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ABSTRACT. Let p be a prime number and let GL,, be the group of all invertible
matrices over the prime field F,. It is known that every irreducible GLy-
module can occur as a submodule of P, the polynomial algebra with n variables
over Fy,. Given an irreducible GLy-module p, the purpose of this paper is to
find out the first value of the degree d of which p occurs as a submodule of
P, the subset of P consisting of homogeneous polynomials of degree d. This
generalizes Schwartz-Tri’s result to the case of any prime p.

1. INTRODUCTION

Let p be a prime number and let GL,, = GL(n,F,) be the group of all invertible
(n x n)-matrices over the prime field F,. Denote by P = F,[x1,...,zy] the poly-
nomial algebra with variables 1, ..., z, over F,. There is then an action of GL,,
on P given by

n
al'i: E A3, 1§z§n,
j=1

“flrr, ..y xn) = [z, .7 @)

with o = (aij)1§i7j§n S GLn,f(l'l, R 7{En) e P.

For an irreducible GL,-module p, it is known (see e.g. [1]) that p is isomorphic
to a submodule of P. One may ask about the first value of the degree d for which p
occurs as a submodule of Py, the subset of P consisting of homogeneous polynomials
of degree d. This first occurrence problem also arises from topology, as it is related
to the description of the cohomology of certain spaces as modules over the Steenrod
algebra (see e.g. [7]). For the prime 2, the problem has been solved independently
by Schwartz [4] and Tri [6]. The purpose of this paper is to solve this problem by
generalizing the argument used in [6] to the case of any prime p.

Let us recall (see e.g. [2, Chapter 8]) that the irreducible GL,-modules are
indexed, up to isomorphism, by column regular partitions, i.e., by sequences of
non-negative integers
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satisfying 0 < a; —a41 <p—1for1 <i<n-1and 0 <, <p—1. Namely,
the irreducible GL,-modules are indexed by column regular partitions as, ..., a,
satisfying a,, < p—2. Recently, in [5], they were also obtained by means of modular
invariants, as follows. For 1 <i < n, let

Vi= H (Mzr 4+ Az +24)
A;€F,

be the Muli invariant and let

Li=Vi----V,
be the Dickson invariant. It is clear that

T i) SN In

P p p

I Ty x5 ... P

n =

—1 n—1 -

1771 D 1771 1
b1 T .oaP

and °L,, = deto- L, for 0 € GL,. Let 8= (B1,...,0,) with0 < 8; < p—1 and set
LP =11, Lf’i € P. Denote by Hg = Hz(GL,,) the GL,-module generated by L?
(so Hg is nothing but the F,-vector space generated by the set {?L°|c € GL,}).
We have

Theorem A ([5, Corollary 1.2]). {Hg|8 = (61,...,0n),0<3; <p—1,0, # 0} is
a complete set of (p — 1)p"~! distinct irreducible modules for the algebra Fp[GL,).

By noting that H g,
follows.

Theorem B (compare [1, Proposition 1.3]). {Hg|3 = (B1,...,6,),0 < 8; < p—
1,8, #p— 1} is a complete set of (p — 1)p"~*t distinct irreducible modules for the
algebra Fp|GL,,).

Bno1p—1) = Hg,,... p._1,0), we can restate the theorem as

yees

We should note that, in terms of column regular partitions, for 0 < 8; < p —
1,8, # p—1, Ha corresponds to the sequence Ay, ..., A, with A\; = B;+---+8,,1 <
1 < n.

Generalizing Schwartz-Tri’s result ([4], [6]) to the case of any prime, we prove

Theorem C. With 3 given in Theorem B, the first occurrence of Hg as a submod-
ule of Py is for d = deg LP.

2. PRELIMINARIES

Let T}, be the group consisting of upper triangular matrices with 1 on the diag-
onal. It follows from [3] that

PT» =T, [Vi,..., V]

We shall use the following notation. Given g = g(z1,...,2,) € P,A € F, and
1 <4,k < n, then %i:r> g (resp. "> g, Tk g) denotes the polynomial obtained from g
by replacing z; by x; + Az (resp. by replacing x; by Az;, by interchanging z; and
x1,). Consider a homogeneous element f = f(z1,...,x,) of PT». It is clear that V;
is a factor of f if and only if z; is also. We have

Lemma 1. If "2 f = M f with1 < £ <p—1and X # 0,1, then f contains x; as
a factor.
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Proof. Write f = ZT:O al fr(x1,...,xn) with f, free of z;. It follows that

ok (Xefr — A" f.) = 0. So A\ fo — fo = 0, which implies that fo = 0. Therefore
f contains z; as a factor. The lemma follows. O

The case p = 2 in the following lemma was treated in [6]. However, our proof
given here, for any prime p, is much simpler.

Lemma 2. Ifi <k, then f contains x; as a factor provided that one of the follow-
ing conditions is satisfied:

(1) Ef;(l) O'i,k,'r'f = — Ti,kf and 7771,uf — f fO?" every ?é O,’

(i) f contains xy as a factor and Zf;(l) Tikr f=q- Tk f with o € {0,1,—1}.

Proof. For 1 <r <p—1, since f is Tj,-invariant, we have

flxe, o T, TT, i1,y o 3 Thy e 5 Tpy)
Zf(flil, e 3 L —13 Ty Tjt1y e oo 3 Ll — Thy oo - ,:L‘n)
:f(xla"' y Li—1,TThy Lit1,- - - ,0,... ,(En)
_ f(xl,...,.’Ei_l,xk,l'i_;,_]_,...,O,...,.’En), ifnimf:fa
0, if f contains x as a factor.
. —1 . . . .
Consider >-*—; i+~ f and set 2; = 0. (i) and the above equality imply that
=1l oy gy p _ 0
r=0 f_f(xla"wxi—la 7xi+17"'7$k7"'7$n)
—f(.fl)l,... sy Lj—19y Ly L1y ,0,... ,[En)
=—f(x1, .., i1, Tig1, .., 0,00, 20),
so f(x1,...,2i—1,0,Zi41,-.., Tk, ..., Zy) = 0; on the other hand, (ii) implies that
p—1 P -
Zr:O Tisk,r f = f(I‘l, s Tie 1,0, i1y, Xy - .,[En)
:Oéf(il']_,... y Li—1, Lhy Tit1, - - - ,0,... ,(En)
=0, since f contains zj as a factor.
In any case, f contains x; as a factor. The lemma follows. O

3. PROOF OoF THEOREM C

We proceed by induction on n. The proof is trivial for n = 1. Assume that the
theorem holds for n — 1.

Let W be an irreducible GL,-module of homogeneous polynomials. There exist
then 8 = (61,...,0n) with 0 < 8; < p—1,06, # p— 1 and a GL,-isomorphism
¢: W — Hg(GL,). Set f = f(x1,...,2,) = ("1(LP). We need to prove that
deg f > deg LP. Tt is clear that f is invariant under the action of T, and W is the
GL,-module generated by f. For convenience, write W = W;(GL,,).

Denote by (B, - - -, O, ) the subsequence of 3 consisting of all non-zero elements,

soLP=L%..... L. First, we prove that f contains Ly, as a factor (note that
Bn, < p—11if n =n). Let m be an integer satisfying ny_1; < m < ny. For every
p# 0, as M LP = pPrx LB it follows that "mw f = pPrs f. If 3,, < p—1, Lemma 1
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implies that f contains z,,, therefore V,,,, as a factor. If 3, = p—1 (which implies
ng < n), then "™« f = f and

o
ot L = Ly (T14+ ooy Te 1, T, T8, Tt 15 -+ - 5 Ty )
= Lnk(xla'"7xm—1axm7xm+l7"'7$nk)
+ 7L, (%1, B 1y Ty Tt 1y« -« Ty, )

for » € IF,,. Since

p—1
Z(Lnk(xl, ey Tm—1s Ty Tt 1y - -« Ty, )
r=0
T L (T1, ooy Ty 1, Ty T 1y - - o5 Ty, )
(%) 0, ifA<p—1,
N —Lﬁ;l(:zrl, ey Tme1y Ty Tt Ly« + -5 Ty )y LA =D — 1,
we have Zf;é Tmonr Lht = — LBy, . B, T, Ty - - - Ty, ) which im-

plies that Zf;(l) Imnr[B = —Tmn [B Hence Ef;é Tmnr f = —Tmn f Tt follows
from Lemma 2 that f contains z,,, hence V,,, as a factor.

Set ng = 0. Suppose that f contains x¢41,...,2y, as factors with n,—1 <t <
ng < ng. It follows from (x) that

0, if B, <p—1,
—rn L B, = p— 1.

P=L oyt T Pre _
Yoy Tttt Lyt = {

Therefore

Ep:é gtyn[Jrl’rLg — 0, if ﬂ’l’bl < p—- 17
r= a”~"€+1LB, if B, =p—1,

with o = £1. So

S i {o, if O, <p— 1,

amenet f,f By, =p — 1.

By Lemma 2, f contains x¢, hence V;, as a factor. Therefore f contains L,, as a
factor.

Write f = Ly, g with g = g(z1,...,2,) € P. So g € P™». Consider GL,,, as a
subgroup of GL,, in the usual way. Hg(GL,, ) and W = W;(GL,, ) are then GL,, -

modules and Hg(GLy, ) é W¢(GLy,) = det @Wy(GLy,). Set 3 = (b1, ..., Bn,—1)
and 8" = (B1,...,0n,_,).- As GL,,-modules, Hg(GL,,) = det Hg (GLy, ), so
Wy(GLy,) = Hg (GLy,). If ng < n, it follows from the inductive hypothesis that
degg > deg Lﬁ/7 so deg f > deg L?. Suppose that n; = n. The argument used
above shows that g contains L,, as a factor; hence f contains L2~ as a factor.

By writing f = LP2»h, we have Wj,(GL,) = Hg.(GL,). By replacing f by h,
arguing as in the case ny < n yields degh > deg LP"; hence deg f > deg L®. The
theorem is proved.
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