PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 128, Number 2, Pages 511-519

S 0002-9939(99)05261-2

Article electronically published on July 6, 1999

THE BEST POSSIBILITY
OF THE GRAND FURUTA INEQUALITY

KOTARO TANAHASHI

(Communicated by David R. Larson)

ABSTRACT. Let A,B € B(H) be invertible bounded linear operators on a
Hilbert space H satisfying O < B < A, and let p,r, s,t be real numbers satis-

fying1 < 5,0 <t < 1,t <r,1 < p. Furuta showed that if 0 < a < ﬂ7
(p—t)s+r
then {A% (AiéBpAfé)sAg}a < Allp=t)s+r}e Thig inequality is called
the grand Furuta inequality, which interpolates the Furuta inequality (¢ = 0)
and the Ando-Hiai inequality (t =1,7=s ).

In this paper, we show the grand Furuta inequality is best possible in the
following sense: that is, if ﬁ < «, then there exist invertible matrices

(p—t)s+r

A, B with O < B < A which do not satisfy {A% (A—%BPA—%)SA% }“ <
Allp—t)s+ria

1. INTRODUCTION
Let A, B be bounded linear operators on a Hilbert space H. The following
operator inequality is well-known as the Lowner-Heinz inequality ([9],[10]).
Proposition 1 ( Lowner-Heinz ). Let A,B € B(H) be bounded linear operators
on a Hilbert space H satisfying O < B < A. If 0 <p <1, then BP < AP,
Concerning the Léwner-Heinz inequality, Chan and Kwong ([1]) conjectured that

1
O < B < A will imply B? < (BAQB) 2 and Furuta gave an affirmative answer,
which is a very useful extension of the Lowner-Heinz inequality ([4]).

Proposition 2 (Furuta). Let A, B€ B(H) be bounded linear operators on a Hilbert
space H satisfying O < B < A. If

(1.1) p+2r<(1+2r)g and 1<gq,
then

(1.2) (A"BPAT)T < AT

and

(1.3) B¢ < (B"APB")u.
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FIGURE 1

This inequality is called the Furuta inequality and many applications have been
developed in the p-hyponormal operator theory ([2], [8]) and the relative entropy
theory ([6], [7]). Recently, the Furuta inequality with negative powers has been
studied by Yoshino ([13]), Fujii, Furuta, Kamei ([3]) and the author ([12]). Fur-
thermore, Furuta ([7]) generalized the Furuta inequality.

Proposition 3 (Furuta). Let A, B € B(H) be invertible bounded linear operators
on a Hilbert space H satisfying O < B < A , and let p,r,s,t be real numbers
satisfying 1 < s,0<t< 1, t<r,1<p. If

1—t+r
14 0<a<——11"
- <a_(p—t)s+r’
then
(1.5) {A% (A—%BPA—%)SA%} < Al—t)s+ria

This inequality is called the grand Furuta inequality, which interpolates the
Furuta inequality ( ¢ = 0 ) and the Ando-Hiai inequality (¢ = 1,7 = s ). In [12],
the author showed that the condition (1.1) is best possible in the following sense:
that is, if 0 < ¢ < 1 or (1 4+ 2r)q < p + 2r, then there exist matrices A, B with
O < B < A which do not satisfy the Furuta inequality (1.2). In this paper, by
using the same technique as in [12], we show the condition (1.4) is best possible in

1—t+r
(p—t)s+r
A, B with O < B < A which do not satisfy the grand Furuta inequality (1.5).

the following sense: that is, if < «, then there exist invertible matrices

2. REsuLT

Theorem 4. Let p,r,s,t be real numbers satisfying 1 < s,0 <t < 1,t <r, 1 <p.

If

1t
(2.1) tr

(p—t)s+r
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then there exist invertible matrices A, B with O < B < A which do not satisfy

(2.2) {A% (A—%BPA—%)SA%} < Al—t)s+ria
Proof. Let
A= a ela—b—9)
" \WVel@—b-3)  b+e+s
and
1 0
(s 1)
where

(2.3) 0<b<l<a, 0<e 0<6,e(l—-0b)<dla—1+e¢).

Then A and B are invertible and O < B < A. We shall show that if (2.2) is
valid, then we have a contradiction by letting

1-0
6= ——¢e,e— +0,b — +0.
a—1

Assume that (2.2) is valid. Let
Yy=a—-b+e—39,

and
U:L va—b—9§ NG
Nal NG —Va—-b-4¢)"
Then U is unitary and
* _(a+e 0
UAU_< ! b+5).

Multiplying (2.2) by U,U*, we have
Urale-ostriay > (g asU (U ASUUT BPUUT AR ) TR AU}

and

(a + g){p=t)stria 0
0 (b4 §){p—t)stria

(2.4) ZK(CHE)E)% (b+05>%>{<(&+05)_% <b+%>‘%>

R G | G |

Then
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where
A= (a+¢e)a—b—5+bPe),
Ay = (b+0) e+ b'(a—b—0)),
As=(a+e) 2(b+6)"2(1 —b")/eva—b—o.
If £, — 40, then
A —ata—b), Ay — b (a —b).

Since we will consider the case b — +0, 4; — a'~* and Ay — 0, we may assume
0< Ay < A;.
Let
R T (e R
VAL — Ay + 26, VEL VA Ay +e1)’
where

261 = —A1+ As + \/(Al — A2)2 + 4A§.

Then V is unitary and

* _ * Al AB _ A1+51 0
VDV =V (A3 A2>V—( 0 A2_€1>.

Then (2.4) implies
(a4 g){(p=t)stre 0
0 (b4 6){(pP=t)stre

={(“ +0£)f i) TV (%D>W (0 e}
{((a I (b +05)%) V% ((Al I (4 EEOS)

. [((a+e)? 0 “
<V < 0 (b+8)z)f -
Write the right-hand matrix as

_ —o (B1 B3\
YA — A 2 « ;
Y (Aq 2+ 2e1) <33 32)

(2.5)

then
By =(a+¢e)" {(A1 +¢e1)°(A1 — As + 1) + (A3 — &1)%e1 },
By =(b+06)" {(A1 +¢e1)%e1+ (A2 —€1)°(A1 — As +e1)},
By = (a+¢e)2(b+06)2/ev/AL — Ay +e1 {(A1 +£1)° — (A2 —1)°}.
If ,6 — 40, then
e1— 0,By — a" "t (a — b)' T (a7t — bP7Y), By — bTTPTIS (g — p)IFI (o7 — pPH).

Since we will consider the case b — 40, By — a'T"t57t=5t and B, — 0, we may
assume

0< By < Bs.



THE BEST POSSIBILITY OF THE GRAND FURUTA INEQUALITY
Let
W= 1 (v Bi — By + ¢ Ve >
vV B1 — By + 2¢4 \/5 —VB1 — By + &2
where
269 = —B1 + By + \/(Bl — BQ)Q —|—4B§
Then W is unitary and
* Bl B3 _ Bl + 130 0
4 (Bg BQ)W_( 0 BQ_EQ>.
Multiplying (2.5) by W* W, we have
B «
'Y_Sa(Al _ AQ + 251)—oz ( 1 +52) B o
9.6 0 (Bg 82)
(2.6) (a4 g){p—t)stria 0
< W _ w.
0 (b4 6){p—t)stria
Write the right-hand matrix as
1 Cy C3\ .
By — By +2e5 \C3 C2)’
then
C1 = (a+¢e)¥(By — By +e3) + (b + )%y,
Cy = (a+ €)%y + (b+6)%(By — By + ¢€2),
ng{(&—FS b—|—5 }\/_\/Bl By + &9
where
& = ar + sp — st).
Let
’~}/ = ,Ysa(Al — A2 + 261)a.
Then
O < FCq — (Bl — By + 282)(31 + Eg)a FC5
- :)/03 ’3/02 — (Bl — By + 262)(32 — Eg)a

Hence, by taking the determinant of the right-hand matrix, we have

515

0< ’720102 — ’yCl(Bl — By + 282)(32 — 82)a - ’702(31 — By + 282)(31 + 82)a

+ (By — Ba + 222)*(B1 + €2)* (B2 — €2)* — 7°C3,
and
0 < (B1 — Bz + 222) {7*(a +e)*(b+¢)*(B1 — By + 2¢3)
—(a+ 5) (By — Ba + 2¢9)(Bg — €2)®
—3(b+¢)%(Ba —£2)® — J(a+€)%ea(B1 +2)*
— (b +¢€)¥(By — By 4 £2)(B1 + £2)”
+(B1 — By + 2e3)(B1 + €2)%(Ba —€2)*}.
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Since 0 < By — By + 2e5, we have

— e {Fla+ £)% — (By — e2)* }{(b+ 6% — (B + £2)"}

< (By = By +e2) {Fla+e)" — (B +€2)*} {F(b+8)* — (By —e2)}.
We estimate the first order of each terms in (2.7) with respect to €,0. In the

following, o means o(e), 0(9), that is

0 o
- =—0 0 — +0).
e’ é (&, +0)

(2.7)

Then

t bP 1
Alza_t<1——s+o)(a,—b)(1+ &:——54—0)

a a a

P
:a_t(a—b)<1—£5+ b 5—;54—0),
a a a

Ay =bt 1—E5—|—0 bPa—b) 1+ ! €— ! d+o

b bP(a — b) a—>b

1 b1
—pta-b (14— Ly L
(a )< R TTra s S A +0>’

A2 =t <1 - 25 + 0) bt <1 - %5 + o> (1—b)%(a —b) (1 - ﬁa)

t t 1
a b7 (1 —bP)(a — b)e (1 = b6 a_b5+o) ,

1 4A2
e = (A = A) {1 14—
1= 54 2){ Al_A2)2}

(
1o N 144
_2(A1 Az){ 1+<1+2(A1_A2)2+>}

_aht( - b”)2g (1 N g) .
g

a—t _ bp—t
Hence
Ay — A +2e1 = (a—b)(a" =P (1 + c1e + 26 + 0),
Ay —Ag+er = (a—b)(a " —b"7)(1 + c3e + ¢4 + 0),
and
7 = (a — b)etas(q=t — pptye (1 + aofbg + acie — %(5 + acd + 0) ,
where
_ 1 Ceml oty gt 20701 - bP)?
1
Coy = ) (—a_t =+ t(a — b)bp_t_l + bp_t) )

(a —b)(a=t — bp—t
a"th=t(1 —bP)?
(@ —b)(a=t —bp—t)2’

C3 = C1 —

Cq = C2.
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Then
(A1 +e1)°

sty sy St sbP sb=t(1 — bP)? s
=a "(a—-0) <1 a8+a—b8+(a—b)(a_t—bp_t)€ a—b5+0
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(5+0>.

)

and
(Ag —e1)’
“H(1 — bP)? st s
:bsp—st -bs(1 s _ sa ( R
(a=1b) ( e —0 W@ -wH b’ a—b
Hence
By = (a+¢e)" {(A1 +¢e1)% (A1 — Az +e1) + (A2 —e1)’er}
=a" " (a— b)) (@t = P)(1 + cse + c6 + 0),
By = (b+ 5)T {(Al + El)sEl + (Ag - El)s(Al — Ay + El)}
_ br-l—sp—st(a _ b)l—i—s(a—t _ bp—t)(l —|—C76+Cg5—|—0),
B2 =(a+e) (b+6) e (A1 — Ay +e1) {(A1 +e1)° — (A3 — 1)}
_ ar—tbr—t(a _ b)1+25(a—st _ bsp—st)Q(l _ bp)QE (1 + g) ,
1 4B2
g2=5(B1—By){ 1+, /1+ ——
2 (B1 — By)?
1 1 4B2
=-(B1—Ba){ -1+ |1+-—3—+0
2( 1 2){ < 2(31_32)2 >}
r—tpr—t _ B\S(,—Sst _ psp—st\2 1—pP 2
_a b_(a b)_(a . b )_( b)€(1+9),
((l t_pp t)(ar st _ pr+sp st) e
where
r— st sbP sb=t(1 —bP)? a trstpmtep=st(] _ pp)2
c5 = c3 + + — — — —
a a—b (a—>b)(a=t—brt) (a—b)(a=t — bp~t)2
s
Ce = C4 — — ba
s atmstptospEst (] pp)2 sa"t(1 —bP)?
cr =c3+ + — = - = %
bP(a — b) (a—Db)(a"t —bP~t)2 bP(a — b)(a—t — bP~t)
= Ca 4 r—st 8
STHMT Y a—b
Then

A(b+8)% =% (A — Ag + 2e1)* (b + §)*rFer=st)
= ba(r+5p_3t) (a _ b)a(1+8) (a—t _ bp—t)a

as €+ acad — as 6+a(r+sp—st)
a—>b a—>b b

(By + £2)* = a8 (g — b)*(1F9) (¢ — P71 (1 + acoe 4 aced + 0),
(By — £9) = brFsp=st) (¢ _ p)1+9) (g7t _ pP=H)Y(1 + ey + aegd + 0)

]

X (1+acls+

—|—0>,

)
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where
a—t-l—stbr—t(l _ bp)Z(a—st _ bsp—st)Z
(a _ b)(a—t _ bp—t)2(ar—st _ br+sp—st)’
ar—tb—t—sp—i-st(l _ bp)Z(a—st _ bsp—st)2
€10 = €7 — —t —t\2(,r—st r+sp—st)
(a—b)(a=t —bP~t)2(a — prtsp—st)
Hence
’~}/(b + 5)d — (B2 — 62)a
_ ba(r+sp—st) (a _ b)a(1+s) (a—t _ bp—t)a

Cc9g = C5 +

— st
x | ccre + as €+ acad — as 5+a(r—|—sp 8)5
a—>b a—2b b
—acipe —a | ¢ —l—T_St— 5 d+o
10 2 b P
)
_ ba(r+sp—st) (a _ b)a(1+s) (a—t _ bp—t)ag (Cll + %g + g)

where
o= as(=W)(a =07 aaT'bT' (1 —bP)*(a” —b%) (a7 —bPT)
= (a —b)(a=t — bP=) (a —b)(a—t — bp—t)2(qr—st — prsp—st) '
Also, we have
Y(a+e)* = (B2 —e2)”
— a(r+sp—st) _ pa(r+sp—st) _pya(l+s) o, —t  ap—t\a 9
(a b Ja =)@t — e (142,

(b + (5)& — (B1 +¢€2)”

— _(aa(r—st) _ ba(r+sp—st))(a _ b)a(1+s) (a—t _ bp—t)a (1 + g) ,

9

By — By + e

_ _ 1+s —t _ pp—t r—st _ pr-+sp—st 9

—(a= ) =@ ) (142),
Y(a+e)* — (B +e2)"

— qo(r—st)asp _ _pya(l+s), —t _ pp—t\o 9

a (@ — 1)(a — b)*(1+9) (gt — pp~t) (1+€).
Hence, by (2.4),
(a—st _ bsp—st)2(aa(r+sp—st) _ ba(r—i—sp—st))(aa(r—st) _ boz(r+sp—st))(1 _ bp)2

< aa(r—st)+t—rba(r+sp—st)+t—r(a _ b)(a—t _ bp—t)2(ar—st _ br+sp—st)2(ao¢5p _ 1)

aspd o
x(en+——-+-).

b e ¢
We remark (2.3) implies

1-0 0

< I,

a—1+¢e " ¢

Hence, to get a contradiction, it seems reasonable to assume
1-9
0= €.

a—1
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Then, by letting ¢ — +0, we have
(@ —1)(a=%" — BP=5)2(1 — bP)2(q@(r+sp=st) _ palr+sp—st))(qalr—st) _ pa(r+sp—st))
< q@r=stHt=rpa(r+sp=st)—1+t—r (gr=st _ pr+sp=st)gasp _ 1)
x {—asb(1 —b")(a™" = b ") (a™" =P ")(a" " = b"TP ) (a — 1)
—aa~t 1 — B2 (a" — b°) (@t — b (a —
Fasp(l—b)(a—b)(a~t — bP=t)2(a" =5t — pr+ep—st
Since (2.1) implies

1)
)}

O<alr+sp—st)—1+t—r,
we have, by letting b — 40,
0< ((I _ 1)a—25t+o¢(2r+sp—25t) <0.

This is a contradiction. O
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