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ABSTRACT. Let H be the usual Hardy operator, i.e., Hu(t) = % /g u(s)ds. We
prove that the operator K = I — H is bounded and has a bounded inverse on
the weighted spaces Lp(t~%,dt/t) for « > —1 and a # 0. Moreover, by using
these inequalities we derive a somewhat generalized form of some well-known
fractional Hardy type inequalities and also of a result due to Bennett-DeVore-
Sharpley, where the usual Lorentz L, 4 norm is replaced by an equivalent
expression. Examples show that the restrictions in the theorems are essential.

1. INTRODUCTION

Let u = u(t) denote a locally integrable function on (0, 00). First we note that if
1 <p < ooand a > —1, then, according to the Minkowski and Hardy inequalities,

woy ([ [rostiee )T (o L (e

Of course a reversed inequality of the type

(1.2) (/OOO

cannot hold in general (for example it does not hold for the function v = constant;
see also Remark 1). One main purpose of this paper is to prove that (1.2) in
fact holds for every a # 0 if we impose some (relatively small) restrictions on the
functions u. We formulate and prove this result in Section 2. In Section 3 we
use this result to prove a generalized form of a well-known fractional Hardy type
inequality (see [5], [13] and cf. also [4], [6] and the references given there). Moreover,
we point out the fact that our result may also be considered as a generalized form
of a result due to Bennett-DeVore-Sharpley, where the usual Lorentz L, , norm is
replaced by an equivalent expression (see [2] and also [3, p. 384]).

In order not to disturb our discussions later on we give some necessary notation
and other preliminaries. By u = u(z) we denote a locally integrable function on

@ 1/p

tOt

pﬂ 1/p<0 /°° u(t)—%fotu(s)dspﬂ
¢ =\ / to ¢
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f lu(t)|dt < oo for 0 < a < b < oo. Moreover, by the integrals
f ()ds t>0 and [~ u(s)ds we mean
t t oo t
/ u(s)ds = lim u(s)ds, resp. / u(s)ds = lim u(s) ds.
0 =0+ /. 0 t—=o Jo
Also the following simple observation has helped guide our investigations:
Lemma 1. Letu e Ly(t~*,dt/t), 1 <p <oco. Then
fo s)ds exists if a > —1,
(b) hmt_,o t fo s)ds =0 if a >0, and
(c) lim;_ o0 + H fo s)ds=01f -1 <a<0.

The proof consists only of an obvious application of the Hélder inequality.

2. THE MAIN RESULT
Our main result reads:

Theorem 1. Let 1 < p < oo, a € R\{0} and assume that fo s)ds exists. Then

. </om @p%wscw (/0“’ u(t) — 3 Jo uls ds”%”p’

A A
where C(a) = 1+ 1/]al, in each of the following cases:
a)a>0 andhmt_,otfo s)ds =0,
b) a <0 and limy o, + + fo s)ds = 0.

Remark 1. In particular, Theorem 1 implies that the inequality (2.1) holds for all
a € R\{0} and any locally integrable function v with compact support in (0, c0).

Remark 2. The inequality (2 1) does not hold for @ = 0 even if we assume that
fg (s) ds exists and lim;_o + fo s)ds =0 or limy_.o + fo s)ds = 0. For p < co
we insert uq(t) = X[1,q(t), 1 < a < 00, into (2.1) and let a — oo to obtain a suitable
counterexample. For p = co we obtain a counterexample by inserting the functions
ue(t) = t°X(0,1)(t) + X[1,00)(t) into (2.1) and letting ¢ — 0.

Remark 3. If, in addition to the assumptions in Theorem 1, we assume that o > —1,
then, according to (1.1), we see that (2.1) can be replaced by the equivalence®

(2:2) </OOO@p%y/p%(/o‘”ut)—%fotusds”%y/”

1 A
In view of Lemma 1 this means in particular that the expression on the right hand
side of (2.2) gives an equivalent norm of L, (¢, dt/t) for a € (—1,0) or @ € (0, 00).

Proof of Theorem 1. Let v= (I — H)u, i.e.,

(2.3) v(t) = u(t) — —/0 u(s) ds.

1Here the symbol ~ means that the constants of equivalence are independent of u for a fixed
« and p.
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Then, for 0 < typ < t; < oo we find, by integrating by parts,

[ [ 20 [ (3 [o0e)
[t ][ 220

Therefore, by only using the condition that fot u(s)ds exists we have proved that

(2.4) /tt @ds - % /O " (s ds — % /O " u(s) ds.

Now, by putting ¢t; = ¢ in (2.4) and letting ¢y — 0, we obtain that for case a) it
yields that

(2.5) /Ot Ui—s)ds = %/Otu(s) ds.

By substituting this expression into (2.3) we obtain the following expression (for
the inverse of the operator K =1 — H):

(2.6) u(t) = v(t) +/0 vls) ds.

S

Analogously, by putting to = t and letting t; — oo in (2.4) we find that for case b)
it yields that

(2.7) /too UTS) ds = —% /Otu(s) ds.

By substituting (2.7) into (2.3) we get the following formula (for the inverse of the
operator K =1 — H):

(2.8) u(t) = v(t) — /too v(s) ds.

s
Now, the estimate (2.1) follows by using (2.6), (2.8) and the Hardy and Minkowski
inequalities in the following ways: In case a)
t P 1/p
e [ 1 4)
0 S t

</oo Pdt>1/P - (/oo Pdt>1/P+ /oo
0 t ~\Jo t 0
1/
pﬁ p
t b

v(t)

tOL

u(t)

tOL

(o) ()"
<(14= -
_1
t

! v(t)
« ta
_ (1+ é) ( u(t) — 1 Jyuls)ds

r
r
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and in case b)

() (e e) "« ([ e =l )
e P 1/p
(em) ()
(o) ([ et

The proof is complete.

Remark 4. The inequality (2.1) does not hold for 0 < p < 1 with any positive
constant C'. In order to see this we do the following: first we take v(t) = x[1,14 (%),
e > 0. After that we calculate a corresponding u(t) = u.(t), from (2.6) for the case
a >0,

ue(t) = (1 +Int)xp, 144 () +In(1 4+ €)X[14e,00) (),
and from (2.8) for the case @ < 0,
Us(t) = — 111(1 + E)X(O,l)(t) + (1 + Int — 111(1 + E))X[l,l—i—a] (t)

By inserting these functions u(t) = uc(t) into (2.1) and letting e — 0 we see that
the constant C(«) tends to oco.

Remark 5. According to Theorem 1 we see that the operator K = I — H is bounded
and has a bounded inverse for all a such that —1 < a« < 0 or a > 0. On the other
hand, in view of (1.1) and the counterexample to (1.2) for & = 0 we see that for
a = 0 the operator K = I — H is bounded in L,(¢t~%,dt/t) but it does not have
bounded inverse. From an interpolation point of view it can be confusing that we
have an inequality with weights ¢ which hold both for o« > 0 and for a < 0 but
does not hold for o = 0. The explanation of this phenomenon can be understood
from our proof above where we have seen that the inverse operator of K =1 — H
is different for o > 0 and for a < 0 (see (2.6) and (2.8)), i.e,

-1 = t@s «
(Klo)(t) = <t>+/0 s (a>0),

S

(K~M)(t) = v(t) — /too U(S—S)ds (-1<a<0)

and to interpolate we need to have exactly one operator (more about this type of
phenomenon can be found in [7]).

3. A FRACTIONAL HARDY INEQUALITY AND FINAL REMARKS

It is known that if u € C§°(0,00), 1 <p < 00,0 <0 < 1,0 # 1/p, then

0
Sometimes this inequality is called the Grisvard inequality (see [5]) but in fact this
inequality was known even before e.g. in the works of Aronszajn-Smith (Technical
Report from 1961, cf. [1]), Lions-Magenes [10] and Yakovlev [13]. The inequality
(3.1) can be interpreted as a “fractional order Hardy inequality” (where the usual
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Hardy inequality corresponds to the endpoint case § = 1). Some other general-
izations of (3.1) have recently been obtained in [4] and [6]. Here we state another
generalization as a consequence of our Theorem 1.

Theorem 2. Let 1 < p < o0, 8 € R and u be a locally integrable function on
(0,00). Then the equality

(3.2) (/OOO ult) pdt>1 < (/ /OO |u|t_s|gp+1|pdtd8>1/pv

0
where C(0,p) =271/P(1 +1/]0 — 1/p|), holds in each of the following cases:
)1/p<9<1andlimt_>otf0t ds =0,
)O<9<1/pandhmt_,ootf0 s)ds = 0.

Remark 6. The restrictions of the parameter 6 in Theorem 2 are essential. In fact,
a) if either # > 1 or # < 0, then the integral on the right hand side of (3.2)
diverges e.g. for each function u € C§°(0,00) (u # 0);
b)if § =1/p, 1 < p < oo, then, by inserting the functions

t—e
ue(t) = — X[e2) (t) + X2e,172) (1) + 2(1 — t)x[1/2,1) ()

into (3.2) and letting e — 0, we find (after some straightforward calculations) that
the constant C'(6, p) — oo.

Proof of Theorem 2. First let 1 < p < oo and put « = 6 — 1/p. We note that, by

Holder’s inequality,
1 t p 1 t P 1 t
u(t)——/ u(s)ds| = }-/ (ult) — u(s)) ds| < —/ lu(t) — u(s)[? ds.
Therefore, since also § > —1/p so that ap + 2 > 0,
1 1
/°° u(t) = 3 [y uls)ds ”dt /”_ /°° u(t) - "t "
0 0 t
1/p 0o pt 1/p
u(t) [u(t) — u(s)|?
< ([ [ M w7
 utt) —u() N / /oo jut) — u()l N
== 7d dt — = dsdt .
(2/0 / ¢ — slovrz i |9p+1

The proof now follows by using this estimate and Theorem 1. The proof for the
case p = oo consists only of some obvious modifications.

1 fg u(s)ds

tOL

Remark 7. Recall that our inequality (2.1) does not hold for 0 < p < 1 (see Re-
mark 4). Therefore it is a surprising fact that, if u and ¢ satisfy the assumptions in
Theorem 2, then the inequality (3.1) in fact holds also for the case 0 < p < 1; cf. [8,
p. 19]. This fact can be seen by choosing numbers ¢ and A such that Ag = 0p and
1 < g < oo, by applying Theorem 2 with ¢ and X instead of p and 0, respectively,
to the function |u(t)|?/? instead of u(t) and using the elementary inequality

a4 = [u(s)[P/9] < Ju(t) —uls)P/2.

Sometimes the formula (3.1) is written in a little different form in the literature (see
e.g. [1], [10], [13]). In order to also cover such cases we reformulate our Theorem 2
in the following equivalent way.
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Theorem 2'. Let 1 < p < oo, 8 € R and u be a locally integrable function on
(0,00). Then the inequality

(/OOO Pdt>1/p<0(97p) (/(Jw/ow%dtd(g)l/p’

where C(6,p) =271/P(1+1/|0 — 1/p|) holds in each of the following cases:
)1/p<9<1andhmt_,otf0 s)ds =,
b)0<0<1/p andhmt_,ootfo s)ds = .

u(t) —@
0

Now let f denote a measurable function on the totally o-finite measure space
(Q, u). Moreover, let f* denote the nonincreasing rearrangement of f and

I
—g/of(s)ds

In [2] Bennett-DeVore-Sharpley used the functional f** — f* in the definition of the
“weak-L>" space and also proved an interpolation result in this connection (see
also [3]). Moreover, it is proved in [3, Proposition 7.12] that if f € L, 4, 1 < p < 00,
1< g < o0, and f**(00) = limy—oo f**(t) =0, then

= ([T@mr @) s ([Camgro - o)

with the usual (supremum) interpretation for the case ¢ = oo.
By using our Theorem 1 and the estimate (1.1) with & = —1/p and p replaced by
q to the function u = f* we obtain the following somewhat more precise information:

Proposition 1. Let f* and f** be defined as above.
a) If 1 <p<oo,1<qg<oo, then

( /0 T - f*(tmq%)l/q < (1 + %) ( /0 (07 F (1) cit)

b) If0<p<oo,1<qg< o0, and f**(c0) =0, then
00 1/q 00 1/q
([Terrorg) <o ([ wreo-rorg)

Remark 8. Observe that the estimates in Proposition 1 imply the equivalence be-
tween f in the Lorentz L, 4 space and f * — f* in a weighted L,-space. Moreover,

it is well-known that f and fx () fo s)ds — f(t) are equivalent in Lorentz
L,, spaces (see [11]).

Proposition 2. a) If 1 <p < 00, 0 < ¢ < 00, then
||f#Hqu S Cp,q' f||qu'

b) If 1 < p < oo, O<q<ooandhmt_,ootf0 s)ds = 0, then

||f||qu — p7q||f#||qu'

This statement was proved by Milman and Sagher [11] by using interpolation
techniques. Here we give a direct and completely different proof.
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Proof of Proposition 2. a) We note that

1201 < 7 [ 11701 < [ 7 s+ 150

and it follows that
9 (/2
(f4#)" (1) < 7/, [ (s)ds + f*(t/2).
Thus the proof follows by using the Minkowski and Hardy inequalities.
b) Similarly as in the proof of Theorem 1 we find that

10 =520+ [ 1%

We must now consider each of the cases 1 < ¢g<p,1<p<gand0<g<l<p<
00. In each case the proof follows by using the Minkowski and Hardy inequalities.
In the second case we must also use Koéthe duality and in the third case we must
first do the following calculation:

[ 502 = [T 0@ < [0 (e (s

=/O°°<f#>*<s> Las< 1/(f#)()d8+/too(f#)*(s)£

s+t —t s

Remark 9. The estimate (1.1) together with our Theorem 1 obviously has some
interpretations in techniques. For example, if « = —1/2 and p = 2 we obtain that

% (/OOO <u(t) - %/Otu(s)ds>2dt> -
< ([ wo)" < ([ (w1 [ o) )

If for example u = u(t) stands for a signal (or current) at the time ¢ and v(t) :=

-3 fo 5) ds is the “momentaneous noise of the signal”, then (3.3) means that
the energleb of the signals u(t) and v(t) are comparable. For example if u(t) =
X(0,a],@ > 0, is the “unit step function”, then we see that all energy of the signal
u(t) is concentrated on (0,a] and all energy of the signal v(t) on [a,c0), but the
two energies can be compared in this good way.
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ADDED IN PROOF (JUNE 1999)

After the acceptance of this paper we have found surprisingly elementary proofs
of the following important complementary information to the results obtained in
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this paper:
1. (cf. Theorem 2) Let 1 < p < co and 0 < 6 < 1. Then, for every u € AC(0, c0),

JLE S S B < pi(1-0)p .
</0 /0 [t — s[PpTl dt ds C ; |’ ()Pt dt

2. (cf. Remark 9) If uw € Ly = L3(0, 00), then we have in fact equality in (3.3),
ie.,
2 1/2

/OOO <u(t)— %/Otu(s)ds> A (/Ooouz(t)dt>l/2,

and even some more general weighted L? identities are true which can be found in:
N. Kaiblinger, L. Maligranda and L. E. Persson, Norms in weighed L?-spaces and
Hardy operators, Research report 1999.
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