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Abstract. Let G be a locally compact group. Among other things, we proved
in this paper that for an IN-group G, the extreme points of the unit ball of the
Fourier-Stieltjes algebra B(G) are not in the Fourier algebra A(G) if and only
if G is non-compact, or equivalently, there is no irreducible representation of
G which is quasi-equivalent to a subrepresentation of the left regular represen-
tation of G if and only if G is non-compact. This result is a non-commutative

version of the following well known result: For any locally compact group Ĝ,

the extreme points of the unit ball of the measure algebra M(Ĝ) are not in

the group algebra L1(Ĝ) if and only if Ĝ is non-discrete. On the other hand,
we also showed that if B(G) has the RNP, then there are extreme points of
the unit ball of B(G) that are in A(G). Since it is well known there are non-
compact locally compact group G for which B(G) has the RNP, there exist
non-compact locally compact groups G where extreme points of the unit ball
of B(G) can be in A(G). This shows that the condition G be an IN-group
cannot be entirely removed.

1. Introduction

Let Ĝ be a locally compact group. Let L1(Ĝ) and M(Ĝ) be the group algebra
and the measure algebra of Ĝ, respectively. It is well known that the extreme
points of the unit ball of M(Ĝ) are not in L1(Ĝ) if and only if Ĝ is non-discrete.
Now, if Ĝ is the dual group of a locally compact Abelian group G, then it is well
known that A(G), the Fourier algebra of G, and B(G), the Fourier-Stieltjes algebra
of G, are isometrically isomorphic to L1(Ĝ) and M(Ĝ), respectively, and that G is
non-compact if and only if Ĝ is non-discrete. Thus the above result can be recast
as follows: For an Abelian group G, the extreme points of the unit ball of B(G) do
not lie in A(G) if and only if G is non-compact. Our main purpose in this paper is
to investigate the non-commutative version of this result. Among other results, we
showed that if G is an IN-group, then the extreme points of the unit ball of B(G)
do not lie in A(G) if and only if G is non-compact. Since the class of IN-groups
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contains all Abelian groups, our result constitutes an extension of the above result
to non-commutative groups. Equivalently, we can state our result in terms of group
representation: For an IN-groupG, there is no irreducible representation of G which
is (quasi)-equivalent to a subrepresentation of the left regular representation of G
if and only if G is non-compact.

Our results can be summarized as follows (see section 2 for definitions). For
an IN-group G, the following conditions are equivalent: (1) G is compact; (2)
Ext(B(G)1) ∩ A(G) 6= ∅; (3) For the left regular representation ρ of G, A(G) =
Bρ(G); (4) A(G) is weak∗-closed in B(G); (5) For some continuous unitary repre-
sentation π of G, Bπ(G) ⊂ A(G); (6)B(G) has the RNP; (7) For the left regular
representation ρ of G, Bρ(G) has the RNP. On the other hand, we proved that
for any locally compact group G, if B(G) has the RNP, then there are elements in
A(G) which are extreme points of the unit ball of B(G). Since it is well known that
there are non-compact groups G (for example, Fell’s group) for which B(G) has the
RNP, we see that our main result cannot be extended to a general locally compact
group. In proving our main result, we also proved a result which is interesting
by itself, namely that for any locally compact group G, the set of weak∗-strongly
exposed points of the set of norm decreasing functionals in Pρ(G) are in A(G).

2. Preliminaries

If X is a Banach space, we denote the dual Banach space of X by X∗ and the
space of continuous linear operators from X into X by B(X). For x ∈ X and
f ∈ X∗, the value f(x) is sometimes denoted by 〈f, x〉 or 〈x, f〉. The unit ball of
X will be denoted by X1. More generally, if A ⊂ X , the set of those elements of A
with norm at most equal to one is denoted by A1, and the set of extreme points of
A is denoted by Ext(A). For a convex subset E in X∗, an element f0 ∈ E is called
a weak∗-strongly exposed point of E if there exists an element x0 ∈ X such that
f(x0) < f0(x0) for all f ∈ E\{f0} and whenever fn ∈ E and fn(x0)→ f0(x0), then
‖fn − f0‖ → 0. For the definition of and results on the Radon-Nikodym property
(denoted in short by RNP), we refer the readers to [4].

Let G be a locally compact group with a fixed left Haar measure. Let A(G) and
B(G) be the Fourier and Fourier-Stieltjes algebras of G, respectively, as defined in
Eymard [6]. As usual, L1(G) denotes the group algebra, M(G) denotes the measure
algebra and C∗(G) denotes the group C∗-algebra of G. It is well known that B(G)
is the dual Banach space of C∗(G), and that A(G) is a two-sided ideal of B(G).
See [6] for more basic properties of these spaces.

We refer the reader to Dixmier [5] for definitions and basic properties of (unitary)
representations of G. Given a representation π of G, its representation space is
denoted by Hπ. For ξ, η ∈ Hπ, the function aξ,η, denoted also by the symbol ξ ∗π η,
defined on G by aξ,η(x) = 〈π(x)ξ, η〉 is called a coefficient function of π. Here, 〈·, ·〉
denotes the inner product in Hπ. The closed linear span of {aξ,η : ξ, η ∈ Hπ} in
B(G) is denoted by Aπ(G), and the weak∗-closure of Aπ(G) in B(G) is denoted by
Bπ(G). The dual of Aπ(G) is denoted by V Nπ(G). It is well known that V Nπ(G)
is the von Neumann algebra generated by {π(x) : x ∈ G} in B(Hπ).

Each representation π of G can be extended to a representation on M(G) by
means of the formula π(µ) =

∫
G π(x) dµ(x) for all µ ∈ M(G). Note that if δx

denotes the point measure at x, we have π(δx) = π(x). If we restrict the repre-
sentation to L1(G), then we get a non-degenerate representation of L1(G). This
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representation can be lifted to a representation on C∗(G), which is usually de-
noted by π again. If Nπ denotes the kernel of this representation, then we set
C∗π(G) := C∗(G)/Nπ . Then C∗π(G) is a C∗-algebra and its dual Banach space is
Bπ(G).

Throughout this paper, we reserve the symbol ρ to denote the left regular rep-
resentation of G. Note that Aρ(G) = A(G) and V Nρ(G) = V N(G). The space
C∗ρ(G) is called the reduced group C∗-algebra of G, and Bρ(G) = C∗ρ(G)∗.

We denote the set of continuous positive definite functions on G by P (G). Then,
as is well known, P (G) can be identified with the set of positive linear functionals
on C∗(G). The set of continuous positive linear functionals on C∗ρ(G) is denoted
by Pρ(G), and we have Pρ(G) = P (G) ∩ Bρ(G). We refer the reader to Arsac [1]
and Eymard [6] for more properties.

A locally compact group G is called an IN-group if it has a compact neighbour-
hood of the identity e ∈ G which is invariant under inner automorphisms. It is
called a SIN-group if it has a base for the neighbourhood system of e consisting
of compact sets invariant under inner automorphisms. If [IN] denotes the class of
IN-group, etc., then we have

[X]⊂ [SIN]⊂ [IN]⊂ [unimodular],

where X is discrete, Abelian, or compact. We refer the reader to the survey paper
by Palmer [12] and the references therein for more on these groups.

3. On extreme points

In preparation for the proof of the following theorem, we need some tools which
will allow us to reduce arguments on a group to arguments on a quotient group.

Suppose G is a locally compact group and K is a compact normal subgroup of
G. Let π be a unitary representation of G with representation space Hπ. Then π
induces a unitary representation π̇ on G/K as follows. First, we define a projection
P on Hπ by

〈Pξ, η〉 =
∫
K

〈π(x)ξ, η〉 dx, ξ, η ∈ Hπ.

Then π̇, defined by

〈π̇(ẋ)ξ, η〉 =
∫
K

〈π(tx)ξ, η〉 dt, ẋ ∈ G/K, ξ, η ∈ PHπ,

is a continuous unitary representation of G/K with representation space PHπ.
Moreover, we have π̇(ẋ)ξ = π(x)ξ for all ξ ∈ PHπ. See [10, Proposition 3.4] for
details.

It is well known that A(G/K) is isometrically isomorphic to the subalgebra
AK(G) of A(G), consisting of functions that are constant on the cosets of K. For
each a ∈ A(G), we define the function ȧ on G/K by

ȧ(ẋ) =
∫
K

a(xk)dk.

By Proposition 6 in [7], the map a→ ȧ is a Banach space retraction from A(G) to
A(G/K). Moreover, as the proof of Corollary 3.5 in [10] shows, we have

ȧ(ẋ) = 〈π̇(ẋ)ξ, η〉, ξ, η ∈ PHπ.
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We will need to use the fact that A(G), being the predual of the von Neumann
algebra V N(G), has a module structure, which can be described generally as fol-
lows. If M is a von Neumann algebra and M∗ is its predual, then we put on M∗ a
left M -module structure if, for each T ∈M and u ∈M∗, we define the element T ·u
in M∗ by the formula 〈T · u, S〉 = 〈u, ST 〉, S ∈ M . A right M -module structure
and a two-sided M -module structure can be similarly defined on M∗. In the proof
below, if π is a representation of G, x, y ∈ G and a ∈ A(G), we will write δx · a · δy
for π(δx) · a · π(δy).

3.1. Theorem. Let G be an IN-group, (π,Hπ) be any irreducible representation
of G and ξ, η be unit vectors in Hπ. Then the element a ∈ B(G) defined by a(x) =
〈π(x)ξ, η〉 is not in A(G) if G is not compact.

Proof. Suppose G is not compact. We assume first that G is a SIN-group. Suppose
a ∈ A(G) and a 6= 0. Then there exists an x0 such that ε0 := a(x0) 6= 0. Since π
is irreducible, the commutant π(C∗(G))′ = π(L1(G))′ in B(Hπ) is equal to C1, the
set of constants. It follows from von Neumann’s double commutant theorem that
V Nπ(G) = π(L1(G))′′ = B(Hπ) and the subalgebra K(Hπ) of compact operators
on Hπ is dense in B(Hπ) in the σ(V Nπ(G), Aπ(G))-topology [11, Theorem 4.1.5,
p.116].

Since G is not compact, by Lemma 3.1 in [9] there is a sequence xn ∈ G such
that “xn → ∞” in the sense that, for any compact set K of G, there is an N
such that xn /∈ K for all n > N . Furthermore, for each a ∈ A(G), we have
δxn ·a→ 0 weakly in A(G). Since G is a SIN-group, V N(G) is a finite von Neumann
algebra [13, Proposition 4.1]. It follows that { δxn · a · δx0xn−1 } is relatively weakly
compact in A(G) [8, Corollary 7.5]. We assume, without loss of generality, that
δxn · a · δx0xn−1 → a0 weakly in A(G). Since Aπ(G) is weakly closed in A(G),
a0 ∈ Aπ(G) and δxn · a · δx0xn−1 → a0 weakly in Aπ(G). Also, we have

〈a0, δe〉 = lim 〈δxn · a · δx0xn−1 , δe〉 = lim〈a, δx0xn−1 · δe · δxn〉 = 〈a, δx0〉 = ε0.

Hence a0 6= 0, and by the density of K(Hπ) in B(Hπ) in the σ(V Nπ(G), Aπ(G))-
topology there exists a k ∈ K(Hπ) such that 〈k, a0〉 = 1.

For each n, we have k · δxn · a = (k(δxnξ)) ∗π η [1, (2.7)]. Since k is a compact
operator on Hπ and {δxnξ} is bounded, we may assume, without loss of generality,
the existence of some ξ0 ∈ Hπ for which k(δxnξ)→ ξ0 in the norm topology of Hπ.
Hence k · δxn · a→ ξ0 ∗π η in the norm topology of Aπ(G). Since the sequence (xn)
that we have chosen also satisfies the property that δxn · a → 0 weakly in A(G),
and so in Aπ(G), it follows that, for each x ∈ G,

ξ0 ∗π η(x) = 〈ξ0 ∗π η, δx〉 = lim〈k · δxn · a, δx〉 = lim〈δxn · a, δx · k〉 = 0.

Consequently we have ξ0 ∗π η = 0, and so ‖k · δxn · a‖ → 0.
On the other hand, for each n,

‖k · δxn · a‖ ≥ 〈k · δxn · a, δx0xn−1〉 = 〈δxn · a · δx0xn−1 , k〉 → 〈a0, k〉 = 1,

which yields a contradiction. Thus, a is not in A(G).
Now assume G is an IN-group. Then there exists a compact normal sub-

group K of G such that G/K is a SIN-group [12, diagram 1, p.698], and since
G is not compact, G/K is not compact. Suppose a ∈ A(G). Then, as we ob-
served in the paragraphs before this theorem, the function a induces a function
ȧ ∈ A(G/K). Also the representation π on G induces a representation π̇ on
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G/K. Moreover, π̇ is irreducible since π is. As we observed earlier, we have
ȧ(ẋ) = 〈π̇(ẋ)Pξ, Pη〉 for all ẋ ∈ G/K, ξ, η ∈ Hπ. Therefore it follows from the first
part of the proof that G/K is a compact group because G/K is a SIN-group. This
is a contradiction. Thus a /∈ A(G).

Remark. Suppose π is an irreducible representation of G with representation space
Hπ. Then any nonzero ξ ∈ Hπ is a cyclic vector. Thus a(x) = 〈π(x)ξ, η〉 for any ξ, η
on the unit sphere of Hπ defines an element of A(G) if and only if Aπ(G) ⊂ A(G).
Therefore, by Theorem 3.1, there is no irreducible representation of G which is
quasi-equivalent to a subrepresentation of the left regular representation ρ of any
non-compact IN-group G. See [1, (3.14)].

Arsac showed in [1] that, for any locally compact group G, B(G) can be decom-
posed into a direct sum B(G) = A(G)

⊕
Bs(G) for some subspace Bs(G) of B(G).

Since B(G) = Aω(G), where ω is the universal representation of G [3, p.393], it
follows from Proposition 1 of [3] that every extreme point a of the unit ball of
B(G) is of the form a(x) = 〈π(x)ξ, η〉 for some irreducible reprsentation (π,Hπ) of
G, and some ξ, η ∈ Hπ. Thus it follows from Theorem 3.1 that, for a non-compact
IN-group G, any extreme points b of the unit ball of B(G) must be in Bs(G). By
the characterization of the elements of Bs(G) in Miao [ 10 ], we have the following
result.

3.2. Corollary. Let G be a non-compact IN-group. If b ∈ Ext(B(G)1), then b ∈
Bs(G). Consequently, b has the following property: for any ε > 0 and any compact
subset K ⊂ G, there is an f ∈ L1(G) with ‖f‖C∗(G) ≤ 1 and supp(f) ⊂ G\K such
that |〈f, b〉| > ‖b‖ − ε.

3.3. Theorem. Let G be a locally compact group. Then all the weak∗-strongly
exposed points of Pρ(G)1 are in A(G).

Proof. Let b0 be a weak∗-strongly exposed points of Pρ(G)1. Then b0 = lim fα ∗ f̃α
uniformly on compact subsets of G [6, (1.25)], where fα ∈ L2(G) for all α. Hence

1 = b0(e) = lim (fα ∗ f̃α)(e) = lim ‖fα ∗ f̃α‖A(G).

We assume, without loss of generality, that ‖fα ∗ f̃α‖A(G) = 1 for all α. Note that
fα ∗ f̃α ∈ A(G) and b0 is the limit of the net {fα ∗ f̃α} in the weak∗-topology.
It follows from the fact that b0 is a weak∗-strongly exposed point of Pρ(G)1 that
‖fα ∗ f̃α − b0‖A(G) → 0. Therefore b0 ∈ A(G).

3.4. Theorem. Let G be an IN-group. Then the following statements are equiva-
lent.

(a) G is compact.
(b) Ext(B(G)1) ∩A(G) 6= ∅.
(c) A(G) = Bρ(G).
(d) A(G) is weak∗-closed in B(G).
(e) For some continuous unitary representation π of G, Bπ(G) ⊂ A(G).
(f) B(G) has the RNP.
(g) Bρ(G) has the RNP.

Proof. (a)⇒ (b) If G is compact, then A(G) = B(G). Hence Ext(B(G)1) ⊆ A(G),
and so Ext(B(G)1) ∩A(G) 6= ∅.
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(b) ⇒ (a) Let a ∈ Ext(B(G)1) ∩ A(G) and suppose G is noncompact. Let ω
be the universal representation of G (or C∗(G)). Then B(G)1 = Aω(G)1 [3, p.
393], and so by Proposition 1 of Bélanger and Forrest [3], there exist an irreducible
representation π of G on a Hilbert space Hπ and some ξ and η on the unit sphere
of Hπ such that a(x) = 〈π(x)ξ, η〉 for all x ∈ G. By Theorem 3.1, a /∈ A(G). This
is impossible since a ∈ A(G). Thus G must be compact.

(c) ⇔ (d) and (a) ⇒ (c) are well known.
(c) ⇒ (e) is trivial.
(e) ⇒ (a) If πω is the universal representation of C∗π(G), then Aπω (G) = Bπ(G)

[3, p. 393]. Since Bπ(G) = C∗π(G)∗, there is an extreme point a on the unit ball
of Bπ(G). By Proposition 1 of Bélanger and Forrest [3], there is an irreducible
subrepresentation (τ,Hτ ) of πω and some ξ and η on the unit sphere of Hτ such
that a(x) = 〈τ(x)ξ, η〉 for all x ∈ G. It follows from Theorem 3.1 that G is compact.

(a) ⇒ (f) is well known and (f) ⇒ (g) is trivial since Bρ(G) ⊂ B(G).
(g) ⇒ (b) Suppose Bρ(G) has the RNP. Then by [4, p.213] Pρ(G)1 has a weak∗-

strongly exposed point, say a. By Theorem 3.3, a ∈ A(G). We will show that a is
also an extreme point of the unit ball of B(G).

Since a is also an extreme point of Pρ(G)1, there is an irreducible representation
π of the C∗-algebra C∗ρ (G) such that a(x) = 〈π(x)ξ, ξ〉 for some unit vector ξ ∈ Hπ.
Hence π is an irreducible representation of G as well. Thus, a is also an extreme
point of the unit ball of P (G) [5, p.63]. Note that a(e) = ‖a‖ = 1 since a is a positive
definite function. If a = 1

2b1 + 1
2b2 for some b1 and b2 on the unit ball of B(G), then

a(e) = 1, |b1(e)| ≤ 1 and |b2(e)| ≤ 1 imply that b1(e) = b2(e) = 1 = ‖b1‖ = ‖b2‖.
Hence both b1 and b2 are positive definite [11]. So b1 = b2. Therefore a is an
element of Ext(B(G)1) ∩A(G).

In the proof of (g) ⇒ (b) above, we have actually proved the following theorem.

3.5. Theorem. Let G be a locally compact group. If Bρ(G) has the RNP, then
there are elements of A(G) which are extreme points of the unit ball of B(G).

Remarks. (1) If B(G) has the RNP, then Bρ(G), being a subspace of B(G), has
the RNP, and so Ext(B(G)1)∩A(G) 6= ∅ by Theorem 3.5. It is well known that
there are non-compact groups G for which B(G) has the RNP (for example,
Fell’s group [14, Remark 4.6]). This shows that the condition G be an IN-
group in Theorem 3.4 above cannot be entirely dropped.

(2) In [2] Bekka et al. investigated whether the weak∗-closedness of A(G) in B(G)
implies the compactness of G. They proved that if G contains an almost
connected open normal subgroup, then A(G) is weak∗-closed in B(G) if and
only if G is compact. The equivalence of (a) and (d) in Theorem 3.4 answers
their question for IN-groups. Neither one of these results imply the other. In
a private communication, Anthony Lau has informed us that he has a proof of
the equivalence of (a) and (d) for IN-groups also, using the Kakutani-Kodira
theorem and the RNP. However, our proof above does not use these results,
and our Theorem 3.4 itself provides some other equivalent conditions.

(3) The equivalence of (a) and (f) is contained in Taylor’s Theorem 4.7 in [14],
and in view of the other equivalent conditions in our Theorem 3.4, our result
is an improvement of Taylor’s result.
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an IN-group, then G must be compact.

2. Theorem 3.4 remains valid when (b) is replaced by
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