry over Ry, associated with this p-basis (see fact (3) in §1).
Denote by D’ the derivation Dy, |r,, of Rin over Ry,. Then 74(D;|g,) is writ-

ten as 2222 aijD} for each i > 2 where a;; € Rin, because {D}}jzgw,l forms a
basis for Derp  (Rin). Since R is finitely presented as an R’-module, the module
Derpg: (Ry) is isomorphic to Derp/ (R)®r R Hence, {7 (D1), ..., Tm(D;)} forms
a basis for Derp/  (Rm), so the derivation D, is expressed as 22:1 b;iTm (D;) for
each j > 2 where bj; € Ry,. For each j > 2 we have

l l
D =Y "bjitm(Di)lr,, = Y bjia(Dilr,)-
=1 =2

These show that the matrix [bj;]o<; j<; is equal to the inverse matrix of [a;;]2<i j<i,
i.e., bj; € Riy. Thus, for any maximal ideal n of Ri, {7u(D;|r,)}i=2,...; is a basis
of Dergs (Riyn). This implies that {D;| g, }i—2,...; forms a basis for Derpg/ (R1).
Set Br’“h = KerDiN---N KerDy for h = 2,...,1. Repeating the previous
argument in the situation that R,_1 2 R, 2 R/, we can show that there exists
a p-basis {zp} of Rj_1 over Ry inductively. Then Theorem 9 (2) of [6] says that
R; = R'. In conclusion, {x1,...,2;} is a p-basis of R over R'. |

Corollary 3.3. Let | be an integer greater than 1. Suppose that R and R’ are
regular noetherian rings, and suppose that R is finitely generated as an R'-module.
Then the following are equivalent:

(1) R has a p-basis over R’ which consists of | elements.

(2) Derg/(R) has a basis {D1,...,D;} such that DY =0 and [D;, D;] = 0 for
any i, j=1,2,...,1.

Proof. By virtue of the Theorem of [1], R has locally p-bases over R’. Clearly, the
assertion holds by Theorem 3.2. |

4. p-BASES OF POLYNOMIAL RINGS

In this section, when R is an integral domain, Q(R) denotes the field of fractions
of R. The next theorem is an analogy of the result of [2].

Theorem 4.1. Let k be a perfect field of characteristic p > 0. Let A be a polyno-
mial ring k[ X1, ..., X,], and let B be a reqular noetherian subring of A containing
AP such that [Q(B) : Q(AP)] = p. Suppose that Der s»(B) is a free B-module. If F
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is a polynomial of minimal degree (in X1,...,X,) in B — AP which has no terms
of elements in AP, then {F} is a p-basis of B over AP.

Proof. Since A is finitely generated as an AP-module and B is noetherian, A is
finitely presented as a B-module. By the Theorem of [1], A is a Galois extension of
B. Clearly A is a Galois extension of AP, and B is also by Theorem 11 (1) of [6].
Set H = {D € Deryr(A)| D(B) C B}. Then, by Theorem 11 (2) of [6], there is a
B-module homomorphism ® : Der4»(B) — H which, followed by the restriction
map H — Der»(B) given by D — D|p, is the identity map on Der»(B). We

write Der a»(B) for the image of Dera»(B) in H. Theorem 11 (3) of [6] says that

() Der a»(A) = Derg(A) ® ADer 40 (B).
We see that rankp Dera»(B) = 1, because [Q(B) : Q(AP)] = p. Let D be a basis

for Der ar(B), and put D = ®(D). Obviously D|p = D, so D generates Dera»(B).
From (), there are a derivation D; € Derp(A) and an element a; € A such that

0 ~ .
a—Xi—Di—i—aiD fori=1,...,n.
Hence, for each ¢ we have
OF ~
8Xi = azD(F)

Now, F' ¢ AP implies a; # 0 for some j. It follows that
~ OF
(M) deg D(F) < deg —— X - < deg I

On the other hand, since F' € B — AP and KerD = AP (see [6], Theorem 9 (2)),
we obtain

(1) D(F) = D|p(F) = D(F) € B — {0}.
Since the degree of F' is minimal in B — AP, the above (f) and (1) yield that
(%) D(F) e AP — {0}.

Let t (t € B) be a p-basis of Q(B) over Q(AP), and let D; be a derivation of Q(B)
over Q(AP) such that D;(t) = 1. Then, since D; is a basis of Dergar)(Q(B)), the
derivation D is equal to D(t)D;, where D is regarded as the derivation of Q(B)
over Q(AP) by the canonical inclusion map Dera»(B) — Dergar)(Q(B)). So we
have

D(@t)P~! = ——D(t (APt
(t) D( 3 EBQ
Hence, D is preferable by Lemma 1.2. According to the proof of Theorem 2.2, there
exists a p-basis {F'} of B over AP such that D(F’) = 1. We may assume that F”
has no terms of elements in A?. Writing F as ) ;_ YaPF' (a; € A), () implies

that a; = ag = -+ = ap—1 = 0. Considering the assumptlons for the degree and
the terms of F', we have ag = 0 and a1 € k — {0}. Consequently, {F} is a p-basis
of B over AP. |

Remark. The following assertions immediately follow from the proof of Theorem
4.1.
(1) F is unique up to multiplication by elements of k — {0}.
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(2) Any p-basis of B over AP can be uniquely expressed as ¢F + a? (c € k —
{0}, a € A).

Corollary 4.2 (Kimura-Niitsuma). Let k and A be as in Theorem 4.1. Let B be
a polynomial ring k[Y1,...,Y,] which is a subring of A containing AP such that
[Q(B) : Q(AP)] = p (resp. [Q(A) : Q(B)] = p). Then B has a p-basis over AP
(resp. A has a p-basis over B).

Proof. Suppose [Q(B) : Q(AP)] = p. Recall that B is a Galois extension of AP (see
the proof of Theorem 4.1). By Theorem 9 of [6] Dera»(B) is afinitely generated
and projective as a B-module. By virtue of Quillen’s result of [5], Dera»(B) is free.
Therefore the assertion holds by Theorem 4.1.

Next, suppose [Q(A) : Q(B)] = p. Then by a similar argument we can show that
there is a p-basis {FP} (F € A) of AP over BP. Obviously, {F'} is a p-basis of A
over B. |

Remark. In 1990, the above result was first announced by T. Kimura and H. Niit-
suma.
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