
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 128, Number 4, Pages 1105–1108
S 0002-9939(99)05093-5
Article electronically published on August 5, 1999

SIGNED QUASI-MEASURES AND DIMENSION THEORY

D. J. GRUBB

(Communicated by Dale Alspach)

Abstract. A quasi-linear functional on C(X) is a real-valued function that
is linear on each closed, singly generated subalgebra and is norm bounded.
We show that if the covering dimension dimX ≤ 1, then every quasi-linear
functional on C(X) is, in fact, linear. We do this by considering an associated
set function, called a quasi-measure, and ask when such a set function can be
extended to be a measure.

Let X be a compact, Hausdorff space and C(X) be the collection of all real-
valued continuous functions on X . Let A(X) denote the collection of subsets of X
that are either open or closed. Also, for f ∈ C(X), let A(f) = {ϕ◦f : ϕ continuous
on f(X)} be the closed subalgebra of C(X) generated by f . A map ρ : C(X)→ R
is called a quasi-linear functional if

a) ρ is linear on each A(f);
b) there is an M <∞ such that |ρ(f)| ≤M · ||f ||∞, for all f ∈ C(X).
In [3], it was shown that, to every quasi-linear functional on C(X), there is a

real-valued set function µ : A(X)→ R with the following properties:
1. µ(∅) = 0.
2. If A,B ∈ A(X) are disjoint and A∪B ∈ A(X), then µ(A∪B) = µ(A)+µ(B).
3. There is a constant M <∞ such that whenever {Aα} is a disjoint collection

of sets in A(X), then
∑
|µ(Aα)| ≤M .

4. If U is open and ε > 0, there is a closed set K ⊆ U such that whenever V is
open and V ⊆ U \K, then |µ(V )| < ε.

Such a set function is called a signed quasi-measure. For a signed quasi-measure,
µ, the corresponding quasi-linear functional is constructed as follows. For each
f ∈ C(X), there is a signed measure µf on R such that µf (U) = µ(f−1U). Then
ρ(f) is the integral of i(x) = x with respect to µf . See [3] for details about this
correspondence and basic facts about signed quasi-measures.

The fact that a quasi-measure can exist that does not extend to a measure
is not obvious. The first construction of such a quasi-measure is in [1] for the
space X = [0, 1]2. However, for the case of positive quasi-measures, it was shown
by Wheeler [8] and Shakmatov [7] that every quasi-measure is a measure if the
covering dimension dimX ≤ 1. See also [4]. It is the goal of this paper to prove the
analogous result for signed quasi-measures. This is not automatic from the result of
Wheeler and Shakmatov since it is not known whether every signed quasi-measure
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is a difference of two positive quasi-measures. The techniques of this paper shed no
light on this question.

Our main result will be proved with the help of an extension theorem that is of
interest in its own right.

Theorem 1. Let µ be a signed quasi-measure on X and assume that whenever
U, V ⊆ X are open we have µ(U) + µ(V ) = µ(U ∪ V ) + µ(U ∩ V ). Then µ extends
to a regular Borel signed measure on X.

Proof. Suppose µ satisfies the given condition. We first extend µ to sets of the
form U1\U2 where U1 and U2 are open via the definition µ(U1\U2) = µ(U1) −
µ(U1∩U2) = µ(U1∪U2)−µ(U2). We first show this is well defined. This is actually
a special case of Theorem 3.5.1(iii) of [6], however we include the proof for the
sake of completeness. If U1\U2 = V1\V2, then U1 ∪ U2 ∪ V2 = V1 ∪ V2 ∪ U2 and
(U1 ∪ U2) ∩ V2 = (V1 ∪ V2) ∩ U2 so

µ(U1 ∪ U2) + µ(V2) = µ(U1 ∪ U2 ∪ V2) + µ((U1 ∪ U2) ∩ V2)
= µ(V1 ∪ V2 ∪ U2) + µ((V1 ∪ V2) ∩ U2)
= µ(V1 ∪ V2) + µ(U2).

Thus µ(U1 ∪ U2)− µ(U2) = µ(V1 ∪ V2)− µ(V2), as desired.
It is now a routine exercise to show that if A = U\V with U and V open, then

µ(A) = lim
K⊆A

µ(K) where K ranges over closed subsets of A. This simply uses the

regularity assumed for µ.
Now we notice that, in general,

µ((U\V ) ∩W ) + µ((U\V )\W )

= µ(U ∩W )− µ(U ∩ V ∩W ) + µ(U)− µ(U ∩ (V ∪W ))

= µ(U ∩W ) + µ(U)− µ((U ∩ V ) ∩ (U ∩W ))− µ((U ∩ V ) ∪ (U ∩W ))

= µ(U ∩W ) + µ(U)− µ(U ∩ V )− µ(U ∩W )

= µ(U\V ).

We recall the definition of the total variation of a quasi-measure as introduced
in [3]. If A is a set which is either open or closed,

|µ|(A) = sup{
n∑
1

|µ(Ki)| :
n⊔
1

Ki ⊆ A, Ki closed }.

Here we use the notation
⊔n

1 Ki to denote a disjoint union. By regularity of µ,
we have, under the conditions of the theorem,

|µ|(A) = sup{
n∑
1

|µ(Ui\Vi)| :
n⊔
1

(Ui\Vi) ⊆ A, Ui, Vi open }.

It is clear that
a) |µ|(∅) = 0.
b) U ⊆ V open implies |µ|(U) ≤ |µ|(V ).
c) If U is open and ε > 0, there is a closed set K ⊆ U with |µ|(U\K) < ε.

We also show
d) If K is closed and K ⊆ U open, then

|µ|(U) = |µ|(K) + |µ|(U\K).
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In fact, if
n⊔
1

Ki ⊆ U are closed, then

∑
|µ(Ki)| ≤

∑
|µ(Ki \ (X \K))|+

∑
|µ(Ki ∩ (X \K))|

≤ |µ|(K) + |µ|(U\K).

Also,
e) U, V open implies |µ|(U ∪ V ) ≤ |µ|(U) + |µ|(V ).

In fact, if
n⊔
1

(Ui\Vi) ⊆ U ∪ V, then

∑
|µ(Ui\Vi)| ≤

∑
|µ((Ui\Vi) ∩ U)|+

∑
|µ((Ui\Vi)\U)

≤ |µ|(U) + |µ|(V ).

Thus |µ| is a positive quasi-measure which is subadditive on open sets. By a
theorem of Wheeler [8], |µ| extends to a regular Borel measure on X . If we now
set ν = |µ| − µ, then ν is a positive quasi-measure which satisfies the modularity
property on open sets. Thus ν is also subadditive and hence extends to a regular
Borel measure on X . Since µ = |µ| − ν, µ also extends to a regular Borel signed
measure.

It should be noted at this point that, for a general quasi-measure, |µ| need not
be a quasi-measure. See [3] for an example.

Next we give a condition guaranteeing the modularity assumption of the theorem.

Lemma 2. Let µ be a signed quasi-measure and U, V ⊆ X open sets with ∂U ∩
∂V = ∅. Then

µ(U ∪ V ) + µ(U ∩ V ) = µ(U) + µ(V ).

Proof. In fact U = (U ∩ V )∪ (U\V̄ )∪ (U ∩ ∂V ). Since U ∩ ∂V = Ū ∩ ∂V is closed,
and this is a disjoint union,

µ(U) = µ(U ∩ V ) + µ(U\V̄ ) + µ(U ∩ ∂V ).

Similarly,
µ(V ) = µ(U ∩ V ) + µ(V \Ū) + µ(V ∩ ∂U).

Since all the sets involved in these expressions are pairwise disjoint, the result
follows.

Now we can give the main theorem.

Theorem 3. Let the covering dimension dimX ≤ 1. Then every signed quasi-
measure extends to a regular Borel signed measure.

Proof. Let U, V ⊆ X be open and ε > 0. Let K ⊆ U and L ⊆ V be any closed sets.
Since dimX ≤ 1, by Proposition 3.1.7 of [5], there are open sets V1 and V2 such
that K ⊆ V1 ⊆ U,L ⊆ V2 ⊆ V and ∂V1 ∩ ∂V2 = ∅.

Since µ(V1 ∪ V2) + µ(V1 ∩ V2) = µ(V1) + µ(V2) by the lemma, inner regularity
of µ gives µ(U ∪ V ) + µ(U ∩ V ) = µ(U) + µ(V ). Now the first theorem gives the
result.

Since there are positive quasi-measures on the unit square that do not extend
to measures, this theorem gives the best possible result along these lines. It is not
known whether the converse to this theorem is true.
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Corollary 4. If dimX ≤ 1, then every quasi-linear functional on C(X) is linear.

This follows from the correspondence between quasi-measures and quasi-linear
functionals.

Now recall that the analytic subalgebra generated by f ∈ C(X) is the collection
of g ∈ C(X) which are constant on components of level sets of f . For example,
C(S1) is singly generated analytically, but not as a subalgebra. More information
about analytic subalgebras may be found, for example in [2]. In particular, we
make essential use of a result of Katetov relating dimX and the number of analytic
generators of C(X).

Theorem 5. Any quasi-linear map is linear on singly generated analytic subalge-
bras of C(X).

Proof. Let ρ : C(X) → R be a quasi-linear map and let f ∈ C(X). Consider the
space Y obtained from X by identifying components of level sets of f to points.
Let q : X → Y be the quotient map. Then η(g) = ρ(g ◦ q) defines a quasi-linear
functional on C(Y ). However, the space Y obtained in this way has dimY ≤ 1
since C(Y ) is singly generated analytically. Thus η is linear. Since the analytic
subalgebra generated by f is exactly the collection of functions of the form g ◦ q,
we are done.
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