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ON A POLYNOMIAL INEQUALITY OF E. J. REMEZ

D. DRYANOV AND Q. I. RAHMAN

(Communicated by Frederick W. Gehring)

Abstract. We prove a result which extends a well-known polynomial inequal-
ity of E. J. Remez and another one due to W. A. Markov.

1. Introduction

Let Pn denote the class of all polynomials of degree at most n with real or
complex coefficients. Polynomials in Pn whose coefficients are all real will form
the sub-class Pn,R. As usual we shall denote by Tn the nth Chebyshev polynomial
of the first kind, which is given by cosn arccosx for −1 ≤ x ≤ 1. In particular,
|Tn(x)| ≤ 1 for −1 ≤ x ≤ 1 and Tn (cos((n− j)π/n)) = (−1)n−j for j = 0, 1, . . . , n.
All its zeros are real and lie in the open interval (−1, 1). It was observed by P.L.
Chebyshev (see [7] or [9]) that if f ∈ Pn and |f(x)| ≤ 1 for −1 ≤ x ≤ 1, then

|f(x)| ≤ |Tn(x)| for all x ∈ R \ [−1, 1] .(1)

Subsequently, it was shown by W.A. Markov [5] that under the same condition on
f , we have∣∣∣f (k)(x)

∣∣∣ ≤ ∣∣∣T (k)
n (x)

∣∣∣ for all x ∈ R \ [−1, 1] and 1 ≤ k ≤ n .(2)

Now we must introduce a couple of additional notations. We shall write µ (S)
for the measure of a Lebesgue measurable subset S of R. For any polynomial f
and any subinterval I of R we denote the set {x ∈ I : |f(x)| ≤ 1} by E (f ; I) .

The following generalization of Chebyshev’s inequality (1) is due to E.J. Remez
(see [1], [2], [3, Lemma 7.3], [8]). The proof in [1] is the simplest.

Theorem A. For all g ∈ Pn, the following inequality holds:

max
−1≤x≤1

|g(x)| ≤ Tn
(

4
µ (E (g ; [−1, 1]))

− 1
)
.(3)

An equivalent formulation of this result stated below as Theorem A′ shows clearly
why it contains (1).
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For each R ≥ 1, let

πn(R) := {f ∈ Pn : µ (E (f ; [−1, R])) ≥ 2} ,

πn,R(R) := {f ∈ Pn,R : µ (E (f ; [−1, R])) ≥ 2} .

If f ∈ πn(R) for some R ≥ 1 and g(x) := f((R+ 1)x/2 + (R− 1)/2), then

µ (E (g; [−1, 1])) =
2

R+ 1
µ (E (f ; [−1, R])) ≥ 4

R+ 1
.

Hence Theorem A implies that if f ∈ πn(R), then

max
−1≤x≤R

|f(x)| = max
−1≤x≤1

|g(x)| ≤ Tn(R) .(4)

Conversely, let (4) hold for all f ∈ πn(R). If g is any polynomial of degree at most
n and f(x) := g ((2x−R+ 1)/(R+ 1)), then

µ (E (f ; [−1, R])) =
R+ 1

2
µ (E (g ; [−1, 1])) ≥ 2

if R ≥ 4/µ (E (g ; [−1, 1]))− 1 . Hence, f ∈ πn(R) for all such values of R and

max
−1≤x≤1

|g(x)| = max
−1≤x≤R

|f(x)| ≤ Tn(R) ,

that is, (3) holds. Thus, Theorem A may be reformulated as follows.

Theorem A′. If f ∈ πn(R) for some R ≥ 1, then

max
−1≤x≤R

|f(x)| ≤ Tn(R) .(5)

It was noted by B.D. Bojanov that if m(t) := sup {|f(t)| : f ∈ πn(R)}, then

m(t) ≤ m(R)

for all t ∈ (−1, R). His argument goes roughly as follows.
Take an arbitrary t ∈ (−1, R) and any f ∈ πn(R). If

q1(t) :=
µ (E (f ; [−1, t]))

1 + t
and q2(t) :=

µ (E (f ; [t, R]))
R− t ,

then

max {q1(t), q2(t)} ≥ 2
1 +R

,

since otherwise, we would have

µ (E (f ; [−1, R])) = µ (E (f ; [−1, t])) + µ (E (f ; [t, R])) < 2 .

Now consider the linear transformations

α1(x) :=
(1 + t)x−R+ t

1 +R
and α2(x) :=

(t−R)x+R2 + t

1 +R
.

It is to be noted that as x increases from −1 to R, the number α1(x) increases
from −1 to t whereas α2(x) decreases from R to t. Under the first transformation
every subinterval of [−1, R] shrinks by the factor (1 + t)/(1 +R); under the second,
they all shrink by the factor (R − t)/(1 + R). This means that if I is an interval
contained either in [−1 , t] or in [t , R], then µ ({x ∈ [−1 , R] : α1(x) ∈ I}) is equal
to ((1 +R)/(1 + t))µ(I) in the first case and µ ({x ∈ [−1 , R] : α2(x) ∈ I}) is equal
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to ((1 +R)/(R− t))µ(I) in the second. Hence, choosing κ ∈ {1, 2} such that
qκ(t) ≥ 2/(1 +R) we obtain

µ (E (f (ακ(·)) ; [−1, R])) ≥ 2 .

In other words, f (ακ(·)) ∈ πn(R). Since t = ακ(R), we conclude that

|f(t)| = |f (ακ(R)) | ≤ m(R) .

In view of this fact, Theorem A′ may be stated as follows.

Theorem A′′. Let R ≥ 1. If f ∈ πn(R), then for all x ≥ R,

|f(x)| ≤ Tn(x) .(6)

We prove

Theorem 1. Let R ≥ 1. If f ∈ πn,R(R), then for all z ∈ HR := {z ∈ C : Re(z) ≥
R} we have ∣∣∣f (k)(z)

∣∣∣ ≤ ∣∣∣T (k)
n (z)

∣∣∣ (k = 0, 1, . . . , n) .(7)

If k belongs to {1, . . . , n}, then equality holds in (7) for any z ∈ HR if and only if
f(z) = ±Tn(z) . The same can be said when k = 0 if z ∈ HR \ {1} .

Theorem 1 is not only an extension of Theorem A′′ but also of (2).
Note that if f is of degree n, then E(f ; (−∞,∞)) consists of at most n dis-

joint closed though possibly degenerate intervals. To see this consider the polyno-
mial F (z) := f(z) f(z̄) . It is non-negative on the real axis and E(F ; (−∞,∞)) =
E(f ; (−∞,∞)). Suppose that E(f ; (−∞,∞)) consists of N disjoint closed inter-
vals [a1, b1], . . . , [aN , bN ],where N ≥ n + 1. It is geometrically evident that the
derivative F ′ must vanish at least once in each of the N − 1 open intervals
(b1, a2), . . . , (bN−1, aN ) and also in each of the intervals [a1, b1], . . . , [aN , bN ] , even
in the degenerate ones. Thus F ′ has at least 2N − 1 (≥ 2n+ 1) zeros, which is a
contradiction since F ′ is of degree 2n − 1. It follows that E (f ; [−1, ξ]) consists of
at most n disjoint, closed, possibly degenerate intervals for all ξ ≥ −1.

Now let xj := cos((n − j)π/n) for j = 0, 1, . . . , n and let f be an arbitrary
polynomial in πn(R), where R ≥ 1. For j = 0, 1, . . . , n let ξj be the infimum of all
ξ such that µ (E (f ; [−1, ξ])) = 1 + xj . The numbers ξ0, ξ1, . . . , ξn are well defined
and form an increasing sequence such that ξj+1−ξj ≥ xj+1−xj for j = 0, . . . , n−1;
in particular, ξj ≥ xj for j = 0, 1, . . . , n. So, Theorem 1 is contained in the following
result. This is what we shall really prove.

Theorem 1∗. Let

xj := cos
n− j
n

π for j = 0, 1, . . . , n .

Further, let ξ0, ξ1, . . . , ξn be another sequence of n + 1 numbers in [−1,∞) such
that

ξj+1 − ξj ≥ xj+1 − xj (j = 0, 1, . . . , n− 1),(8)

and HR as in Theorem 1. If f is a real polynomial of degree at most n such that

|f(ξj)| ≤ 1 (j = 0, 1, . . . , n ),(9)

then for all z ∈ HR with R ≥ ξn we have∣∣∣f (k)(z)
∣∣∣ ≤ ∣∣∣T (k)

n (z)
∣∣∣ (k = 0, 1, . . . , n ),(10)
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where f (0)(z) ≡ f(z) . If k belongs to {1, . . . , n}, then equality holds in (10) for
any z ∈ HR if and only if ξj = xj for all j and f(z) = ±Tn(z) . The same can be
said when k = 0 if z ∈ HR \ {1} .

Remark 1. Let f be any polynomial (real or not) of degree at most n satisfying
(9). For any x0 ≥ ξn and any k ∈ {0, 1, . . . , n}, let f (k)(x0) =

∣∣f (k)(x0)
∣∣ eiγ . Then

g(x) := Re
(
e−iγf(x)

)
is a real polynomial of degree at most n satisfying (9) and

so ∣∣∣f (k)(x0)
∣∣∣ = Re

(
e−iγf (k)(x0)

)
=
∣∣∣g(k)(x0)

∣∣∣ ≤ T (k)
n (x0)

by (10). In other words, (10) holds for any polynomial f of degree at most n
satisfying (9) if z ∈ HR ∩ R .

2. Preparatory lemmas

The following auxiliary result is a simple principle of mechanics expressed in
terms of complex numbers rather than vectors.

Lemma 1. Let ϕ1, . . . , ϕn and ψ1, . . . , ψn be non-negative numbers with ϕk ≤ ψk
for k = 1, . . . , n and

∑n
k=1 ψk < π/2. Besides, let ρ0, . . . , ρn and R0, . . . , Rn be

two other sets of positive numbers such that ρk ≤ Rk for k = 0, 1, . . . , n. Then∣∣∣∣∣∣ρ0 +
n∑
k=1

ρk exp
(
−i

k∑
j=1

ψj
)∣∣∣∣∣∣ ≤

∣∣∣∣∣∣R0 +
n∑
k=1

Rk exp
(
−i

k∑
j=1

ϕj
)∣∣∣∣∣∣ ,(11)

where equality holds only if ρk = Rk for 0 ≤ k ≤ n and ψk = ϕk for 1 ≤ k ≤ n .

Proof. Clearly, |ρ0 +
∑n

k=1 ρk exp (−i
∑k
j=1 ψj)|2 is equal to

n∑
k=0

ρ2
k + 2ρ0

n∑
l=1

ρl cos (
l∑

j=1

ψj) +
n−1∑
k=1

2ρk cos (
k∑
j=1

ψj)
( n∑
l=k+1

ρl cos (
l∑

j=1

ψj)
)

+
n−1∑
k=1

2ρk sin (
k∑
j=1

ψj)
( n∑
l=k+1

ρl sin (
l∑

j=1

ψj)
)
,

which is in turn equal to

n∑
k=0

ρ2
k + 2ρ0

n∑
l=1

ρl cos
( l∑
j=1

ψj
)

+
n−1∑
k=1

2ρk
n∑

l=k+1

ρl

×

cos (
l∑

j=1

ψj) cos (
k∑
j=1

ψj) + sin (
l∑

j=1

ψj) sin (
k∑
j=1

ψj)

 .

Thus, |ρ0 +
∑n
k=1 ρk exp (−i

∑k
j=1 ψj)|2 can be written in the form

n∑
k=0

ρ2
k +

n−1∑
k=0

2ρk
n∑

l=k+1

ρl cos (
l∑

j=k+1

ψj) ,

which, obviously, increases as any of the numbers ρ0, ρ1, . . . , ρn increases or as
any of the numbers ψ1, . . . , ψn decreases. Hence (11) holds, wherein equality holds
only if ρk = Rk for 0 ≤ k ≤ n and ψk = ϕk for 1 ≤ k ≤ n .
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Lemma 2. Let xj , ξj be as in Theorem 1∗ and z = x+ iy where x ≥ ξn , y ≥ 0 .
Denote by Aj, Bj and P the points of the complex plane which correspond to
xj , ξj and z , respectively. If ϕj , ψj stand for the angles ̂Aj−1PAj , ̂Bj−1PBj ,
respectively, then

ψj ≥ ϕj for j = 1, . . . , n ,(12)

where, in the case y > 0, equality holds for some j if and only if ξj = xj for all j .

Proof. There is nothing to prove when y = 0 since in that case ψj and ϕj are all
zero. So we assume y > 0 . For j = 1, . . . , n let δj , ∆j denote the areas of the
triangles Aj−1PAj ,Bj−1PBj , respectively; then

δj =
1
2

(xj − xj−1) y, ∆j =
1
2

(ξj − ξj−1) y .

By assumption, ξj − ξj−1 ≥ xj − xj−1 and so

∆j ≥ δj for 1 ≤ j ≤ n .(13)

Using another well-known formula for the area of a triangle we write

δj =
1
2
|z − xj ||z − xj−1| sinϕj , ∆j =

1
2
|z − ξj ||z − ξj−1| sinψj ,

from which, for j = 1, . . . , n, we obtain

sinϕj =
2δj

|z − xj ||z − xj−1|
, sinψj =

2∆j

|z − ξj ||z − ξj−1|
.(14)

It is geometrically evident that |z − ξj | ≤ |z − xj | for j = 0, 1, . . . , n . Hence, (14)
combined with (13) implies that

sinϕj ≤ sinψj ( 1 ≤ j ≤ n ) .

This is equivalent to the desired result since 0 < ϕj , ψj < π/2 .

Lemma 3. Let xj , z and ϕj be as in Lemma 2. If

G(z) :=
n∏
j=0

(z − xj) , Gk(z) :=
G(z)
z − xk

for k = 0, 1, . . . , n ,

then with ϕ0 = 0, we have

|Tn(z)| =

∣∣∣∣∣∣
n∑
k=0

1
|G′(xk)| |Gk(z)| exp

(
−i

k∑
j=0

ϕj
)∣∣∣∣∣∣ .(15)

Proof. Note that

G′(xk) =
n∏

j=0, j 6=k
(xk − xj) = (−1)n−k

n∏
j=0, j 6=k

|xk − xj | = (−1)n−k|G′(xk)|

and

Tn(xk) = (−1)n−k .

Hence, by Lagrange interpolation in the points x0, x1, . . . , xn we obtain

|Tn(z)| =
∣∣∣∣∣
n∑
k=0

Tn(xk)
1

G′(xk)
Gk(z)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=0

1
|G′(xk)|Gk(z)

∣∣∣∣∣ .(16)



1068 D. DRYANOV AND Q. I. RAHMAN

If α := Arg G0(z) and k ∈ {0, 1, . . . , n}, then

Gk(z) = G0(z)
z − x0

z − xk
(17)

= eiα|G0(z)|
∣∣∣∣z − x0

z − xk

∣∣∣∣ exp
−i k∑

j=0

ϕj


= eiα|Gk(z)| exp

−i k∑
j=0

ϕj

 .

Substituting this expression for Gk(z) in (16) we obtain (15).

Remark 2. Let ξj , z and ψj be as in Lemma 2. Further, let

H(z) :=
n∏
j=0

(z − ξj) , Hk(z) :=
H(z)
z − ξk

for k = 0, 1, . . . , n .

Arguing as for (17) we can show that if β := Arg H0(z), then with ψ0 = 0, we have

Hk(z) = eiβ |Hk(z)| exp

−i k∑
j=0

ψj

 for k = 0, 1, . . . , n .(18)

Lemma 4. For k = 0, 1, . . . , n let wk = uk + ivk, where uk > 0, vk ≤ 0 . If
−1 ≤ tk ≤ 1 for k = 0, 1, . . . , n, then

|
n∑
k=0

tkwk| ≤ |
n∑
k=0

wk| ,(19)

where equality holds if and only if the numbers tk are all of the same sign and of
modulus 1.

Proof. Since the numbers uk are all of the same sign and so are the numbers vk,
we clearly have

|
n∑
k=0

tkwk|2 =

(
n∑
k=0

tkuk

)2

+

(
n∑
k=0

tkvk

)2

≤
(

n∑
k=0

uk

)2

+

(
n∑
k=0

vk

)2

=

∣∣∣∣∣
n∑
k=0

uk + i
n∑
k=0

vk

∣∣∣∣∣
2

=

∣∣∣∣∣
n∑
k=0

wk

∣∣∣∣∣
2

.
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3. Proof of Theorem 1∗

First let k = 0. For reasons of symmetry it is enough to prove that

|f(z)| ≤ |Tn(z)| for z = x+ iy, x ≥ ξn, y ≥ 0 .(20)

By Lagrange interpolation in the points ξ0, ξ1, . . . , ξn we have

f(z) =
n∑
k=0

f(ξk)
1

H ′(ξk)
Hk(z) .

Noting that

H ′(ξk) =
n∏

j=0, j 6=k
(ξk − ξj) = (−1)n−k

n∏
j=0, j 6=k

|ξk − ξj | = (−1)n−k |H ′(ξk)|

and taking (18) into account we obtain

|f(z)| =

∣∣∣∣∣∣eiβ
n∑
k=0

(−1)n−kf(ξk)
|Hk(z)|
|H ′(ξk)|exp

(
−i

k∑
j=0

ψj
)∣∣∣∣∣∣ .

So by Lemma 4,

|f(z)| ≤

∣∣∣∣∣∣
n∑
k=0

|Hk(z)|
|H ′(ξk)|exp

(
−i

k∑
j=0

ψj
)∣∣∣∣∣∣ .

From (8) it follows that |ξk − ξj | ≥ |xk − xj | and so

|H ′(ξk)| =
n∏

j=0, j 6=k
|ξk − ξj | ≥

n∏
j=0, j 6=k

|xk − xj | = |G′(xk)| .

Besides, it is geometrically evident that |Hk(z)| ≤ |Gk(z)| . Since ψj ≥ ϕj by
Lemma 2, we may apply Lemma 1 to conclude that for z = x+iy with x ≥ ξn, y > 0
we have

|f(z)| ≤

∣∣∣∣∣∣
n∑
k=0

|Gk(z)|
|G′(xk)|exp

(
−i

k∑
j=0

ϕj
)∣∣∣∣∣∣ = |Tn(z)|

by Lemma 3. Since, in (11) equality holds if and only if ρk = Rk, ψk = ϕk for
k = 0, . . . , n , it is easily seen from the above proof that |f(z)| < |Tn(z)| for all
z ∈ HR with R ≥ ξn unless f(z) ≡ ±Tn(z) .

Now let 1 ≤ k ≤ n . Assume that ξj 6= xj for some j. Then ξn 6= xn and
f(z) is not identically equal to ±Tn(z). Consequently, |f(z)| < |λTn(z)| for all
z ∈ HR and all λ ∈ C such that |λ| ≥ 1. This means that the polynomial p(z) :=
f(z) − λTn(z) 6= 0 in HR. Hence, there exists a positive number δ such that all
the zeros of p lie in the half-plane Re(z) ≤ ξn − δ. By the Gauss-Lucas theorem
[4, p. 84] all the zeros of p(k), if any, also lie in the same half-plane. It follows that
f (k)(z)− λT (k)

n (z) 6= 0 in HR for all λ ∈ C such that |λ| ≥ 1. This is possible only
if |f (k)(z)| <

∣∣∣T (k)
n (z)

∣∣∣ for all z ∈ HR. Indeed, if we had |f (k)(z0)| ≥
∣∣∣T (k)
n (z0)

∣∣∣
for some z0 ∈ HR, then with λ0 = f (k)(z0)/T (k)

n (z0), which is of modulus ≥ 1, we
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would have

f (k)(z0)− λ0 T
(k)
n (z0) = 0

contradicting the fact that f (k)(z)− λT (k)
n (z) 6= 0 in HR if |λ| ≥ 1 .

Remark 3. Let xj , ξj and HR be as above. The argument used to prove Theorem
1∗ shows that if f is any polynomial of degree at most n, with real or complex
coefficients, such that |f(ξj)| ≤ 1 for j = 0, 1, . . . , n and z0 ∈ HR, then

|f(z0)| ≤ |Tn,z0(z0)| ,
where Tn,z0 is the unique polynomial of degree n satisfying the interpolation con-
dition

Tn,z0(xj) = (−1)n−j exp (i arg(z0 − xj)) (j = 0, 1, . . . , n) .

Note that the extremal polynomial Tn,z0(z) may change with z0. But clearly,
Tn,z0(z) ≡ Tn(z) , when z0 ∈ HR ∩ R .
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