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ABSTRACT. Existence of automorphic integrals associated with nondiscrete
Hecke groups will be considered. Multiplier systems for some of these groups
will be discussed.

1. INTRODUCTION

Let A > 0. The Hecke group G () is the group generated by

SA=<(1)?> and T:(? 01>.
G () acts on H by Mz = 228 where M = ( ch Z
case, we identify M with its negative —M and consider the elements of G ()\) as
fractional linear transformations.

Marvin Knopp in [6] and Knopp and Mark Sheingorn in [7] showed that there
are infinitely many linearly independent Dirichlet series with preassigned poles of a
given order which satisfy functional equations for the theta group G(2). This shows
that in Hamburger’s Theorem (see [2]) one cannot relax the assumption about the
pole of the Dirichlet series to arrive at the conclusion of the uniqueness of the
Riemann zeta function. In [2] the author showed that for the full modular group
the only Dirichlet series with functional equation are those associated with modular
forms. Also, for many of the discrete Hecke groups similar results were obtained.
These results were obtained by applying Hecke’s Lemma, which enables one to
switch from Dirichlet series with functional equations to automorphic integrals with
log-polynomial period functions.

The question we consider in this article is the following. If there is a nontrivial
automorphic integral associated with a Hecke group, is the group discrete?

It is well-known (see [1] and [3]) that the only discrete Hecke groups are those
for which

) € G(\) and z € H. In this

A>2 or A=2cos(n/p),pEZ, p>3.

Thus we shall be dealing with Hecke groups for which A = 2cos (), 0< 6 <
1/2, 0#1/p, p€Z.
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In Section 2, we give the definitions of multiplier systems for Hecke groups and
give a generalization of a characterization of multiplier systems given in [2]. We
also define automorphic integrals and log-polynomial period functions. In Section
3, we deal with the case when 6 is rational. In this case, we will show that the
groups admit an elliptic element of finite order # 2 and apply the methods used in
[2] to show that the nondiscrete groups of this type do not support automorphic
integrals.

We close this section by stating Hecke’s Lemma as generalized by Weil in [9].

Lemma 1.1 (Riemann-Hecke-Bochner-Weil Correspondence). Let f and g be con-
tinuous functions on (0,00) such that

fw,g(/y) = 0(e™¥), y— o0, a>0,

f,9/y) =0(@y™?"), y— 0, b>0.
Throughout, we shall write s = o + it where o and t are real numbers. Define

= /Oof(y)ys_ldy and VU (s) = /Oog(y)ysqdy.
0 0

Assume that for some ag > b, o}, < —b,
®(og+it) = O(|t|™?) and W(oj+it) = O(|t|?) as [t| — oo

Let Q (s) be a rational function which vanishes at infinity and let sq,- -+ , sy, be the
poles of Q. Assume that o, < Re(s,) < ogg for each v. Then the following are
equivalent:
A0 —oly) = T R @) )
(B) D(s) — Q(s) and ¥(s) — Q(s) can be continued to the same entire
function F (s) which is bounded in every vertical strip.

Here Res (Q (s)y~*%,s,) is the residue of Q (s)y~* at s,.

Remark 1.1. Let Q (2) = >, { M)+t b(l/"—”} be a rational function

G—s)™ G—s)

with b(v,0) # 0. Then it can easily be seen that

Z Res (Q (2)y~

We apply the following corollary of Hecke’s Lemma in the case when Ay = Ay = A
and G =0 (T)F.

m ny—l
—s,

(v, —j — 1) (logy)’ y

v=1 j=0

Corollary 1.1. Let A1, 2 > 0, k be a real number, v; and c(j,t) be complex
numbers and let t,j,m, and n; be nonnegative integers. Let {an} and {b,} be
sequences of complex numbers such that

G, by =0 (n°) as n — oo, for some ¢ > 0.
Define

o0 o0
=2 ann", =D bun
n=1 n=1

)= (£) o, ( ) b (5);

D= Sam G = 3 b
n=0 n=0

y|>1
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"y 7T’Lkb n;—1

m a m
0 )
_ = Vi
= nj—t+1 3 +- s_9 = ¢(4:1) (log 2)" 27,

j=1t=0 i) j=1 t=0

where C(j (j7nj —t—1). Then the following are equivalent:

) f—
(4) kG( 1/Z) F(2)+q(2);
(B) ( )—Q(s) and ¥ (s) —Q (s) can be continued to the same entire function
which is bounded in every lacunary vertical strip:

o1 <o <o, |Im(s)]|>ty>0,
and they satisfy the functional equation

P (s) = e "R (2k — 5).

2. MULTIPLIER SYSTEMS FOR THE NONDISCRETE HECKE GROUPS

In what follows, k will be a fixed real number. We shall denote by Z, C, and ‘H the
set of integers, the set of complex numbers, and the upper half-plane, respectively.
For z € C, we assume that —7 < argz < 7 and define

(2) (cz+d)" = |cz+d|" exp{riarg (cz +d)},

where 7, ¢, d are real numbers.
A multiplier system in weight 2k for G (\) is a complex-valued function v defined
on G (A) such that the following two properties hold:

(3) (M) =1VMeG(}),

(4) v (Ms) (csz + d3)®* = v (My) v (Ma) (ey Moz + di)** (coz + do)*"

for all My, My € G(N\), with Mz = MMy, M; = < ZJ Zj
j o aj

Vz eH.

), 7 =1,2,3, and

Remark 2.1. (i) Condition (4) is sometimes called the consistency condition.

(i) By taking My = My = I in (4), we get v (I) = v (I)* and by (3) we conclude
that v (I) = 1. If we take My = My = —1I in (4), we get v (—I) (—1)** = £1. It has
been shown in [2] that the only multiplier systems of significance are those for which
v(—I)(~1)* =1 and hence we shall make this assumption for the remainder of
our discussion.

(iii) We define v (Sy) = e*™*, 0 < k < 1. We record the following observations
for future reference:

(a) v(T) = :te—ﬂ'ik’ (b) v (TS 1T) e2mi(k— K) (C) v (—TSA_lT) — o 2miK
Lemma 2.1. Suppose X is given by

(5) A=2cos(nr/p), r, p€Z, (r,p)=1, 1<7’<§.
Let v be a multiplier system in weight 2k for G (X).

(i)  Ifv(T)=e"™* orpis even, then (p — 2r) k — 2pk is an even integer.
(ii)  Ifv(T) = —e~™* and p is odd, then (p — 2r)k — 2pk is an odd integer.
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Proof. First we show that there are two relations among the generators Sy and T
of G (\); namely,

(6) T? = -1 and (S\T)" = (-1)"I.
The first part of (6) is obvious. Let V,, = (S\T)" = < CCL" Z” ) By induction we

can show that

. 1 . . . 1
- sin w sin % sin % sin w
7 a’I’L = b’I’L = — C’I’L = n = -
sin % ’ sin % ’ sin &’ sin %

The second part of (6) follows from this. Then by (6), V, = (—=1)"I = (S,T")” and
for any z € H, we have

1 = vo(D)=v(-D)(=1)"=v(1}) (-1)*
= v(Vi)v (V1) (1 Vpo12+ i) (cp—12+ dp_l)%
= v (V) o (Vpo1) (Vp12)™ (po12 4+ dp1)™,

since Vp = S\T = ( Al ) and hence ¢; =1 and d; = 0. But V,_1 = V1 V,_s.

Hence we have

)= v(V) v (Vpor) (e1Vpoaz + di) ™ (cp2z + dp2)™*
= (V) v (Vp2) (Vp-22)" (p2% - dp2) ™

v (Vp—1) (cp—12 + dp—1

Thus
k

1=0(V1)* (Vp-12)" (Vp-22)" 0 (Vo2) (cp22 + dp2) ™"
Proceeding inductively, we obtain

(8) 1=v ()P (Vpo12)® (Vpo22)™ - (Vi2) ™ 22K,
If we put z = e%i, then we have V,_1z2 =V, 92 = =Viz=2= e5 . Sub-
stituting this in (8) and observing the fact that v (V1) = v (S\T) = v (Sx)v (T) =

2R

e“™y (T), we get

(9) v (T)ZD eQﬂ'ipneZTrirk: —1.

(i) Ifv(T)=e ™ or pis an even integer, then v (T')’ = e~™*? and (9) yields
e mipkramiprtamirk — 1; that is, (p — 2r) k — 2pk is an even integer. .

(ii) Ifv(T) = —e~™* and p is an odd integer, then v (T)” = —e~™*P and
(9) gives e~ mipkt2miprt2mirk — 1. that is, (p — 2r) k — 2pk is an odd integer. This
completes the proof.

This lemma generalizes Lemma 2.2 of [2].
A log-polynomial sum is a function of the form

n my

(10) q(z) =27 c(jt) (logz)",
§=0 t=0
where v1,...,7, and the coefficients ¢ (j,t) are complex numbers, and n, j, m;

and t are nonnegative integers. Here 2 is defined by e®'°8% where log z is the
principal branch of the logarithm function.
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A log-polynomial sum ¢ (z) is said to be a log-polynomial period function (LPPF)
of weight 2k and multiplier system v for the Hecke group G (X), if there exists a
function F' defined and holomorphic in H such that:

1) R (2 X) = F (),
(12) o) (1) = F () +a (o),

where e2™F = v (S)) .
A function F satisfying (11) and (12) is called an automorphic integral of weight
2k and multiplier system v for G ()\), if it has an exponential series expansion:

(13) r (Z) — Z ane271'i(n—i—n)z/k7

n=0

where a,, € C and satisfy the growth condition
(14) ap=0(Mn° as n—oo, ¢>0.

In this case we say that q is the log-polynomial period function of the automorphic
integral F'.
If we use the slash operator |** defined by

(F [2* M) (2) = 5 (M) (cz + d) " F (M=),

a b

where M = ( e d ) € G () and z € H, then (11) and (12) become

(15) FP?*S\=F and F?*T=F4q,

respectively. It can be shown easily that the consistency condition (4) for a multi-
plier system v in weight 2k for G () is equivalent to

(16) F 128 MMy = (F |22 My) |25 Mo,

where My, My € G (\). From now on we shall write F' | M for F |2¢ M.
It is customary to denote by gas the period function associated with M € G ().
Thus F' | M = F + gy and from (16) we deduce that

(17) qny My = My | My + qMn; -

Clearly, ¢ = q_; = 0. When ) is given by (5), we have (S\T)" = (—1)"I. (See
(6).) Repeated application of (17) yields

(18) g+q| (NT)+q| (T +---+q| (ST~ =0.
From T2 = —1I, we also conclude that

(19) g+q|(T)=0.
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3. THE CASE 6 RATIONAL

In this section we consider the case when A\ = 2cos(wr/p) where r and p are
relatively prime integers and 2 < r < p/2. As noted above, the group G (\) is not
discrete, in this case. We shall make use of (18) and (19) to determine the LPPF’s
of positive weight for these groups. In what follows we shall assume that k¥ > 0
and ¢ is an LPPF of weight 2k and multiplier system v for the Hecke group G ()),
where A is given by (5). Define

_ _ n _ €n fn
M, =V, T = (S\T) T—<gn e )

Combining (18) and (19), we obtain

(20) Q|Mp—1+q|Mp—2+"'+Q|Ml_q:0~
From (7) we see that f, # 0 and h,, #0 forn=1,... ,p — 2. Thus we have
Q1) iyl | M) () = o (04,) (g + ) 0 (25502 ) — 1,

where
L =0 (M) e
Combining (20) and (21), we get
lim (g | My-1 ) () = L,

where
p—2 p—2 b
22 L=-Y L,=-)Y o(M,)d;* (-")
(22) ; ; (M) d ™ ( 2
. p—1 - -1 0 . .
Since Mp_1 = (S\T)"" T =TS, T = N 1 ) and since by consistency

condition (4) for v we have
5 (TSTMT) (A2 = 1) =0 (=TS7'T) Az + 1) =0 (S)) (A + 1)~

v
(where in the last equality we have used Remark 2.1 (ii%) (¢)), we see that

(@1 M) () =0 (5 0+ )0 (157 )

Consequently,

%{U(SA) (/\z+1)_2kq(/\zj_1) - q(z)} =L

Replacing z by 1/z in the last limit yields

o e () () (D) -

Taking the limit as z — oo in (20) gives

(24) lim {5(S))g(z+ ) —q(2)} =0.
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We now rewrite ¢ as:
N m;

M n
(25) q(z ZZ B (log )" ZZ (1,t) 2% (log 2)",

I=1 t=0
where
(26)0 < Re(81) < - < Re (Bw); my <my it Re(8;) = Re(B) (i <1);
0 < Re(a1) <---<Re(am); n; <ng if Re(aj)=Re() (j<I)

and introduce the following notations for further investigation of the limits in (23)

and (24).
Let z,a € C, 2 #0, z# —\, and v € Z. Then we define
Gow () = Ci(z+N"(log(z+N)" — 2% (log 2)",
A _Qk « v v
b (@) = Ca(TER) 4N lor ot ) - 2 (o)

In the above notations C1¢ (z + A) — ¢ (z) becomes
N mj

Cig(z+ N —q(z) = Y. a(t)é_g.(2)+

7j=11t=0
Gangnn (2) F(2),

where C; = 9 (5)) = e~ 2™ and

3

b (lv t) d)aht (Z)

&Mi

~+
Il
o

N my Q/) ﬁ M n (b ( )
(27) Za ]7’ + Zzb l t Otl,
j=1t=0 (bO‘M M 1=1 t=0 ¢0‘Z\41n1\4 (Z)
Similarly,
() ( 1))
—q| =
z z

N my

M
= S D s () 4 DD B (1) o (2)

j=1t=0 =1 t=0
= Ypymy (2) G (2),

where Cy = v (—TS;lT) = e?™* and

(28)

3

N my M
=3 > a1 Vo) DY bt (-1) et ()

j=1

We record (23) and (24) in

&
I
o
<
»
z
3
z
—
N
~—
i
)
-
I
o
<
»
z
3
z
—
N
S~—

Proposition 3.1. If q is an LPPF of weight 2k and multiplier system v for
G ()\) , given by (25) and (27), then

(29) Um ¢apymay (2)F(2) =0 and Um ¢¥gy.my (2)G(2) =L,

where F' and G are given by (27) and (28), respectively, and L is as in (22).
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In [2], we have proved that lim, o, F'(2) # 0 and lim, . G (2) # 0 or the
limits do not exist. Thus, there are sequences {z,} and {w,} such that

| F'(z) |20 and |G (wy) =9,
for some positive real number §. This, together with (29), implies that

(30) VH—»IEO Garnn (20) =0 and  {¥gy,my (w,)} is bounded.

The following theorem is a restatement of Theorem 3.1 of [2] and therefore the
proof is omitted.

Theorem 3.1. Suppose A = 2cos(wr/p), with 2 <r < p/2, (r,p) =1. Let q be
an LPPF of weight 2k, k > 0, and multiplier system v for the group G (X\). Also
let v (Sy) = e*™*. We conclude:

(a) If Kk > 0, then ¢ = 0.

(b) Ifk=0and k> 1, then q(z) = a(1—0(T)z7%*) + bz~ , where
b=0ifk>1.

Remark 3.1. In his first two papers on rational period functions [4] and [5], Knopp
has shown that for the full modular group I' (1) the rational functions given by

[ a(1-v(T)z"%), if k>1,
q(Z)—{ agl_@(T)z—Q))+bz_l, if k=1

are rational period functions. Here we are assuming that k& € Z. In fact he showed
that these are the only rational period functions with rational poles. It can easily
be seen that the functions given above are period functions for Hecke groups G ().

We are now in a position to state and prove our main results.

Theorem 3.2. Suppose A\ = 2cos(nr/p) , with 2 <r < p/2, (r,p)=1. If K >0,
then there is mo nontrivial automorphic integral of positive weight for the Hecke
group G (N) .

Proof. For if there is an automorphic integral F' of weight 2k, k& > 0, then by
Theorem 3.1 (a), its LPPF ¢ is given by ¢ = 0. But then, F' would be an automor-
phic form of weight 2k, k > 0, and so must be identically zero, since the group is
nondiscrete.

Theorem 3.3. Suppose A\ = 2cos(nr/p) , with 2 <r < p/2, (
then there is no nontrivial automorphic integral of weight 2k, k

group G (X).

r,p)=1. Ifk =0,
> 1, for the Hecke

Proof. First suppose k > 1. In this case the LPPF of an automorphic integral F is
given by ¢ (z) = a (1 — v (T) 2=2¥). Define G(z) = F(z) + a. Then, since x = 0, we
have

(G2 (2) = (F[9)(2) +(a] Sx)(2) = F(2) +a=G(2)
and

(G [T)(2)

(F|T)(2) +(a| T)(2) = F(2) +q(2) + av (T) 2~
= F(2)+a(1-9(T)z"*)+av(T)2* =F (2) +a=G.

Thus we have an automorphic form G of positive weight. Once again G has to be
identically zero, thereby forcing F' to be a constant, i.e., F = —a.
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Next suppose kK = 1 and assume that there is an automorphic integral F' of
weight 2. First observe that v (T') = £1 (see Remark 2.1(7i7)). Thus we may
assume that o (T') = 1. The LPPF of F is given by ¢ (z) = a (1 — 272) + bz~*. Put
G = F+a. Then G is an automorphic integral of weight 2 with LPPF p(z) = bz~
If b = 0, then G is an automorphic form, and hence it is identically zero. Thus F' is
a constant. If b # 0, then we divide G by —b to get an automorphic integral with
period function _71 Thus we may assume that F' is an automorphic integral with
LPPF ¢ given by ¢(z) = _71 Define

H(z):/izF(T)dT.

Since F has an exponential series expansion of the form F (1) = .7  jane
we see that

2minT /A
)

A = ;
H — A “n 2mwinz/\ C
(2) a02+27ringl n +o
where C' is a constant. Thus H (z + A) = H (2) + apA. By a simple change of
variable (from 7 to —1/7), we can easily see that

-1 m
H <7> =H(z)—logz+ 5

Now define I (z) = e/(*). Then
-1

I(z4+X) =pl(z) and I (7) =e™/2;71 (2),

where p = e®?*. Put

_I(z
o (z)
Then K (z + A) = K (2) and K (=) = 27K (). Thus K is an automorphic form
of weight —1. But this is not possible. This completes the proof.

—~
~—

K (2)
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