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ON THE COEFFICIENTS OF BINARY BENT FUNCTIONS
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ABSTRACT. We prove a 2-adic inequality for the coefficients of binary bent
functions in their polynomial representations. The 2-adic inequality implies a
family of identities satisfied by the coefficients. The identities also lead to the
discovery of some new affine invariants of Boolean functions on Z3".

1. INTRODUCTION

Binary bent functions, referred to in this paper simply as bent functions, were
first introduced by Rothaus [19]. A function f : ZJ' — Zs is called a bent func-
tion if the values of the Fourier transform of (—1)f are always +1. (The Fourier
transform of a function g : Z5* — C is the function § : Z3' — C defined by
g(z) = (1/v/2m) D vezp g(x)(—=1)%*®) a € Z3.) Bent functions on Z3* exist if and
only if m is even. These functions play an important role in discrete mathematics
through many applications in coding theory, design theory and cryptography. A
function f : Z3' — Z, is bent if and only if (i) f is at maximum Hamming dis-
tance from the first order Reed-Muller code R(1,2t); or (ii) the support of f is a
Hadamard difference set in Z2; or (iii) ((—1)f(m))xezgt is a perfect binary array [7].

Extensive work on bent functions has produced many interesting results regard-
ing constructions, characterizations, generalizations and other aspects of these func-
tions. (See the references.) However, further advances in the area depend on a
better understanding of the fundamental structure of bent functions. The present
paper is an attempt in this direction. The main result here is a 2-adic inequality
satisfied by the coefficients of bent functions in their polynomial representations.
The 2-adic inequality implies a family of identities for the coefficients. Our ap-
proach is as follows. First, a bent function f : Z3' — Z, is lifted to a function
f:Z3 — {0,1} C Z. Then the function f is analyzed 2-adically using a known
characterization of the lifts of bent functions. Finally, the result on f is translated
back in terms of f. The advantage of this approach is that the lift f contains much
information that is not visible in the form of f.

The identities for the coefficients of bent functions also lead us to the discovery
of a family of affine invariants of Boolean functions on Z5*. These invariants are
relatively easy to compute from the polynomial form of Boolean functions and are
useful tools to determine affine non-equivalence among Boolean functions.
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2. THE MAIN THEOREM

The algebra of all functions from Z5' to Zs is

(2.1) P = Zo[ X1, -, X/ (X7 — X1,..., X2

m

— Xom).

For each S C {1,...,m}, denote [[,.g X; € Py, by Xs. Let f = ZSC{l,...,m}
€ P, where ag € Zo. For each integer k > 1 and each S C {1,...,m}, let

asXs

Nes(f) = ‘{{Sl, ceey Sk} S1, ..., Sk C S are distinet such that
(2.2)
Si1U---USy =5 and ag, ---ag, 21}‘-

Throughout this paper, the 2-adic order function is denoted by v.
Theorem 2.1. Let f € Py (t > 2) be a bent function and S C {1,...,2t}. Then

V(N‘S‘*tﬁsm - %N\S\*tfl,s(f) +o (—%
(23) >1, if S#{L,...,2t}
=0, ifS={1,...,2t}.

)‘S‘_t_lNLS(f))

The proof of Theorem 2.1 will be completed in Section 4. Let k£ > 1 be an integer

such that [S| > (k —1)deg f. Then Ny 5(f) =+ = Np_1,5(f) = 0. If, in addition,
(2.4) k< dISI=t when S#{1,....2t},
t—1, when S={1,...,2t},

then (2.3) implies that Ny s(f) = 0 (mod 2). Therefore, we have the following
corollary.

Corollary 2.2. Let f = ZSC{I,...,Qt} asXg € Py (t > 2) be a bent function. Let
k>1and S C{l,...,2t}. Then

E asl---ask:O,

{S1,--,Sk}
S1,...,83,CS distinct

(2.5) SquU--USE=S
if 2t > |S| > max{k + ¢, (k —1)deg f + 1}

or 2t = |S| > max{k+t+1, (k —1)deg f + 1}.

Equation (2.5) with k = 2 has been obtained in [I4]. We remark that several pre-
vious computer searches for bent functions can be made much easier using Corollary
2.2 ([12], [19]). In [12], all cubic bent functions in 8 variables were determined up
to affine equivalence using the following method. First, the representatives of the
GL-orbits in R(3,8)/R(2,8) are known [10], where R(r,m) = {f € Py, : deg f <1}
is the rth order Reed-Muller code. There are 32 such representatives denoted by
F, (1 <4 < 32)in [I0], [I2]; they are the canonical cubic forms in 8 variables.
Basically, for each 1 <4 < 32, [12] searched through all @ € R(2,8) for F; + Q to
be bent. Bent functions were found for 6 of the canonical forms F;; in the notation
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of [10], [12], the 6 “surviving” canonical forms are

=0,

Fy = X123y,

Fs = X231 + X(2,45),

Fs = X231+ X245 + X(3.46)
Fr=Xpon+X@an +Xisens

Fo= X123+ X245 + X(3.46) + X{1,4,7}-

On the other hand, let t =4, |S| =6, k = 2, and deg f = 3 in Corollary 2.2. Then
(2.5) becomes

(2.7) > asas, =0,

{S1,82}
[S11=]S2|=3
S1USo=S

(2.6)

which is an equation in the coefficients of the cubic terms of f. It can be easily
checked that for each of the cubic forms F;, i € {1,---,32}\{1,2,3,5,7,9}, equation
(2.7) is not satisfied for some S. (For example, for Fy = X1 231+ X 4561 +X (1,47}
(2.7) is not satisfied when S = {1,--- ,6}.) Then F;+Q (Q € R(2,8)) is bent only if
1=1,2,3,5,7,9 and the computer search in [12] is greatly reduced. The computer
search for bent functions in 6 variables in [T9] can be reduced by Corollary 2.2
similarly.

3. LIFTING OF BENT FUNCTIONS

In this section, we describe a characterization of lifts of bent functions obtained
by Carlet and Guillot [5]. (Also see [14].) This characterization will be the starting
point of the proof of Theorem 2.1.

Foreachz = (z1,...,2m), y = (Y1, -, Ym) € Z5", define zy = (191, - -, Tm¥Ym)
and say ¢ < y if suppx C suppy. Let

(3.1) F,={yeZy :y <z} foreachzecZi.

For each S C Z3', 1g is the characteristic function of S in Z3'. Every function
f : Z — Zy uniquely determines a function f : ZJ* — {0,1} C Z such that
f=mo f, where m : Z — Zs is the canonical homomorphism. f is called the lift
of f. If f : Z3' — Z, is bent, there is a unique function f : Z3' — Zy such that

[(—1)7] = (=1)/. The function f is also bent and is called the dual of f [19].
Theorem 3.1 ([3]). A function f : Z3' — Zs is bent if and only if

(3.2) f==2""0+ > malp,
r€Z3?
where m, € Z and m, = 0 (mod 22401121}y for all 2 € Z3t. When f is bent,
(3.3) f==2""0p 4+ > 2 lmglp,,
reZ3t

where T =+ (1,...,1).

Theorem 3.1 was proved in [5] but was not stated as a theorem there. The
explicit statement of Theorem 3.1 is in [I4]. The reader is cautioned that Theorem
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3.1 does not solve the problem of bent functions since the function in (3.2) is not
automatically {0, 1}-valued.

4. PROOF OF THEOREM 2.1

For each integer b > 0 with 2-adic expansion b = bg2°+b12'+- - -, where b; = 0, 1,
let |bla = bg + by + - --. It is easy to see that

(4.1) v(bl) =b— |b|a.
Another useful fact is that if bg2° + 012! + - - - = 2!, where b; > 0 are integers with
bo > 0, then
(4.2) bo+by 4 >1+1.
Consider a bent function f : Z3' — Zs with
(4.3) F==2""0+ > malp,
reZ3t

where v(m,) > max{0,t — |z|} for all x € Z3!. For each integer k > 1 and z € Z2,
let

Nk (f) = ’{{xl, TR} @y, ..,k € Z3T are distinct such that
(4.4)
1 xp =2 and mg, - My

is odd}

k

What we prove here is a result slightly stronger than Theorem 2.1.

Theorem 4.1. Let f : Z3' — Zo (t > 2) be a bent function whose lift is given by
(4.8). For any x € Z3!, let

s) o= {rom g2

Then

(46) V(nu(x)-l-l,;c(f) - %np(x),x(f) +---+ (

Proof. Choose | > 2u(x) + 1. We have

[ Z ( Z mml...m%l)lFx

TEZZT w1,....wy €23
@y T =

1

2)“(x)n1,x(f)) =0 for all x € Z3".

(4.7)

1

) ()

yEeZ3t yEeZ3t
Then the identity f2" = f implies that
(4.8)
Z Mgy =+ Mg, = My, if x #£0,

-
T Ty =T
l l
t—1 t—1
E My, mzzz+(2 my — 2 ) (E my = -2 +mg
@1 ,.my €23 y€Z3? yEZ3!
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From (4.8), one easily sees that

(4.9) 1/( Z Mg, -+ 'szI,) = u(x) for all x € Z3".

@pwy cz3t
oy =w

The sum in (4.9) is

E mxl e mle

ml,...,mzlezgt
w1y =

(410) 2l|
= N ML Nk
Y OY ALY Y e
k21 (A1,.. A8 )21 (M yeeoomi)~ (A1, Ag) @1 zg}
@1,...,¢p distinct

Tymp=x

where (Ar, ..., \x) - 2! means that (\q,...,\) is a partition of 2!, ie., 1 < \; <
< Apand Ap -+ Ay =25 (91, .., k) ~ (M1, ..., Ax) means that (9, ..., 1)
is a permutation of the sequence (\1,...,\x). We claim that

20 2l
N .. ok — p(z)+1
(4.11) P B—— E myt el = P B— k!n;m(f) (mod 2 ).

{z1,--zp}
T, T distinct
@] k=

If v(n;) > p(x) + 1 for all 4, we have

1 (mod 2=+ if my - -my,

0 (mod 2@ *1) " if my - -m,

is odd,

is even,

(4.12) mp - emik = { k

k

and (4.11) holds. If min; v(n;) < p(x), by applying (4.2) to n; + -+ + nx = 2%, we
have

(4.13) mle + -+ mwle 2 1= minv(n) + 1> 1= p(e) + 1.

Thus by (4.1) and (4.13),

2!
(4.14) l/(i) =14 mla+ -+ |mle > 1 —plx) > plz) + 1,
!yl

which also implies (4.11).
Now from (4.9), (4.10) and (4.11), we have

l
(4.15) M(J?):V(an,x(f) Z /\.27'%. 1)’

k>1 (A1 Ap ) 2L
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where
2
DRI
(A1yee A )2 (M1,-me )~ (A1, k)
2! k!
S L W@ e
ay+2ap 42l
aptagt--=k
2
(4.16) =9. (the coefficient of le in {(% + % + .. .)k = (e* — 1)%)
k
[k
= D—l)“( >22
i=0 ¢
- (2] otz
i odd v
= (-2,
Therefore
(4.17) (@) = v(D (=2 (),
E>1
and (4.6) follows. O

Proof of Theorem 2.1. Let f = ZSC{l,...,Qt} agXg be the given bent function.
Then g(X1,...,Xo) = f(X1+1,..., Xo; + 1) is also bent. Write

(4.18) g=-2""0+ Y milp,.
reZ3t

Then m(m,;) = asupp(z) for all x € Z3', where 7 : Z — Zs is the canonical map and
z=z+(1,...,1). Thus

(4.19) 1,2(9) = Nisupp(z)(f)  for all k > 1 and = € Z3".
By Theorem 4.1,
(4.20)
v (mter1,5(0) = 57 (0) 4+ (—5)" Pmaale)) =0 forall z € 23"
where
(121) () = {Z(ﬁmt_'x" T
Thus (2.3) follows from (4.19), (4.20) and (4.21). O

5. AFFINE INVARIANTS OF BOOLEAN FUNCTIONS ON ZZ"

Let f = ZSC{I,..~7m} asXs € Pp. For each k > 1 and S C {1,...,m}, define

(5.1) ars(f) = Z as, - -as, =7 (Nk,s(f))-

posSE}
Sqyeees S distinct

S1U--USp =58
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When f € Py, is bent, Corollary 2.2 can be stated as

(5.2) ars(f)=0 if 2t > |S| > max{k+t, (k—1)deg f + 1}

993

or 2t = |S| > max{k+¢t+1, (k—1)deg f + 1}.

For any invertible affine transformation ¢ of Z3!, fo¢ is also bent and its coefficients
are linear combinations of the coefficients of f. Thus ag,s(f o ¢) = 0 for k and
S satisfying the conditions in (5.2); these are also polynomial equations in the
coefficients of f. Are these new equations for the coefficients of f7 Unfortunately,
the answer is no by the following lemma. However, in answering this question, we
have discovered a family of affine invariants of Boolean functions on Z3".

Lemma 5.1. Let f € Py, degf > 1, k > 1, and S C {1,...,m} with |S| >
(k—1)deg f. Let ¢ be an invertible affine transformation of Z5*. Then

(5.3) aks(fod)= Y. rour(f),

1<k
|TIZ|S[—(k—1)

where Cf; € Zs depends only on k,S,1,T and ¢.

Proof. Let

(54) f: Z GSXS,
Sc{1,....m}

(5.5) fop= Z bsXs.
Sc{1,....m}

It suffices to prove (5.3) in two cases: 1. fo¢ = f(X1 + Xo, Xo,...

fod):f(Xl"i_]-vXQa"'va)'
Case 1. fod = f(X1+ Xa,Xo,...,X,,). Clearly,

(5.6) bs = {as +asugpnfey tasupy, f1¢S5,2€8,

as, otherwise.

, Xm) and 2.

Let P be the power set of {1,...,m}. For each S C P, let as = [[gcsas and
bs = [[gcsbs. Also let Q be the power set of {3,...,m}. For each U € Q and
UCQ, let Ut =UU{1} and U' = {U' : U € U}. The definitions of U2, U'2, U2,

U'? are similar.
Now fix k > 1, S C P such that |S| > (k — 1)deg f.
Case 1.1. 2¢ S. Then ag s(f o ¢) = ag,s(f).
Case 1.2. 1 ¢ S but 2 € S; say S = T? where T € Q. We have

(5.7) ars(fog)= D bs= > aybyz,

SCP u,vce
[S[=Fk Ul +Ivi=k, UUuv)=T
Us=s [VI>o0

where, by (5.6),

(58) va = E Cl;(lay2a212.
X,¥,Z disjoint
Xuyuz=y
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Thus

(59) ak,S(.f O¢) = Z Qyax10y20.z12.

u,x,¥y,2CQ
U+ X |+ Y|+ 2=k, UUUXUYUZ)=T
X,V, Z disjoint, | X[+|Y|+| Z|>0

However, if X',), Z are not pairwise disjoint and U, X, ), Z satisfy all other con-
ditions in the sum in (5.9), one can see that ayayiay2azi2 = 0 using the fact

|S| > (k — 1)deg f. Therefore,

Oék,S(f © ¢) = Z ayax1Gy2az12

Uu,x,¥,2Cce
U+ X[ FIY 4] 2=k

(5.10) UUUXUYUZE)=T
[X[+]Y[+]Z]>0

= a2 (f) + o (f) + a2 (f).

Case 1.3. 1,2 € S; say S = T'2 where T € Q. We have

ars(fod)= D bs

= E ayay1ayyiz b7—2

JUuUvuwuT)=T
IVI+IW][>0,|T|+|W[>0

= E ayayrywi2ax1ay2az12.

MVW WV, Z2CQ
L o 0z)=T

XV, 2 dliJolnt
IVIHIWIS0TX]+ Y]+ 2]+ W] >0

(5.11) IV 1T 1=

In the last sum of (5.11), ayayrawizayiay2az12 = 0 when X, ), Z are not pairwise
disjoint, since |S| > (k — 1)deg f. Thus

= E ayayrawi2ax1ay20a z12

E ayax1ay2azi2

\M\H«’\’HWH\Z\
U( uuxuyuz),T

= E Ay ay1aw12ax10y20.z12 +

+ Z ayayr + Z ay

u,v u
[U|+|VI=k U|=k,JU=T
J@uv)=T
= E ayax1ay2az12 + Qp 12 (f) + Qp 2 (f) + Oékj(f).

u,x,y,z
U +2| X |+[Y[+2|Z|=k
UUUXUYUZ)=T
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In the last Y of (5.12), ayayiay2azi2 = 0 unless |[X| = |Z] = 0 or |X| = 1 but
|Y| = |Z| =0. (This again follows from |S| > (k — 1)deg f.) Therefore,

aps(fog) = E ayaxr + E ayay?
u,x u,y
U+ X |=k—1, UUUX)=T U +[Y =k
|x]=1 U@muy)=T

+ agz(f) + a2 (f) + anr(f)

A ax1 —|— ak,T12 (f)

|
(]

u,x

(5.13) \M\+\X\:1T)—(Y‘1;U(MUX):T

-

|
(]

A ax1 —|— ak,T12 (f)

u,x
U+ X|=k—1, JUUX)=T
| X150

(in the Y, ayax: = 0 when |X| > 1)
=ap_1,71(f) + w2 f).
Case 2. fod=f(X1+1,Xs,...,X;). In a similar way, one can show that

ak75(f), if 1 €8,

(5.14) ars(f o) = {%S(f) +agpsomy(f), if1¢5S.

O

Definition 5.2. Let f € P, with deg f > 1. Define d; (f) = deg f; for each k > 1,
define

de(f) =min{d : d > (k — 1)deg f, d > di—1(f),

(5.15) ,
and ay,s(f) =0 for all S C {1,...,m} with |S| > d}.

Of course, when max{(k — 1)deg f, di—1(f) + 1} > m, di(f) stops carrying any
new information.

Corollary 5.3. Let f € P, with deg f > 1 and let ¢ be an invertible affine trans-
formation of Z5* Then di(f o ¢) = di(f) for all k > 1. Namely, di(f) is an affine
invariant of f.

Proof. The conclusion is immediate using Lemma 5.1 and induction. |

Example 5.4. Let f = X1 Xo0X35+ Xo Xy X5+ X1 Xg + XoX7 4+ X3X6 + Xy Xg +
X5X¢ € Ps. Then dl(f) =3, dg(f) =5, dg(f) =6.

Two functions f,g € P,, are called affinely equivalent if ¢ = f o ¢ for some
invertible affine transformation ¢ of Z3*. Affine classifications of elements in various
subsets and quotient sets of P,,, are important problems in coding theory. However,
these are very difficult problems with only a few results ([II, [9], [10], [I7]). One
of the difficulties here is the lack of good affine invariants for Boolean functions.
The affine invariants introduced in this paper could be valuable new tools in the
study of the classification problems. In the following example, we observe that in
some cases, the new invariants can separate affine equivalence classes of Boolean
functions easily while other invariants fail.

Example 5.5. For f € Py, a € Z3', define
D(lf:f((X17 7Xm)+a) _f(Xla aXm)
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A bent function of the form
(5.16) X1P(Y)+ -+ Xt P(Y)+ Q(Y) € Pa

is called a Maiorana-McFarland (MM) bent function, where Y = (Xy41,- -+, Xot).
There are bent functions that are not affinely equivalent to any MM bent function,
but previous proofs of such nonequivalence are either ad hoc or complicated ([7],
[13]). If a function f € Py is affinely equivalent to a function of the form (5.16),
then so is D, f for all a € Z3'. Then clearly, do(D,f) < t + 2. There are bent
functions of the form f = Xo A(Xy, -+, Xot—1) + B(X1,- -+, Xot—1) € Pa, where
A(Xqy, o Xop1) = X1+ X401+ Xy -+ - Xop—o + terms of lower degrees. (Cf. the
examples of [13].) For such a bent function, Do f = A(Xy,- -, Xo—1) with a =
(0,-+-,0,1), and da(D,f) = 2t — 2. Thus when t > 4, such a bent function is not
affinely equivalent to any MM bent function.
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