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ABSTRACT. Let Ey : Y2 4+ XY = X3 4+ haX + hg be the Tate curve with
canonical differential, w = dX/(2Y + X). If the characteristic is p > 0, then
the Hasse invariant, H, of the pair (Eq,w) should equal one. If p > 3, then
calculation of H leads to a nontrivial separable relation between the coefficients
h4 and hg. If p = 2 or p = 3, Thakur related h4 and hg via elementary methods
and an identity of Ramanujan. Here, we treat uniformly all characteristics via
explicit calculation of the formal group law of E,. Our analysis was motivated
by the study of the invariant A which is an infinite Witt vector generalizing
the Hasse invariant.

1. INTRODUCTION

The Tate curve in characteristic either zero or positive is an elliptic curve with
canonical Weierstrass model:

(1) B :Y?+ XY = X2+ haX + hg

k
where hs=—55; and he= —m for Sp=) s
n>1

Note that the denominator appearing in the expression of hg is simply a nota-
tional convenience and in fact E; is defined over Z[[¢]]. Hence, since all coefficients
are integral, we can specialize to positive characteristic p for any prime p of our
choice and obtain E, defined over F,[[q]].

In all positive characteristics the Hasse invariant of the pair (E,,w) for w the
canonical invariant differential, w = dX/(2Y + X), is equal to 1. See [KM], 8.8,
p. 258 and 12.4.2, p. 355. It turns out that if the characteristic is greater than 3,
explicit calculation of H leads to a separable algebraic relation between h, and hg.
If the characteristic is equal to 2 or 3, then H is identically one and no relation is
thus obtained. However, in characteristic 2 we have hy = hg, and in characteristic
3 we have hy — h3 + hg = 0, relations produced in [T] by Thakur via elementary
methods and an identity of Ramanujan.

Our goal is to provide a unified approach to the identities involving hs and
hg. The starting point of this work is the following—one of many—alternative
calculation-definition of the Hasse invariant involving the formal group of E,: Let L
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be a local parameter at the origin satisfying: w = (1+4...)dL. Then H = H(E,,w)
is the coefficient of LP in the power series denoting multiplication by p in the formal
group of E, calculated with respect to L. That is, [p] 7, [L] = H - LP + O[L?7].
However, the formal group laws, E\Q[Ll, Ls], of the Tate curve and, G, (l1,12), of
the multiplicative group scheme are isomorphic and for appropriate choices of local
parameters, cf. (2.3), we have: L = «a(l) for a a power series in [ with coefficients
in F[[q]]. This leads to: [p]EAq(oz(l)) = «(IP) since [p]éim = [P. Our plan is to

calculate the formal group law E; and the isomorphism « explicitly and obtain as
byproduct the algebraic dependence of hy and hg in all positive characteristics.

The motivation for this paper was the calculation of the A invariant of the Tate
curve. The A invariant, which is an infinite Witt vector, generalizes Hasse’s invari-
ant and is defined by: Fn = An for n a basis of the first Witt vector cohomology
group H'(E,WOg) and F the map in cohomology induced by the absolute Frobe-
nius on the structure sheaf of E. If E is ordinary, H'(E, W Og) is isomorphic to the
module of p-typical curves of the formal group E. In analogy to the canonical differ-
ential of the Tate curve, wean = dX/(2Y + X), with corresponding Hasse invariant
equal to 1, there exists a canonical basis 7can of H!(E, WOg) and all our subsequent
work can be viewed as a verification of the fact A(ETate, Jean) = (1,0,0,...) = 1in
W (F,[[q]]). More details on A will be published in [B].

2. FORMAL GROUPS

2.1. Foundations. We restrict ourselves to the one dimensional case. Unless
specifically stated, the characteristic of R is not necessarily positive. See [H]
for a comprehensive account. A formal group law G over a ring R is a double
power series in R[[l1, lo]] starting with I; + I and satisfying the associativity condi-
tion: @(ll, @(12, l3)) = @(é(ll,lg), l3). A homomorphism from a formal group law
G to a formal group law Fisa power series o without constant term satisfying
a(G(l1,13)) = F(a(ly),a(lz)). An isomorphism is a homomorphism possessing a
left and right inverse.

For E an elliptic curve and L a choice of local parameter at the identity, E(Ll, Ly)
is the corresponding formal group law and it can be calculated explicitly up to any
desired accuracy following the algorithm in [S], Ch. IV, §1.

2.2. The formal group of the Tate curve. The Tate curve E, given in (1) is a
rigid analytic group over Z[[g]] isomorphic to the rigid analytic group G,,/q” over
Z[[g]])- Hence, for every local field K and for every ¢ of absolute value smaller than
1, |¢g| < 1, we have K*/¢? = E,(K). See [DR], Ch. VII, and [R], §3. In fact for
u a multiplicative parameter of K the isomorphism is explicitly given as equation
(29) in [R], p. 26:

)
e (XY )= (X gl 2 o Y g Y )

nez n>1 nez n>1

2.3. Formal group law isomorphism. The isomorphism above results in an

isomorphism of formal group laws G,,/¢% and J/E‘\q. We make this isomorphism
explicit after we specify local parameters.



CONGRUENCES BETWEEN THE COEFFICIENTS OF THE TATE CURVE 679

The formal group of the rigid analytic group G,,/q” is isomorphic to the formal
group of G,,. See [DR], 1.12, p. 296/154. Let I = [(u) = 1 — 1/u be our choice of
local parameter at the identity of the rigid analytic space G,,. Then v = u(l) =
1/(1 — 1) and we can calculate the formal group law @; with respect to the local
parameter [:

(3) Gm(ll, 12) = l(ul,uQ) = l(u(ll) . U(ZQ)) =11+ 1o — lils.
Note that in order to use the integrality of the existing classical formulae the choice
of local parameter had to be a power series in t = u — 1 with Z[[q]] coefficients and
leading term +¢ but otherwise arbitrary. Our particular choice, [ = t — 2 + 3 —
t* + ... will simplify the subsequent calculations.

Now let us choose as our local parameter at the identity of the Tate curve:
L = —X/Y. Again L could have been any power series in X/Y invertible over
Z[[g]] and our particular choice was made in order to simplify the presentation. In
our notation formulae 30 and 31 in [R], p. 27, which are a direct consequence of
equation 29 in [R] reproduced above as equation (2), read as:

11 ) -1 1
and the formal group laws J/E'Z,(Ll, L) and G, (11, l2) calculated with respect to the
local parameters L for the former and [ for the latter are isomorphic via « satisfying:

(5) (G (i, 12)) = Ey (o), a(l)) and

(6) L:-(%) =a(l) =1+ O[] and I = o~ (L) = L + O[L?).

3. MAIN CALCULATION

Note that the equation defining F, and the power series o have integral coeffi-
cients and so we can specialize to any characteristic p > 0.

In all cases: (a) our choice of local parameter at the identity is L = —X/Y and
(b) the calculation of the series [p] 7, can be either carried out directly by repeated
application of the corresponding formal group law or by expansion with respect to
the chosen local parameter of the rational formulae of multiplication by p on E,.

3.1. The case: p > 5. In this case we have two ways to obtain the desired relation.
Note that the canonical differential w = dX/(2Y +X) is equal to (1+...)dL. Hence,
the multiplication by p in the formal group calculated with respect to L, see [KM],
12.4, p. 353-354, is equal to:

5, (L) = H(Epw)L" + ...

) _ a([p]GAm(a_l(L))> _ a<[p]é;(L+...)> —a(LP ..
=L+ . ...

Now using either Deuring’s algorithm to calculate H, or Silverman’s algorithm
to calculate E’; and subsequently [p] B, see [D] and [S], loc. cit., we produce a
nontrivial separable relation between hy and hg, the coefficients of the canonical
Weierstrass model of E,. To see this, change Weierstrass models for E, to y*> = f(x)

forz = X +1/12 and y = Y + X/2 and work with: E, : y? = 2 + (hs — 1/48)z +
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(hﬁ —hg/12+ 1/864). Then calculate H as the coefficient of #7~! in the expansion
of (f(z))®=1/2 and obtain:

(8)
(E)' 1 J h, 1 e ]
1=H= +<h4__> <he——4+—>
3i+j—p—1z,:i+jgv2_1 il (B —i—j)! 48 12 864

binding h, and hg separably algebraically. Similarly we treat below the cases p = 2
and p = 3.

3.2. Characteristic 2. In this case the formal group law is:
Ey(L1,La) = Ly + Lo + Ly Lo + hy(L3L4 + L}L3)
+ he(L1L§ + LY Lo) + (ha + he)(LIL5 + LYL3 + LYL3 + L1L3)
(9) + ha(LILS + LYL3) + (ha + he)(LSL3 + LIL3 + L1L3)
+O[LT'Ly,m +n > 9]
and the multiplication by 2 is given by:
(10) 2]5, (L) = L* + (ha + he)L* + O[L].

Proceeding as in (7), equating a([2]GA (a‘l(L))> = L% + O[L'] we obtain

hs+hg = 0 and taking advantage of the denominator 12 appearing in the definition
of hg we have: S3 = S5 modulo 8.

3.3. Characteristic 3. In this case the formal group law is:
Ey(L1,Lo) = Ly + Ly — L1 Lo + ha(Ly L + LiLy — L2L3 — L3L2)
+ ha(Ly Ly + LiLy + L3L5 + L1L3)
+ha(Ly LS + LLy — LL5 — LYL3 — L{L; — L{L3)
(11) +ha(Ly LY+ L7Ly — L3LS — LSL3 — L3L5 — LL3 — L1L3)
+ (ha + hi) (L1 L3 + LiLy — LYL3 — LYL3)
+ (—ha + h3)(LIL3 + LYL3)
+ (=he)(LYLS + LYL3) + (—ha)(LIL] + L{L3)
+ O[LT'Ly, m 4+ n > 10]
and the multiplication by 3 is given by:
(12) 815, (L) = L? + (ha — hj + he)L? + O[L™].

Comparing with « ([B]GA (™! (L))) = L3+O[L'] we conclude hy —h3+he = 0,
resulting in: 753 + 6535 + 2S5 = 0 modulo 9.
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