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A NOTE ON RESTRICTED WEAK-TYPE ESTIMATES
FOR BOCHNER-RIESZ OPERATORS

WITH NEGATIVE INDEX IN Rn, n ≥ 2

SUSANA GUTIÉRREZ

(Communicated by Christopher D. Sogge)

Abstract. It is shown that the Bochner-Riesz operator on Rn of negative
order α is of restricted weak type in the critical points (p0, q0) and (q′0, p′0),
where 1/q0 = 3/4 + α/2, q0 = p′0/3 for −3/2 < α < 0 in the two-dimensional
case and 1/q0 = (n + 1 + 2α)/2n, q0 = (n − 1)p′0/(n + 1), for −(n + 1)/2 <
α < −1/2 if n ≥ 3.

1. Introduction

The Bochner-Riesz operator Tα with index α on Rn is defined on S(Rn), the
class of rapidly decreasing C∞0 functions, by

(Tαf )̂ (ξ) = mα(ξ)f̂(ξ), ξ ∈ Rn,

where mα(ξ) = Γ(α+ 1)−1(1− |ξ|2)α if |ξ| < 1 and mα(ξ) = 0 if |ξ| ≥ 1, ̂ denotes
the Fourier transform in Rn and Γ is the Gamma function.

Considering the inverse Fourier transform of mα which is given by

Kα(x) =
∫

Rn

e2πixξmα(ξ) dξ = π−α|x|− n
2−αJn

2 +α(2π|x|),

Tα is convolution with the kernel Kα above (i.e. Tαf = Kα ∗ f). Here Jz(r)
denotes the Bessel function of order z (see [W]). We will consider real values of α
in the interval −(n+ 1)/2 < α < 0.

In order to make an easier description of the results we introduce some notation.
For −(n+ 1)/2 < α < 0, let

A =
(

1,
n+ 1 + 2α

2n

)
, A =

(
n− 1− 2α

2n
, 0
)
,

B =
(
n+ 1 + 2α

2n
− 2α
n+ 1

,
n+ 1 + 2α

2n

)
,

B′ =
(
n− 1− 2α

2n
,
n− 1− 2α

2n
+

2α
n+ 1

)
,

H =
(

1
2
− 2α
n+ 1

,
1
2

)
, H ′ =

(
1
2
,
1
2

+
2α
n+ 1

)
,
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D =
(

1
2
− α

n+ 1
,
1
2

+
α

n+ 1

)
, V = (1, 0)

and

∆α(n) =
{(

1
p
,
1
q

)
∈ [0, 1]× [0, 1] : 0 ≤ 1

q
≤ 1
p
≤ 1,

1
q
≤ 1
p

+
2α
n+ 1

,

1
q
<
n+ 1 + 2α

2n
,

1
p
>
n− 1− 2α

2n

}
.

Then ∆α(n) is the region in the plane which consists of the closed solid pentagon
ABB′A′V except for the closed segments AB and A′B′ (see Figure 1). Observe
that the point B lies on the line 1/q = (n+ 1)(1− 1/p)/(n− 1).

1/q

A’

D

H

B’

B A

V

H’
1/q=(n+1)(1−1/p)/(n−1)

1/p

Figure 1. Region ∆α(n)

It is well known that (1/p, 1/q) being in ∆α(n) is a necessary condition for finding
strong type (p, q)-boundedness of Tα (see [Bo], [CSr]). Some partial results are also
known for the converse statement to be true. Background related to the subject
can be found in [Br], [Sg], [CSr], [BMO] and [Bk]. In particular the problem of
Tα being bounded, as an operator defined from Lp to Lq, has been completed for
values of the α-parameter in the interval [−(n+ 1)/2,−1/2] in all dimensions (see
[BMO]), and recently Bak (see [Bk]) extended the result for −3/2 < α < 0 in the
two-dimensional case.

On the other hand, some results have been recently proved (see [Bk]) concerning
the problem of finding weak-type estimates for this kind of operator on the boundary
of the region ∆α(n) corresponding with the closed upper segment AB. In this
sense no positive result has been established for the weak boundedness of Tα in the
“critical points” B and B′.

The main goal of this paper is to establish restricted weak-type estimates for
Bochner-Riesz means of negative order in these two extreme points.

As a consequence, using an interpolation argument, we will recover strong-type
boundedness of Tα and boundedness properties of such operators in Lorentz spaces.
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We will prove the following theorem in the next section.

Theorem 1. Let Tα be the Bochner-Riesz operator of order α on Rn. If

(i)
1
q

=
n+ 1 + 2α

2n
and

1
p

=
n+ 1 + 2α

2n
− 2α
n+ 1

, or

(ii)
1
p

=
n− 1− 2α

2n
and

1
q

=
n− 1− 2α

2n
+

2α
n+ 1

,

then there exists a constant C = C(p, q, α) such that

‖Tαf‖q,∞ ≤ C‖f‖p,1

whenever −3/2 < α < 0 in the two-dimensional case and −(n+ 1)/2 < α < −1/2
in higher dimensions.

The following remarks are direct consequences of the restricted weak-type es-
timates given in the previous theorem, known boundedness properties of Tα, de-
duced from the fact that Tα is pointwise bounded by a fractional integral of order
(n− 1)/2− α, and real interpolation arguments (see [StWe], [BeJ] and [BSh]).

Remark 1. Restricted weak-type estimates in B and B′ lead us to recover the
optimal scheme for strong (p, q)-boundedness of Tα: if either n = 2 and −3/2 <
α < 0, or n ≥ 3 and −(n+1)/2 < α < −1/2, then Tα is of strong type (p, q) if and
only if (1/p, 1/q) ∈ ∆α(n) (see also [BMO] and [Bk]).

Remark 2. An analogous result for values of α such that −1/2 ≤ α < 0 and n ≥ 3
would imply the optimal scheme for Tα to be a strong type (p, q)-operator which
is still unknown except for the case α = −1/2.

Remark 3. As Tα is of weak type (1, 2n/n+ 1 + 2α) (i.e. in A), we conclude that
for 1/q = (n + 1 + 2α)/2n, (n + 1 + 2α)/2n− 2α/(n + 1) < 1/p ≤ 1 and if either
n = 2 and −3/2 < α < 0, or n ≥ 3 and −(n + 1)/2 < α < −1/2, then Tα is of
weak type (p, q) (see also [Bk]).

Remark 4. Finally the restricted weak-type estimate in B′ and the boundedness of
Tα from Lp, 1/p = (n− 1 − 2α)/2n, to BMO yield the following estimates on the
left closed segment A′B′ of the set ∆α(n): if either n = 2 and −3/2 < α < 0, or
n ≥ 3 and −(n+ 1)/2 < α < −1/2, then

‖Tαf‖p,r ≤ C‖f‖q,

where 1/p = (n − 1 − 2α)/2n, 0 < 1/q < (n − 1 − 2α)/2n + 2α/(n + 1) and
1/r = (n+ 1)(1/q)/(n− 1) + (n− 1− 2α)/2n.

Note that T α cannot be a weak operator on the closed segment A′B′. Indeed, a
duality argument would imply that Tα is bounded from the Lorentz space Lq,1 to Lp

with (1/p, 1/q) lying on the closed upper segment AB, however the counterexample
for the strong type boundedness of Tα on this segment is given by the characteristic
function of a ball (see [Br, p.231]).

Remark 5. The line 1/q = (n+1)(1−1/p)/(n−1) is critical in the sense that finding
estimates for Tα in the point B implies, by duality and interpolation, obtaining
sharp estimates for Tα in points (1/p, 1/q) in the closed pentagon ABB′A′V .
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Remark 6. For the sake of completeness we summarize what is known for −1/2 ≤
α < 0, n ≥ 3 (see [BMO] and [Bk]):
(a) Tα is of weak-type (p, q) for 1/q = (n+ 1 + 2α)/2n if either

α = −1/2,
n+ 3

2(n+ 1)
<

1
p
≤ 1, or

−1/2 < α < 0,
n+ 3

2(n+ 1)
≤ 1
p
≤ 1, and

(b) Tα is of strong type (p, q) for 1/q − 1/p = 2α/(n+ 1) if either

α = −1/2,
1
2
<

1
p
<

n+ 3
2(n+ 1)

(i.e. open seg. BB′) or

−1/2 < α < 0,
1
2
≤ 1
p
≤ 1

2
− 2α
n+ 1

(i.e. closed seg. HH ′).

Case (a) follows by choosing (p0, q0) = (p, p), (p1, q1) = (p, (n − 1)p′/(n + 1))
in (2) and replacing these values in the proof of the theorem below (this is the
argument in [Bk]).

A bootstrap argument and the known boundedness of Tα in the duality line
(see [St, pg.374], [T1], [T2]) yield:

‖Tαf‖2
2 =

∫
Tαf Tαf dx =

∫
mαf̂ mαf̂ dξ = Γ(α+ 1)−2Γ(2α+ 1)

∫
f T 2αf dx

≤ Cα‖f‖p‖T 2αf‖p′ ≤ Cα‖f‖2
p,

for 1/p = 1/2 − 2α/(n + 1) and −1/2 < α < 0. Then, duality and interpolation
conclude case (b) for −1/2 < α < 0. Case α = −1/2 in (b) was established in
[BMO] using an analytic interpolation argument. 2

The proof of the theorem is based on the following well-known estimates for the
dyadic operators associated to Tα (Tα = Kα ∗ f):

- [Sg, Lemma 5.3] If n = 2, 1/q = 3(1− 1/p) and 1/q < 3/4,

‖Kj
α ∗ f‖Lq ≤ Cp,q2−( 3

2+α)j+ 2j
q ‖f‖Lp .(1)

- [CSr, Lemma 5.1] If n ≥ 3, (n + 1)(1 − 1/p)/(n − 1) ≤ 1/q ≤ 1/p, (n + 3)/
2(n+ 1) ≤ 1/p ≤ 1,

‖Kj
α ∗ f‖Lq ≤ Cp,q2−αj2−

j
2 2jn( 1

q− 1
2 )‖f‖Lp ,(2)

where Kj
α, j = 1, 2, . . . , arises by decomposing dyadically the kernel Kα, that is,

Kj
α(x) = Kα(x)ψ

(
x/2j

)
with ψ smooth of compact support in an annulus.

In order to obtain the desired result in the critical points B and B′ we will
just make use of those estimates in (1) and (2) related to the critical line 1/q =
(n+ 1)(1− 1/p)/(n− 1).

2. Proof of the theorem

We will prove the restricted weak-type estimate

‖Tαf‖q,∞ ≤ C‖f‖p,1,(3)

for p and q in the case (i). Case (ii) in the theorem is proved considering the dual
estimates for those given in (1) and (2) using the same arguments.
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It is known that estimate (3) is equivalent to the Lorentz space estimate,

‖TαχΩ‖q,∞ ≤ C‖χΩ‖p,

that is,

|{x ∈ Rn : |TαχΩ(x)| > λ}| ≤ C

(
|Ω| 1p
λ

)q

, ∀λ > 0,

for the same p and q (see [StWe, pg.195 t3.13]) where χΩ denotes the characteristic
function of a finite measured set Ω and | · | denotes Lebesgue measure.

It is enough to estimate the level set, A, defined by

A = {x ∈ Rn : <e Tαf(x) > λ } , λ > 0.

Let BR be a ball centered in the origin of a fixed radius R to be determined in what
follows. Then, we can write

|A| =
∫

A

dx ≤ 1
λ
<e
∫

A

Tαf(x) dx =
1
λ
<e
∫
Kα ∗ f(x)χA(x) dx

=
1
λ
<e
{∫

KαχBR ∗ f(x)χA(x) dx +
∫
KαχBR

c ∗ f(x)χA(x) dx
}

=
1
λ
<e {I + II}.(4)

Here BR
c is the complementary of the ball BR in Rn.

In order to make use of the estimates for the dyadic operators associated with
the kernel Tα, we first consider a dyadic decomposition of Rn in the usual way.

From the non-singular behaviour of the kernel Kα in a neighbourhood of the
origin and the estimates in (1) and (2) with exponent q0 = 2 (1/q0 = 3/4 − ε if
n = 2) and 1/p0 = (n+ 3)/2(n+ 1) (resp. 1/p0 = 3/4 + ε/3), it follows easily that

‖KαχBR ∗ f‖q0
≤ C

log2 R∑
j=0

‖Kj
α ∗ f‖q0

≤ C

log2 R∑
j=0

2−αj2−
j
2 2jn

(
1

q0
− 1

2

) ‖f‖p0

≤ CR
n
q0
−n+1+2α

2 ‖f‖p0
,

where −(n+ 1)/2 < α < n/q0 − (n + 1)/2 (resp. −3/2 < α < 2/q0 − 3/2) so that
the power of 2j in the latter series is positive.

On the other hand using the same estimates with indexes q1 = ∞ and p1 = 1
we obtain that

‖KαχBc
R
∗ f‖

q1
≤ C

∞∑
j=log2 R

‖Kj
α ∗ f‖q1

≤ C

 ∞∑
j=log2 R

2−j(n+1
2 +α)

 ‖f‖p1

≤ CR−
n+1

2 −α‖f‖p1
,

because of the convergence of the truncated series ∀α > −(n+ 1)/2 and n ≥ 2.
Then, Hölder’s inequality yields

|I| ≤
∫
|KαχBR ∗ f |χA(x) dx ≤ ‖KαχBR ∗ f‖q0

‖χA‖q′
0

≤ CR
n
q0
−n+1+2α

2 ‖f‖p0
|A|

1
q′
0 ,(5)
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and

|II| ≤
∫
|KαχBc

R
∗ f(x)|χA(x) dx ≤ ‖KαχBc

R
∗ f‖

q1
‖χA‖q

′
1

≤ CR−
n+1

2 −α‖f‖1|A|.(6)

By (4), (5) and (6) we conclude

|A| ≤ C

λ

{
R

n
q0
−n+1+2α

2 ‖f‖p0
|A|

1
q′
0 +R−

n+1
2 −α‖f‖1|A|

}
.

Now from the above estimate applied to the characteristic function f = χΩ, since

Ω is a finite measured set in Rn, and R = |Ω|
q0

np′
0 |A| 1n , so that the summands above

are equal, we conclude

|A| ≤ C

λ

{
R

n
q0
−n+1+2α

2 |Ω| 1
p0 |A|

1
q′
0 +R−

n+1
2 −α|Ω| |A|

}
≤ C

λ
|Ω|1−

q0
p′
0
( n+1+2α

2n )|A|1−n+1+2α
2n

and therefore

|A| ≤ C

 |Ω|1−
q0
p′
0
( n+1+2α

2n )

λ


1

n+1+2α
2n

, ∀λ > 0.

The result follows by replacing the corresponding values of p0, q0 and α depend-
ing on the considered dimension. 2
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