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ABSTRACT. It is proven that the Lowner-Heinz inequality ||A'Bt|| < ||ABY,
valid for all positive invertible operators A, B on the Hilbert space H and
t € [0,1], has equivalent forms related to the Finsler structure of the space
of positive invertible elements of L£(H) or, more generally, of a unital C*-
algebra. In particular, the Lowner-Heinz inequality is equivalent to some type
of “nonpositive curvature” property of that space.

0. INTRODUCTION

The space of positive definite matrices M,,(C)T is a well known Riemannian
manifold with nonpositive curvature. It turns out that, for every unital C*-algebra
A, the space AT of all positive invertible elements of A has a very rich Finsler
(non-Riemannian) structure (see [14], ], [5], [6], [15]). In this paper we show that
the so-called Lowner-Heinz inequality

IA'B'| < AB|' (A, Be L), te0,1])

plays a central role in this geometrical study.

Recall that the inequality is a by-product of Lowner’s characterization of oper-
ator monotone functions [I3] and it has many applications in spectral theory [7].
Recently, Fujii, Furuta and Nakamoto [§] proved that the Lowner-Heinz inequality
is equivalent to a more technical one (see (2.4)) which appeared in [6] as a corollary
of a geometrical property of AT, namely the fact that the distance between two
geodesics (t),d(t) in A" is a convex function of .

We show that all these assertions are, indeed, equivalent. It is known that,
for Riemannian manifolds, the convexity of the function d(~y(t), d(t)) for any pair of
geodesics v, J is equivalent to the nonpositivity of the sectional curvature. Thus, the
Lowner-Heinz inequality appears as the analytic form of this geometrical behaviour
of AT. In this sense, AT offers a beautiful infinite dimensional example of what
Gromov calls a “espace de longueur” [I0] Ch. 1], and the Léwner-Heinz inequality
is the expression of the “nonpositive curvature” of At.
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The paper contains also some results relating the geodesic distance to the work
of Nussbaum [T4], [15] on the part metric or Thompson distance on A", with its
corresponding notion of geodesics.

1. EQUIVALENT INEQUALITIES

Theorem 1. Let A be a unital C*-algebra. Then each of the following properties
holds and is equivalent to each other:

(1.1) [|a'bt| < ||ab||*  for all a,b € AT and t € [0,1];

(1.2) ||log (a=t/2bta=t/2) || < t||log (a=1/2ba=1/2) || for all a,b € At and t € [0,1];
(1.3) For all a1,a2,b1,by € AT and t € [0, 1],

2 —1/2 —1/2 1/2 2 —1/2 —1/2 2\ —
(ar? (a7 *bray %) ay*) V2 (0 (ag P20y P ay?) V2

1/2 1/2 — 1/2,1/2
< [y a0y 0y 2|

Proof. The first one is the Lowner-Heinz inequality. A short proof of it can be
found in [7] or [9]. The second equality has been proven in [5] as a consequence of
(1.1). The third inequality has been proven in [6] and recently it has been shown in
[8] that it is equivalent to (1.1). Thus, it suffices to prove that (1.2) implies (1.3).
For this, take a,b € AT. By a compactness argument, there exists k > 0 such that

a'(kb)**a® > 1 for all t € [0,1] .

Observe that || log ¢|| = max{log ||c||, log ||c™1||} for all ¢ € AT and that || logc| =
log||c|| for ¢ > 1. Then

log [la’ (kb)*a’|| = || log(a’ (kb)*'a)|
< t||log(a(kb)*a)]|
= tlog [|a(kb)al|

where we use inequality (1.2) replacing a,b by a=2,b?, respectively. Thus,

log |la*b*'a|| + log k** < tlog ||lab®a| + t log k*
so that ||ab||? < ||abl|?*, which is (1.1). O

2. THE GEOMETRICAL INTERPRETATION

We give now a geometrical interpretation of the theorem. For this, we present
a short description of the differential geometry of AT (see [, [5], [6], [2] for a
complete treatment). Let .4 be a unital C*-algebra, A* the group of invertible
elements of A, A, the (real) subspace of Hermitian elements of A. A7 is an open
convex subset of Ag so that it will be considered as an open submanifold of A
and the tangent spaces (T'A1), will be identified to A for all a € AT. There is
a natural action of A* over A" given by (g,a) — gag* (g € A*, a € AT). This
is a transitive action: given a,b € AT g = b'/2a=1/2 verifies gag* = b. For every
a € AT, the map 7, : AX — AT 7,(g) = gag* is a principal fibre bundle with a
natural connection.
The covariant derivative of a tangent field X along a curve v in A™ is given by
DX . 1

—:X:
dt 2

. . . .» DA . oo .-
The curve 7 is a geodesic of the connection if I = 0, i.e., if ¥ =y 1y,

(X7 +4771X)
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In turns out that in this case gyg* is also a geodesic for all g € A*. The unique

geodesic 7 such that v(0) = a and 4(0) = X € A, is
'y(t) — e(rﬁ/Q)Xa,’1
_ al/Qem*”Xa*l/zauz
and for every a,b € AT there is a unique geodesic v, such that v,,(0) = a and
Ya,b(1) = b, namely,
')’a,b(t) _ a1/2(a—1/2ba—1/2)ta1/2 ,

corresponding to X = a'/?log(a=/2ba=1/?)a'/2.

Thus, the exponential map exp, : (TA'), — AT is defined by

exp, (X) = e(l/Q)Xaflae(l/Q)ale _ a1/26a*1/2X(f1/2a1/2

and admits a global inverse given by
log, (¢) = a'/?log(a=?ca™/?)al/? .

Even if A" is not a Riemannian manifold, there is a natural Finsler structure
on AT defined as follows: for X € (TAY), = A, define || X[, = [|\"1/2XA"1/2].
If A is represented in a Hilbert space H, || X||, is the norm of the symmmetric
sesquilinear form Bx : H, X Ho — C, Bx(§,n) = (X&,n), where H, is H with the
scalar product (£,n), = (a&,n). If g € A%, then g : Hgqg» — H, is an isometry, so
that

||Bng* = ||BXH and ||9X9*||gag* = ||X||a .

It can be shown that the geodesic 7, 5 is shortest among all curves v : [0,1] — A™
such that v(0) = a and (1) = b, where the length of v is

1
()= [ IOl
Thus, if we define the geodesic or rectifiable distance d by
d(a,b) = inf{ length v : 7 is a smooth curve in A" joining a and b} ,

then d(a,b) = length 7,4. Since [|[gX g*||gag = || X||a for all g € A, a € AT and
X € (TA"),, it follows that d(gag*,gbg*) = length Ygeg« gbg» = length v4p =
d(a,b); thus, AX acts transitively and isometrically on A", and for computations
one can usually transport the situation to a = 1. Observe also that the geodesics
with origin 1 have the form 7 o(t) = a’.

It is easy to verify that d(a,b) = || loga='/2ba='/2| so that, when a commutes
with b, d(a,b) = || logba™?|.

Remark 1. We shall prove later that the geodesic distance on AT coincides with
the so-called Thompson or part metric so that the results of Nussbaum [4] are still
valid.

Remark 2. A relevant property of the geodesic distance on AT is that the metric
space (A", d) is complete. A proof of this statement can be found in [I4], where
Nussbaum uses the Thompson metric. This fact, among many others, justifies the
introduction of this distance. On the other hand, as observed by Vesentini [I8], the
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relevance of d is related to the fact that the Haar measure of the locally compact
group CT = {t € R: ¢ > 0} is determined, up to a constant, by

m(a, B) = |log 8 —loga| =

log ﬁ
@

for any interval (a, ).

The next result shows that the Lowner-Heinz inequality is equivalent to two
geometrical properties which characterize Riemannian manifolds with nonpositive
curvature. We shall make some comments on this after the proof of the theorem.

Theorem 2. If A is a unital C*-algebra, then the following properties hold and
are equivalent:

(2.1) [|la®b|| < [|ab]|* for every a,b € At and t € [0,1];

(2.2) d(a',b") < td(a,b) for every a,b € A" and t € [0,1];

(2.3) for every pair of geodesics of At the real function

t = d(y(t),6(t))

1S conver.

Proof. Observe that (2.2) is the rewriting of inequality (1.2), using the explicit
expression for d. On the other hand, (1.3) is an easy consequence of (2.3) (see [6],
where there is also a proof of (2.3) by a completely different method). Thus, it
suffices to show that (1.3) implies property (2.3). Observe that (2.3) is equivalent
to the inequality

(2.4)

10g(8(6) ™24 (0)8(6) )]l < (1 = )] og(ay *azay /)| + ] log(by **baby )]
for every t € [0, 1], where ~ joins a1 and by and 6 joins as and by. The proof that

(2.4) follows from (1.3) uses the same trick of Theorem 1. After changing v by kv
for a convenient k£ > 0 we may suppose that

5(t) "y ()8t =1
for every t € [0, 1], so that

[og(5(t) "1 /24(1)8(8) /)| = log [|8() /2y (t)a () /2|

< log(llay " azay "oy *baby )

= (1 —t)log|lay *aza; /?| + tlog ||by /*baby /|

= (1 - t)]|log(a; " *azay /)]l + t]| log(by bty )|
which ends the proof. O
Remarks. In Gromov’s lectures [I] one finds two characterizations of Riemannian
manifold with nonpositive curvature. The first one rests on the local diffeomorphism
property of the exponential map: if M is a Riemannian manifold and r € M, the

exponential map exp, : (TM), — M is a local diffeomorphism so that in the
neighborhood of r there is a map defined by

pi(m) = exp,(texp, ' (m))  (t€[0,1]);
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then M has nonpositive curvature if and only if for every t €10, 1] and mq, ma close
tor

d(pe(m1), pt(m2)) < td(mi,mz) .

This expression reduces, in the case when M is the (non-Riemannian!) manifold
AT, to the expression

d(r1/2(r71/2m1r71/2)tr1/2, 7’1/2(7’71/2m27“71/2)t7’1/2) < td(ml, m2)

which is exactly (2.2), with my = a, ma = b, due to the fact that 4> acts isometri-
cally over AT. Returning to Gromov’s lectures [1], one can find there a character-
ization of Riemannian manifolds with nonpositive curvature as those Riemannian
manifolds so that the distance d(v(t),d(t)), for two geodesics 7, J, is a convex func-
tion of . Thus, Theorem 2 shows that the Lowner-Heinz inequality means exactly
that AT has this type of “negatively curved space” behaviour. Recall that this is
not the first time that a classical inequality appears as describing a geometrical
behaviour of A™: in [3] it has been shown that Segal’s inequality

[ ) < [leX/2eY 72

valid for Hermitian operators X,Y [I6] is equivalent to the property that exp,
increases distances:

d(expa X7 eXpa Y) Z HX - Y”a

forall X,Y € (TA"),; in Riemannian geometry this happens, again, in nonpositive
curvature manifolds. The reader may find a deduction of Segal’s inequality from
Léwner-Heinz’s in [2]; see also [6].

The part metric (or Thompson metric [L7]) of At can be defined as
dp(a,b) = max{loginf{a > 0:a < ab},loginf{ > 0:b < fa}} .
Nussbaum [I4] proves that
dy(a,b) = max{log la='/2ba="/2||,log ||b~/2ab=1/?||} .

Let us show that d, coincides with the distance d obtained by differential geo-
metric methods.

Proposition. For every a,b € A"
dy(a,b) = || loga™'/2ba= /2| .
Proof. Recall that || logc|| = max{log||c||,log|lc~!||} for all ¢ € AT. Then
d(a,b) = ||loga™"?ba=1/?||

= max{log [|a™"/2ba™"/?|log [|a'/*b~ " a'/?||}

and it suffices to show that ||a'/2b~'a'/?|| = ||b='/2ab="/?||. But this is obvious,
taking z = a'/?b=/? and using that ||z*z| = ||zz*|| = ||z O
Remarks. 1) Nussbaum [I4] proved that v.(t) = a'/?(a='/2ba=/?)ta'/? curve

which is shortest, for the part metric, among all curves joining a and b. On the
other side, Corach, Porta and Recht [4, [5], 3] proved that v, is a geodesic (in the
sense of the differential geometry) and is a shortest curve joining a and b. The
result above justifies the coincidence between both approaches. Thus, the convex-
ity results obtained in the theorem above are valid also in Nussbaum’s context. It
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should be noticed that Nussbaum [I5] gets by a general method a whole family of
shortest curves joining two fixed a,b € AT. The geodesic v, appears, thus, as a
distinguished member of the family.

2) Liverani and Wojtkowski [I2] got, by a different method, a similar expression
for the distance d. There is also a previous paper by Vesentini [I8] where the
distance on A" can be obtained as a Carathéodory type metric.

3) Given a metric space X and a map ¢ : X — X consider the dilation index of

@:

. - d(p(x1), p(x2))
WO e

which in analysis is usually called the best Lipschitz constant of ¢. Gromov [10]
uses, as a useful tool for the study of his “espaces de longueur”, the notion short
and strictly short maps. The map ¢ is short if dil (v) < 1 and is strictly short if
dil (¢) < 1 (classically called contractions).

Inequality (2.2) shows that the map ¢; : a — a (for t € [0,1]) verifies dil (¢;) <
t. Indeed, it can easily be shown that dil (¢;) = ¢t. Thus, ¢; is strictly short for
0 <t < 1. More generally, using the isometric action of A* over AT, it follows
that, for fixed a, the map b+ ~,(t) has dilation index ¢.

REFERENCES

[1] W. Ballmann, M. Gromov, V. Schroeder, “Manifolds of non positive curvature”, Birkhauser,
Boston-Basel-Stutgart, 1985. MR, 87h:53050
[2] G. Corach, “Operator inequalities, geodesics and interpolation”, Functional Analysis and Op-
erator Theory, Banach Center Publications, Vol. 30, Polish Academy of Sciences, Warszawa,
1994, pp. 101-115. [MR_95d:58009
[3] G. Corach, H. Porta, L. Recht, “A geometric interpretation of Segal’s inequality |eXTY| <
leX/2eY eX/2| Proc. Amer. Math. Soc. 115 (1992), 229-231. MR _92h:46105
[4] G. Corach, H. Porta, L. Recht, “The geometry of the space of selfadjoint invertible elements
in a C*-algebras”, Integral Equations Operator Theory 16 (1993), 333-359. [IMR. 94d:58010
[5] G. Corach, H. Porta, L. Recht, “Geodesics and operator means in the space of positive
operators”, Internat. J. Math. 4 (1993), 193-202. MR, 94c:46114
[6] G. Corach, H. Porta, L. Recht, “Convexity of the geodesic distance on spaces of positive
operators”, Illinois J. Math. 38 (1994), 87-94. IMR._94i:58010
[7] H.O. Cordes, “Spectral theory of linear differential operators and comparison algebras”,
London Mathematical Society Lecture Notes Series 76, Cambridge University Press, 1987.
MR 88g:35144
[8] M. Fujii, T. Furuta, R. Nakamoto, “Norm inequalities in the Corach-Porta-Recht theory and
operator means”, Illinois J. Math. 40 (1996), 527-534. MR 97i:47026
[9] T. Furuta, “Norm inequalities equivalent to Lowner-Heinz theorem”, Rev. Math. Phys. 1
(1989), 135-137. MR, 91b:47028
[10] M. Gromov, “Structures métriques pour les variétés riemanniennes”, CEDIC/Fernand
Nathan, Paris, 1981. IMR 85e:53051
[11] E. Heinz, “Beitrage zur Storungstheorie der Spektralzerlegung”, Math. Ann. 123 (1951),
415-438. MR 13:471f
[12] C. Liverani, M.P. Wojtkowski, “Generalization of the Hilbert metric to the space of positive
definite matrices”, Pacific J. Math. 166 (1994), 339-355. MR 95m:53099
[13] K. Lowner, “Uber monotone Matrix funktionen”, Math. Z. 38 (1934), 177-216.
[14] R. Nussbaum, “Hilbert’s projective metric and iterated nonlinear maps”, Mem. Amer. Math.
Soc. 391 (1988). MR 89m:47046
[15] R. Nussbaum, “Finsler structures for the part metric and Hilbert’s projective metric and
applications to ordinary differential equations”, Diff. Integral Equations 7 (1994), 1649-1707.
MR 95b:58010


http://www.ams.org/mathscinet-getitem?mr=87h:53050
http://www.ams.org/mathscinet-getitem?mr=95d:58009
http://www.ams.org/mathscinet-getitem?mr=92h:46105
http://www.ams.org/mathscinet-getitem?mr=94d:58010
http://www.ams.org/mathscinet-getitem?mr=94c:46114
http://www.ams.org/mathscinet-getitem?mr=94i:58010
http://www.ams.org/mathscinet-getitem?mr=88g:35144
http://www.ams.org/mathscinet-getitem?mr=97i:47026
http://www.ams.org/mathscinet-getitem?mr=91b:47028
http://www.ams.org/mathscinet-getitem?mr=85e:53051
http://www.ams.org/mathscinet-getitem?mr=13:471f
http://www.ams.org/mathscinet-getitem?mr=95m:53099
http://www.ams.org/mathscinet-getitem?mr=89m:47046
http://www.ams.org/mathscinet-getitem?mr=95b:58010

GEOMETRICAL SIGNIFICANCE OF LOWNER-HEINZ INEQUALITY 1037

[16] I. Segal, “Notes toward the construction of non linear relativistic quantum fields II1”, Bull.
Amer. Math. Soc. 75 (1969), 1390-1395. MR 40:5217

[17] A.C. Thompson, “On certain contraction mappings in a partially ordered vector space”, Proc.
Amer. Math. Soc. 14 (1963), 438-443. IMR 26:6727

[18] E. Vesentini, “Invariant metrics on convex cones”, Ann. Sc. Norm. Sup. Pisa (Ser. 4) 3 (1976),
671-696. IMR, 55:6206

INSTITUTO DE CIENCIAS, UNIVERSIDAD NACIONAL DE GENERAL SARMIENTO, ROCA 850, 1663-
SAN MIGUEL, ARGENTINA
E-mail address: eandruch@mate.dm.uba.ar

DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS EXACTAS, CIUDAD UNIVERSITARIA,
1428-BUENOS AIRES, ARGENTINA
E-mail address: gcorach@mate.dm.uba.ar

INSTITUTO ARGENTINO DE MATEMATICA, SAAVEDRA 15, 1083-BUENOS AIRES, ARGENTINA
E-mail address: demetrio@mate.dm.uba.ar


http://www.ams.org/mathscinet-getitem?mr=40:5217
http://www.ams.org/mathscinet-getitem?mr=26:6727
http://www.ams.org/mathscinet-getitem?mr=55:6206

	0. Introduction
	1. Equivalent inequalities
	2. The geometrical interpretation
	References

