PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 128, Number 2, Pages 439-444

S 0002-9939(99)05386-1

Article electronically published on September 24, 1999

A FATOU THEOREM FOR THE EQUATION u; = A(u—1)4

MARIANNE K. KORTEN

(Communicated by Christopher D. Sogge)

Dedicated to the memory of Fugene Fabes

ABSTRACT. In one space dimension and for a given function ur(z) € C§° (say
such that us(z) > 1 in some interval), the equation uy = A(u — 1)+ can be
thought of as describing the energy per unit volume in a Stefan-type problem
where the latent heat of the phase change is given by 1 — uy(z). Given a
solution 0 < w € L _(R™ X (0,T)) to this equation, we prove that for a.e.
zo € R™, there exists lim(z-,t)erg(zo), (E’t)amo(u(w,t) — 14+ = (f(zo) — 1)+,
where f = 0u/0| | is the Radon-Nikodym derivative of the initial trace p with
respect to Lebesgue measure and Fg(mo) ={(z,t) : |x—zo| < BVE, 0 <t <k}
are the parabolic “non-tangential” approach regions. Since only (u — 1)4 is
continuous, while u is usually not, lim(z,t)erg(zo), (2,8)— 20 u(z,t) = f(zo)

does not hold in general.

1. INTRODUCTION

In this contribution we want to address the existence of pointwise limits of non-
negative solutions to the equation

(1.1) ur = A(u— 1) 4,

where (z,t) € R™ x (0,T) when (z,t) approaches the initial surface {¢ = 0}. In one
space dimension and for a given function u;(x) € C§° (say such that us(z) > 1 in
some interval), equation (1.1) can be thought of as describing the energy per unit
volume in a Stefan-type problem where the latent heat of the phase change is given
by 1 — us(x). Note that discontinuous solutions should be expected for (1.1) (see
[BKM]).

In previous papers ([AK], [K]) a-priori regularity of non-negative solutions in the
sense of distributions u € L{ (R™ x (0,7)) was found, mainly u, V,(u — 1)+ and

loc

%(u —1); € L2 (R™ x (0,7)), and continuity of (u — 1)4 in (R"™ x (0,7)). Also
(u — 1)1 is a (weak) subsolution to the heat equation. From the weak Harnack

inequality

(1.2) /n u(z,t) exp(—clz|*) dz < M(u,n,T),
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for some ¢ = ¢(T') € Ry and 0 < t < T'/2 (see [AK]), existence of a unique initial
trace follows, which is a Radon measure satisfying the growth condition at infinity

(1.3) /Rn exp(—cl|z|?) du(z) < oo,

and is taken in the appropriate sense. Each such measure gives rise to a solution
to (1.1), which is unique (see [K]).

Fatou theorems for solutions to degenerate parabolic equations were proven in
[DFK] (for the porous medium equation u; = Au", m > 1) and [H] (for generalized
diffusions u; = A¢(u), ¢'(u) > 0 for u > 0 and growth conditions on ¢ near 0 and
at infinity). In both situations the solutions u are continuous (see [DFK], [DB])
and the result reads as follows:

Let Fg(xo) = {(x,t) : |[xr—z0| < BVt, 0 <t < k} be the parabolic non-tangential
approach “cones”. For a.e. zop € R", there exists lim(z7t)erg(mo), (@,t)—wo (T, ) =
f(xo), where f = du/d| | is the Radon-Nikodym derivative of the initial trace with
respect to Lebesgue measure.

An analogous result holds for non-negative solutions of the heat equation; in this
case the result follows from estimates on the heat kernel.

In this paper we prove the following

1.1. Theorem. Let 0 <u € L{ _(R™ x (0,7)) be a solution in the sense of distri-
butions of (1.1). Let u be its initial trace and f = dup/dx the Radon-Nikodym de-
rivative of p with respect to the Lebesque measure. Then for almost every xg € R™,
lim u(z,t) — 1)y = (f(xo) — 1)+.
- (r,t)—wo( (z,t) = 1) = (f(w0) — 1)+

Theorem 1.1 is proven stepwise: In Section 2 we prove it for initial traces which
are locally integrable functions satisfying (1.3). The proof uses a lemma which al-
lows a reduction to the linear case due to Dahlberg, Fabes and Kenig (Lemma 2.2
from [DFK]). Then we follow an argument of [H], getting the necessary equicon-
tinuity of a scaled family of comparison functions from the results of DiBenedetto
([DB]) which applies to (1.1) due to a priori integrabilities of u, (u — 1), a("a;tl)*
and V(u — 1)4 obtained in [K] and [AK]. In Section 3 we prove the result if the
initial trace is a measure satisfying (1.3). We regularize the singular part of the
initial measure and use the convergence of the solutions thus obtained. Here the
uniform integrability of suitable heat functions plays a strong role. Then we use the
uniqueness result of [K] to complete the proof. In Section 4 we exhibit an example
which shows that

(x,t)erg(ilon)a,(x,t)—wou(x’t) f(@o)

does not hold in general for solutions to (1.1).

I wish to thank Carlos Segovia for his encouragement and for many helpful
discussions on the subject of this paper.

2. STEP 1: THE INITIAL TRACE 1 IS A LOCALLY INTEGRABLE FUNCTION

Let 0 < p = us(x) € Ll (R™), such that u; satisfies (1.3) and let u(x,t) be the
(unique) solution to (1.1) with initial trace us; u is defined in R™ x (0,7") where
T =T(ur), and ||u(z,t) — ur(w)|[z1(x) — 0 for any compact K C R" (see [AK]).

For 0 < a, h let TP (z0) = {(x,t) € R" x (0,00) : |& — z0| < av/t,0 < t < h}.
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2.1. Remark. Let o, h > 0. For a.e. g € R",

0< lim inf ) — 1)y <l ) — 1), = —1),.
< permint u(et) < 1), < Jimur, )~ 1)4 = (o) ~ s

This is a consequence of the convergence of u(.,t) — uy in L{ (R"™), the Lipchitz
continuity of g(u) := (u — 1)4, and the continuity of (u — 1)y in R™ x (0,7T).
Therefore, for a.e. xg € Ep := {zg € R™ : us(xo) < 1},

(ule,t) —1); = 0.

lim
(z,t)ETE (z0),(z,t)—x0

Here we write ur(z) for the precise representative of wuy; that is, we understand
ur(x) = lim, g \Bﬁ—l(w)l fBT(I) ur(y)dy.

2.2. Lemma. Let E = {xo € R" : us(zo) > 1}, and 0 < a < T. For a.e. xg € E,

hm UCE,t — ur(za).
<r7t)er?(zo),(z,t)_@0( ) = ur(o)

Proof. Given € > 0, let E. = {xo € R" : (us(z0) —1)3 > ¢}. Then F = . Ee.

Let E! = {density points of E.}. Let zy € E.. Without loss of generality we
may assume xg = 0 and « > 1.

Let v = (1 4+ €) xp., whence v; < uy a.e. Let v(x,t) be the solution of (1.1)
evolving from the initial datum v;. By the results in [B] and [AK] v(z,t) < u(x,t)
for a.e. (z,t) € R™ x (0,T). For any A > 0, let vy(z,t) = v(\z,A\%t), vy is a
solution to (1.1). Let dy be its initial trace. Following [H], Lemma 1.6, we find
d,, — (e+1) weakly. Consider the family (vy(z,t)—1)+ = (v(Az, \*t)—1)1. Since
{va} is locally bounded in R™ x (0,7") and for any compact set K C R™ x (0,T)
the norms [(va — L) 2 1125 (vn — D 2y, and |2 (r — L) 2 can be
estimated in terms of |[(vx — 1)4|lz2(xy, K € K" C R™ x (0,T), K’ compact (see
[AK]), from the results in [DB] the equicontinuity of (vy — 1)1 on any compact
subset of R™ x (0,T) follows. Therefore there exists a subsequence (which we will
still call (vy — 1)4) converging uniformly on compact subsets of R” x (0,7). Now
take K = B1(0) x {1} = {(z,t) € R"* x (0,T) : |z| < 1, = 1}. We obtain

(e’ 1) > 1+ %, for 2] <1
if A < Ap, whence
u(z,t) > v(a,t) > 1+§, 122 < t, t < Ao,
and
lim inf (u(z,t) — 1)y >0 for a.e.xp€ E.

(z,t)eTT (z0), (z,t)—x0

In order to uniformize the height h of the “non-tangential” approach parabolas,
let us split E. into a countable family of sets E* as follows:

Given xg € E,, there exists hg, > 0 such that u(z,t) > 1+ 5 in heo (z0). Now
let k = min{k : h,, > 2%}

Let us recall that by a familiar point of density argument (see [C]), given «, 8 >
0,h > 0,e > 0 and a closed set F, there exists a closed set Fy,|F \ Fy| < € and
k > 0 such that |, cpm Th(zo) C Uyyer Th(2o0)-
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Let F' C E be compact, and R = UroeFI‘Z. Applying Lemma 2.2 from [DFK]
in R yields the existence and finiteness of the limit

lim u(zx,t).
(z,t)€TE (z0), (z,t)—x0

Then, the convergence ||u(.,t) — ur||pr — 0 yields its equality to uy(zp). (Alter-
natively, u(z,t) solves the heat equation in R, whence its “non-tangential” limit
equals uy(zo), for a.e. point zp € F.)

3. STEP 2: THE INITIAL TRACE y IS A MEASURE

3.1. Lemma. Let u = f + ps be the initial trace of u, where f is absolutely con-
tinuous and s is singular with respect to Lebesque measure.
For a.e. xyg € R",

(u(x,t) = 1)+ = (f(z0) — 1)+

lim
(I,t)erg (%o),(z,t)—z0

Proof. Take pu$ = ps * pe, where p. are the usual compactly supported mollifiers.

Writing ug for the solution of (1.1) with initial datum g, by comparison (see [B],
[AK]) we have

ufr <upppe+ <we ae in R" x (0,7),

where w, is the solution of the heat equation with initial datum f + p$ + 1. From
the results in Section 2 we have

(up(z,t) — 1)y = (f(xo) — 1), ae. in R™.

lim
(z,t)€Th (20),(x,t)—x0

To show that usy,c — usi, a.e. in R"x(0,T), let us recall that {u} is bounded
in L?(K), for any compact subset K of R™ x (0,T)), whence a subsequence of
{u¢}, which we call again {u.}, can be chosen such that lim.,ou. = u, and
limeo(ue — 1)+ = h(z,t), a.e. in R™ x (0,T). To show that h(x,t) = (u— 1)4,
take arbitrary 0 < t; <t2 <T,0< R€ R, B= Bg(0) and let ¢ — 0 in

to ta
/ / UeX {ue>1}X{h>0} =/ /(Ue — 1)X{u.>1}X{h>0}
t1 B t1 B

to
+/ /X{ue>1}X{h>0}a
t1 B
to get
to to to
/ /UX{ue>1}X{h>0}:/ /(u_l)X{ue>1}X{h>O}+/ /X{u>1}X{h>0}a
t1 B t1 B t1 B
whence
to ta
/ /(u—l)X{h>o}=/ /hX{h>0}a
t1 B t1 B

and therefore h = lim(u, — 1)4 > 0 implies h = u — 1.
To complete the proof use
X{uc<1}) = L = X{u.>13 — L= X{n>0} = X{n<1y,  a.e. in R" x (0,7).

We need the following lemma, which follows from u € L>((0,T —§) : L .(R™)),
vV >0.
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3.2. Lemma. Let 0 < u € L] (R" x (0,7)). Then u is a distributional solution
to the Cauchy problem for (1.1) such that

lim [ w(z,t) ¢(z) do = o(x) du(z), V¢ e C5°(R™)
tl0 R Rn
if and and only if u is a solution to (1.1) in the sense of conservation laws, i.e.,

T
(3.1) /0 /n[wt =13 Ad dedt+ | é(z,0) du(z) =0,

Rn
Vo € C°(R™ x (—00,T)).

To see that w(z,t) = lim._ouc(z,t) satisfies (3.1), take ¢ € C(R™ x (0,7))
and let R > 0 such that supp ¢(.,t) C Bg, Vt > 0. From the uniform integrability

in t of fBT we dx we get
5
li . dedt=0
i | [, vl

5
lim/ / (ue — 1)1 |Ag|dx dt =0
0 n

6—0

and

uniformly in €. From the discussion above also for any § > 0,

T T
/ / Ueprdr dt — / upeda dt,
5 n 5

T T
/ / (ue — 1)1 Addzx dt — / (u— 1)1 Agdx dt, e— 0.
5 Jrn 5

and

This shows that u solves (3.1). Then by the uniqueness result in [K] this limit must
be uypyy. Now (upip, —1)4 < Wippp —1), < WF—1), +u. letting e — 0, (up—1); <
(upyp — 1)y S wip—1y, 4, ae. in R x (0,T), where wy is the solution to the heat
equation with initial datum g. But

I _ 1) = 1
(m,t)EFg(ml(r)I)l,(m,t)—»zow(f 1)++H(x ) (f(fEO) )+

for a.e. g € R™, whence the result follows.

4. COUNTEREXAMPLE
The following example shows that lim, 1yer (zo),(2,¢)—ao (T, ) need not exist:

4.1. Example. To construct a function u; : R — {0,1}, suppu; C [0, 1], such
that uy is discontinuous at every point of a set D C [0, 1], |D| > 0, with osc u;(z) =
1,Vo € D, let F = {I\,\ € N} be the family of all subintervals of [0, 1] having
rational endpoints. Let 0 < ¢ < 1. From each I subtract a subinterval I  with
length < €22, Let E = |J, . If the I are open so is F, and |E| < Sen €27t =
€ [[0,1]\ E| > 1 — €. Define the function ur(z) = X(jo,1)\z), ur is well defined,
and oscuy = 1. For zy € [0,1] \ E, us(x9) = 1, and since E is dense in [0, 1],
there is a sequence x,, — xg such that ur(x,) = 0. Of course, u(z,t) = us(x) is a
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distributional solution to (1.1). Then

lim u(z,t) = lim uy(zg),
(z,t) €T (20), (z,t) >0 (1) =0 1(@o)

which does not exist.

4.2. Remark. However it can be shown that if u = f + ps where f : R® — R is
lower semicontinuous, then

lim u(x,t) = f(xo)-
(Lt)EFg(woL (z,t)—z0 ( ) f( O)
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