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BOUNDEDNESS OF INTEGRAL OPERATORS
ON GENERALIZED MORREY SPACES
AND ITS APPLICATION TO SCHRODINGER OPERATORS

KAZUHIRO KURATA, SEIICHI NISHIGAKI, AND SATOKO SUGANO

(Communicated by Christopher D. Sogge)

ABSTRACT. In this paper, we study boundedness of integral operators on gen-
eralized Morrey spaces and its application to estimates in Morrey spaces for the
Schrédinger operator Lo = —A + V(z) + W (x) with nonnegative V € (RH)oo
(reverse Holder class) and small perturbed potentials W.

1. INTRODUCTION

In this paper, we study boundedness of integral operators with the kernel of Riesz
type on generalized Morrey spaces (Theorems 2], 2:2]) and its application to the
study of mapping properties of the Schrodinger operator Ly = —A + V(z) + W (x)
with nonnegative V' € (RH ) (reverse Holder class) and small perturbed potentials
W (Theorems [[:2] 3] Bl B). We say V € (RH ) if there exists a constant C
such that

1

. <O
(1.1) o Viy)l < B e V(y)l dy
for every x € R™ and r > 0, where B(z,r) = {y € R";|y — x| < r}. As a typical
example, for any polynomial P(z) and o > 0, V(z) = |P(z)|* belongs to this class.
For 1 = = A+ V,V € (RH)x,V # 0, we already know nice estimates for the
fundamental solution I'(x,y) for Ly due to Z. Shen [Shl|: for every k > 0 there
exists a constant Cj such that

Ck
1.2 I(z,y)| < )
2 TS TG Il — e o
Ck
1.3 V. (z,y)| + |V, [(z,y)] < )
13) VD) + V) € T e
where m(z, V) is defined by
1 r?
1.4 7:supr>0;7/ V(y)dy < 1}.
(4 @ V) U B Jo, VW =Y

We note that V' € (RH) satisfies V(z) < Cm(x,V)? for some constant C. For
further properties of m(x, V'), we refer to [Shl]. The estimates (1.2)-(1.3) enable
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us to obtain the boundedness of Ll_l, the integral operator with the kernel I'(z, y),
on various spaces. In particular, we can prove that there exists a constant C' such
that
m(z, V)2 (L1 f)(@)] + [m(z, V)VLT ' f(2)] < OM(|f])(2)

for f € L°(R™), where M(|f]) is the Hardy-Littlewood maximal function of f and
LER"™) = {f € L®(R"); supp f is compact} (see [KS] and LemmaB.1]). The main
purpose of this paper is to show estimates of Ly ! (see Definition [L2)) for certain
perturbed potentials W (not necessarily nonnegative) on various spaces. We should
remark that, if we consider an example W (x) = —¢/|z|?, we cannot expect such nice
estimates for the fundamental solution to L. Our method relies on the estimates
for Ly, and a simple perturbation argument. To develop a perturbation theory, we
consider integral operators T and Sj; defined by

(1.5) Tf(x):/nﬂdy

x —y[n/s

and
f(y)
(16) SMf(x) :/R" x—y|”/5(1+|$—y|)M

for some s > 1 and M > 0. Many authors studied the boundedness of T on various
spaces, e.g., on LP spaces, weighted LP spaces, and classical Morrey spaces. Among
them, we note the recent result due to Olsen, which covers all previous results,
except for weighted LP spaces (see, e.g., [Adl, [CE], [Ta]). We recall that a function
[ is said to belong to the classical Morrey space M, 1 <p <, if

dy

(1.7) ”fHM}?E sup |Q|1/r—1/p(/ |f($)|pdx)1/p<+oo
QCR" Q

holds, where the supremum is taken over all cubes @ C R". For a function W (zx),
we denote by W-T the product of W and T', where W is the multiplication operator
by W{(x). The following theorem is due to Olsen [O]], although Olsen stated the
estimate only in the three-dimensional case.

Theorem 1.1 ([OI]). Letn > 3 and 1/v+1/s=1. Assume 1 <p <r,p<u <
v,1/r+1/s>1, and W € M?. Then there exists a constant C' such that

W -T fllaey < ClIWarg [ fllagg, | e M.

We assume that V' satisfies the following conditions: there exists a positive
constant mg such that
(1.8) V(z) >0, V€ (RH)x, m(z,V)>mg.
For example, V(z) = |P(z)|* satisfies (I¥) for every polynomials P(x) and a > 0
(see [Shil).

Definition 1.1. For a Banach space Y (C L} (R"™) for some 1 < p < +00 ) we

consider the Banach space Xy associated with Y:
Xy = {u € Y;m(z,V)?u,m(z,V)Vu, V?u € Y}
with its norm |ulxy, = [|m(z, V)2ully + [[m(z, V)Vully + || Vuly.

Let L1 = —A+V and Ly, = L1 + W. Now, we state the estimate in the classical
Morrey spaces for Lo.
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Theorem 1.2. Assumen > 3,1 <p <r <n/2;p<u<n/2, and [LI) for V.
Let Y = M} and suppose W € M and Wl e is sufficiently small. Then
there exists a constant C' such that

IWallary + llm(z, V) ?ullag + m(a, V)Vullag + [1V?ul|ag

1.9
(1.9) < Cl|Laullpy,  we C°(R™).

Here C' depends on [|[W ||, n/> and 1Ly =y -
u

For the definition of ||L] ||y, , see section Bl

Definition 1.2. (L;') Under the assumption that W L' is bounded on Y and W
is small in the sense that |[W L ||y y < 1, we define the operator L, ! from Y to
Xy by Ly' = L' (1 + WLT')~!. Note that, when L; is an isomorphism from Xy
toY,u= L;lf € Xy represents a unique solution to Leu = f for f € Y.

Since we will see that L, gives an isomorphism from X to Y for the case Y =
LP(R™) with 1 < p < +00, we have the following theorem.

Theorem 1.3. (1) Assumen > 3,1 < p < n/2,p < u < n/2, and (L) for
V. Suppose W € M"* and Wl yynr2 is sufficiently small. Then there exists a
constant C' such that
(1.10)
IWLS fllee + m(a, V) Ly ' fllze + llm(e, V)VLy fllze + I V2Ly  fl
<C|fllee, feLP.

(2) Under the additional assumption |W|'/2 € M for some v < n, there exists
a constant C' such that

W2V L flle < C|\fllLe,  f € LP.

Example 1.1. Let W(z) = ¢/|z|? with |e| < o for sufficiently small ¢y > 0. Then

W e MS/Q for every u < n/2 and ||W||Mn/2 < ¢oC for some constant C' which
depends only on n. Hence we can apply Theorem and Theorem for every
1<p<r<n/2and 1 < p < n/2, respectively. Note that W does not belong to
any L" spaces.

For a general weight function ®(x,r) > 0, the generalized Morrey space Lg’ with
1 < p < 400 is defined as follows:

(1.11)

o __ D ny. 1 p = p
LY = (f € L (R swp oo /| WPy =l < +oc).
In [Mi] and [Na], the authors studied the boundedness of the Hardy-Littlewood
maximal function and singular integral operators on those spaces under a certain
conditions on ® ((ZI)) and ([22) in section ). We should mention that for the
restricted case p/r < u/v, the estimate in Theorem [Tlhas been proved in [CE] and
its proof is rather simple compared with the one in [Ol]. Since this type of estimate
is useful even for the restricted case for our application, we shall generalize it to the
generalized Morrey spaces in section Plunder a certain additional condition (Z3]) on
®(z,7) (Theorem [ZT)). Furthermore, we improve the estimate in Theorem Z.1] for
the intergral operator Sy (Theorem[ZZ]). In section B we apply it to the Schrédinger
operator and show a similar estimate as in Theorem [[Z1on the generalized Morrey
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space (Theorems B1] B2). The proof of Theorem is also given in a similar way
as in Theorem Bl

2. BOUNDEDNESS OF INTEGRAL OPERATORS
ON GENERALIZED MORREY SPACES

In this section, we show boundedness of the integral operators T and Sj; on
generalized Morrey spaces. We assume that the weight function ®(x,r) satisfies the
following conditions: there exist a positive constant C' and nonnegative constants
A, § with A+ 6 < n(l —p/s’) such that

D(x,t)

: 1< < <t<
(2.1) C *@(x,r)*c (r<t<2r),
Pz, t) dt D(x,71)
(22) / i 1 = Crmape
(2.3) ®(x,7) < CrM (14 19)

for every € R™ and r > 0, where s’ = s/(s — 1).

Example 2.1. It is easy to see that ®(x,7) = 7 log(2+7) with 0 < A < n(1—p/s’)
satisfies the conditions above for every § > 0. Note that L;? does not belong to any
classical Morrey spaces.

We state our main results for boundedness of W-T on generalized Morrey spaces.

Theorem 2.1. Assumen > 3,1 < s,1<p< s, and @I)-R3) for &(z,r). Let
N =n/n=X), A+38)*=n/(n—(A+6)) and W € Lgi/)\* N L?/()\Jré)*' Then
there exists a constant C such that

(2.4)

W - Tfllpo < CUW s /xe 0 + Wils /a0 0) I flpe,  f € Ly

Remark 2.1. Note that, for the case ®(z,t) = t"(1=P/") we have LY = M. Hence
Theorem 1] in the case 6 = 0 is a generalization of |[CEL Theorem 2].

For the integral operator Sy, we can improve the estimate in Theorem P11

Theorem 2.2. Assumen > 3,1 < s,1 <p < s, and @I)-C3) for ®(x,r). Let
W € L% and suppose M > (XA + 6)/p. Then there exists a constant C' such that

(2.5) W Saeflpa < ClWls ol flpa, fe€Ly.

In [Nal, Theorem 3], without the assumption (Z3), Nakai proved a boundedness

of T from Lg’ to Lg)q“), where 1/¢ = 1/p — 1/s’ which is a generalization of [CF]
Corollary, p. 277].

Theorem 2.3 ([Nal). Suppose 1 < p < s' and ®(x,r) satisfies the conditions [21I)
and 22). Let 1/q=1/p—1/s'. Then there exists a constant C' such that

ITfllgarn < ClIf]

We note Holder’s inequality on the generalized Morrey spaces.

p,®-

Lemma 2.1. Let ®1(x,r) and Po(x, ) be weight functions. Suppose p,q,t € (0, +00)
satisfy 1/t = 1/p+1/q and let U(x,r) = &1 (2,7)/P®y(x,7)/9. Then we have

I gllew < N fllpaillglons, f€Ly g€ Ly
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Proof. For each x € R™ and r > 0, we have

1/t 1/p 1/q
([ uaran) < ([ irar) ([ atra)
B(z,r) B(z,r) B(z,r)

<1 F 1,2 1 (2,7) P |9l g, 0, B2, 7) M/
= e,
This implies the desired inequality. O

p,®1 ||g||q7‘1>2l1/(x7 ’I“)

We need the boundedness of W - T on the same generalized Morrey space to
apply a perturbation argument to the operator Ly = L; + W. From this point of
view, W must belong to some L4 space if we apply Theorem 2.3.

Corollary 2.1. Suppose 1 < p < s’ and ®(x,r) satisfies the conditions (1) and
(Z2). Let W € L¥ (R™). Then there exists a constant C such that

W -Tfllpe < CIWI Lo | f]lp,2-

Proof. Tt is an easy consequence of Theorem 2.3 and Lemma 2.1. O

Le’

Corollary 211 should be compared with Theorem (or ZT]). The difference
between Theorem and Corollary 2T can be seen in Example Bl for example.
To prove Theorem [2]] we need the following lemma.

Lemma 2.2 ([Na]). Under the assumptions 21)-@2), there exist positive con-
stants C' and p such that

/+°° O(z,t) dt<c D(x,7r)

tn(=p/s)=p ¢ = pn(l=p/s")—u

holds for every r > 0.

Proof of Theorem [Z1l We may assume f € LE N L2 without loss of generality in
the proof. Actually, we show there exists a constant C' which does not depend on
f such that

(2.6)
/B( : (W ()(T|f)(@)" dy < C2(y, )W |5 /a0 + W lls/0t6)-,0) [ .0
y,r

for every y € R™ and r > 0. For general f € Lg’, applying (Z8) to fr(z) =

X{lz|<R}n{x;|f ()| <R} (T)|f|(x) which belongs to L° N Lg), we have
(2.7)
/B( ) (W (@) (T|fr) (@) dy < CO(y, r)([IW s /-0 + IW s/ 0r8)-,0)" | £ 1170
y,r

for every y € R™ and r > 0. Taking the limit R — oo, by the monotone convergence
theorem, we obtain (Z6) for general f € Lg’ and complete the proof.

(STEP 1): We follow the argument in [CF]. We write, for ¢ > 0 which will be
determined later,

Tf(x)_/{ /W)l dy+/{ EAC) |

|lz—y|<e} |{E - y|n/8 |lz—y|>e€} |{E - y|n/8
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We can estimate I; by
(2.8)
-1
k=—o0 {

2ke<|z—y|<2k+1le} |J) - yln/s

for some constant C. Now, we take ¢ to satisfy n(1 — 5) —pu < o < pn(: — I%),

where p > 0 is the constant in Lemma 2.21 Since n/s = o/p + {—(c/p — n/s)},
Holder’s inequality yields

(2.9)

P 1/p , 1/17/
() HOZa) ([ ey ay) = p
(z—yl>ey [T =Yl (z—yl>e}

For I3, we have by (21)

+o00 1/p
[f )P
(2.10 I < ( / "
) kzzzo {2re<o—y|<2t+1c} (2F€)7
+oo 1/p
C®(z,2%¢)
= <ZW 1£1lp.a-
k=0
We obtain
(2.11)
= q’(x,?kE) _ = (2’“5)"(1*?/8')*/1 C@(x,le)
k=0 (2ke)7 k=0 (2ke)7 (2ke)n(1=p/s")~p
<oy Bano ey a
- (2%¢)” ok tn=p/s)—p ¢

k=0
Ce"(l_p/sl)_” /°° O(z,t) dt

tn(l=p/s")—p ¢

60'

for some constant C. Here, since o > n(1—p/s')—p, we used (2F)n(1=p/s")—p=0 <
for every k > 0. By Lemmal22 we can conclude

+00 k
Z D(x,2%€) < C@(m,e).
pors (2k6)0 €0

On the other hand, it is easy to obtain
(2.12) I, < Cen1/p'=1/s)+a/p
Hence, it follows that

I, < Cd(z, 6)1/p6n(171/pfl/8)Hf|

p,P-
Therefore, we obtain that
(2.13)

(Th)x) < C{E”(“/S)Mf(w) +®(x,¢) /PP ||f||p,<1>}

holds for some constant C'.



INTEGRAL OPERATORS ON GENERALIZED MORREY SPACES 1131
(STEP 2): By the condition (Z3), we have
(Th)@) < C{e”“‘”s)Mf(x) + (M + e“+‘”/”>e"“—”p—”s>||f||p,q>}-

Let A= M(|f|)(z) and B = ||f||p,a- We consider two cases.

Case 1. For the case B/A < 1,i.e. || f]
Since € < 1, it follows that

(THe) < C{ (G A (Gt

< OM(If) (@) X1

»a < M(|f])(x), we choose € = (B/A)P/ ("=,

Case 2. For the case B/A > 1, ie. || fllp,e > M(|f])(z), we choose
€ — (B/A)p/(n*(ﬂrﬁ)).
In this case, it follows in a similar way that
(T (@) < CM(F1)(@) PO/ g
Hence, we obtain
(2.14)
(Th)(@) < CMFN ) A+ M F) () P
= Ji(z) + Jo(z).
Define a € (1,00) by 1/a =1 — pA\*/s’. By using Holder’s inequality, we have

(f W@ A i) v

1/p ,
sc(/B ( )IMf(x)I”/alW(x)l”dy> TR
y,'f‘

1/ap . A* /s’ e
< c( / IMf(x)Ipdy> ( [ e dy> TiR-
B(y,r) B(y,r)

< C(y, ) PIIW s e w L lp.a-

In the last inequality we used the fact that ||M f|,.6 < C||f||p.# holds under the
assumptions (2:1)) and (2:2)) (see [Na]). This implies

[Willp.e < ClIW[s/x-allfllp.e-
In a similar way we have
W L2lpe < ClIW s /ort6)< 0l f I p,a-
This complete the proof of Theorem 211 O

Proof of Theorem [ZZ2. We modify the proof of Theorem 21]in the following. We
can estimate Iy by I} and I, where

P 1/p
13,_< / L dy) '
(o—yze} [T = y|7(1+ [z — y[)MP
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We can estimate I3/ in two different ways, namely I3, < I3 and

3 lf ()P
(2.15 Iz < ( / Ly
) k=0 7 {2Fe<|z—y|<2k+1e} |z — y|U+Mp

Oz, )P
<ol n(1-1/p=1/s) .
= M € ”f”p,q)

Therefore, we obtain

(2.16)

ed/p
)

1
(T£)(@) £ OV (F)(z) + CMNPmin(1 + 7, o )en(=1r1o) 7

< CnTVIM(f) (@) + C P £l g,

Here we used the boundedness of €*/? min(1 + €%/?, H;E—,\j/p) under the assumption
M > (A +6)/p. Thus, this yields

(2.17) (Tf)(@) < COMP)@) | £117s
which completes the proof of Theorem O

3. APPLICATION TO SCHRODINGER OPERATORS

We consider Schrédinger operators L1 = —A 4+ V(z) and Ly = Ly + W(z) on
R"™ n > 3. We study estimates in Morrey spaces and boundedness of Ly ! for certain

small perturbed potentials W by using estimates for the fundamental solution for
Lt

Lemma 3.1 ([KS|). Suppose V(z) >0, V € (RH)s. Then there exist constants
Cj,j =1,2, such that

m(z, V)’ LT f(2)] < CiM(f)(), [m(z, V)VLT f(2)] < CaM(f)(2),
for f € L¥(R"™).

Let Y (C L} .(R™) for some 1 < p < +00) be a Banach space, and let Xy be
the Banach space associated with Y in Definition [Tl

Corollary 3.1. (1) Suppose V(xz) > 0, V € (RH)o and that there exists a con-
stant C such that |M(f)|ly + [|[V2(=A)" flly < C||flly for f € Y NLE. Then
there exists a constant C1 such that

1L fllay <Cillflly, feYNLE.
(2) Under the same assumptions, there exists a constant Co such that
ulley < CollLyully, ue C5°(R").
Proof. Lemma [3.1] and the assumption yield
lm(a, VY2LT flly + [m(a, VIVLT flly + ALY flly < Cllflly-

Since V2L7' = V2(=A)"*(=A)L; ", we obtain (1). Since Lyu = f € L NY for
u € CP(R™) and u = L' f, (2) is a consequence of (1). O
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We can show in the same way as in the proof of Theorem 2] that
lm(z, VY2 LT flly + m(z, VI)VLT vy < Ol flly

holds for f € Y. We denote by ||L;'|ly—a, the infimum of the constant Cy in
Corollary Bl Since it is known that the assumption in Corollary B holds for
Y = LP(R™), LP(R™wdx),1 < p < 400, with A,-weight w > 0, the Morrey
spaces M7, 1 < p < r < oo, generalized Morrey spaces L7 (see, e.g., [CF], [GRI,
[Mi], [Na]), we can apply Corollary B] to these Banach spaces Y. Now we state
our main result in this section.

Theorem 3.1. Assumen > 3,1 <p<n/2,0< A+ <n(l-2p/n), L) forV,
and that ®(x,r) satisfies the conditions 2I)-@3). Let Y = LY and W € LS/Q,

Suppose ||W ||, 2,0 is sufficiently small. Then there exists a constant C' such that
(3.1) Wully + [Jullxy < CllLaully, ueCg7(R").

Here C depends on ||W| and | LTy — xy -

Ly2,e

Proof. 1t is known that the fundamental solution I'(z,y) for L, satisfies (1.2) and
(1.3) and hence
Cm

[z —y|" 2 (1 + |z =y

for every M > 0 under the assumption (L&) on V. Thus WL;1 is a bounded
operator on Y under the assumption by Theorem with s = n/(n — 2) and
hence (1 + WLy ")~! is also bounded on Y because of the smallness of |[W||,, /2.0
and can be written as Neumann series. For u € C§°(R"™), Lou = f is equivalent

to Liu = (1 + WL;I)*lf. Then, the desired estimate is an easy consequence of
Theorem 2.2 with s = n/(n — 2) and Corollary 3] (2). O

Proof of Theorem If we combine Theorem [l with s = n/(n — 2) and the
estimate |T'(z,y)| < Clz — y|>~", we can prove Theorem [[2 in the same way as in
the proof of Theorem [3.11 O

0<T(z,y) <

Under somewhat weaker assumptions that V satisfies V(z) > 0,V # 0, and
V € (RH)w, if we apply Theorem B instead of Theorem we can obtain a
similar estimate as in Theorem 3.1l If we apply Corollary B.1], we have

Theorem 3.2. Assumen > 3,1 <p <n/2, V(z) >0, V(z) #0,V € (RH)w,

and ®(z,r) satisfies the conditions ZI) and Z2). Let Y = LY, W € L"2(R").

Suppose ||W || pns2 is sufficiently small. Then there exists a constant C' such that
Waully + llullxy < CllLeully, we C5°(R").

Example 3.1. We compare Theorem Bl with Theorem B2]in the case ®(z,r) =
log(2 + r), for example. Hence, ®(z,r) satisfies (2I)-(23) with A = 0 and small
§ > 0. Note that L™/?(R") C LS/Q. Thus Theorem B.1lis stronger than Theorem B.2]
in this case. For the case ®(z,7) = r*log(2 + r) with 0 < A < n(1 — 2p/n) and
small § > 0, Theorem 1] and Theorem B2l complement each other.

Proof of Theorem [L3 By Corollary Bl (2) there exists a constant C' such that
lm(z, V)*ul Lo + Im(z, V) Vulle + [[V?ul| 2o < C||Lyul

for every u € C§°(R™). On the other hand, Kato’s inequality implies the operator
L; with the domain D(L;) = C§°(R™) is essentially m-accretive in LP with 1 <
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p < 400 (see, e.g., [He], [Ok], [Ku]). Combining these results, we obtain that
the closure of L; is an isomorphism from Xy to Y = LP(R™) (see also [Gul).
Hence, Lglf = Lfl(l + WL;I)’lf represents a unique solution of Lou = f for
f € LP(R™). Theorem [[L3(1) is a consequence of Theorem [T with s = n/2 and
Theorem [C2. Under the assumptions on V', we have

Cwm
1+ |z —y)Mz —y[*!
for every M > 0. Hence Theorem [T with s = n yields the boundedness of
[W|'/2V L on LP(R™). Thus it follows that

W2V Ly fllee = WAV LT+ WL ™ |
<CIA+WL)  flle < OISl
Theorem [[L3(2) is a consequence of Theorem [Tl with s = n. O

We should mention that our method can also be applied to other operators, e.g.,
uniformly elliptic operators and magnetic Schrodinger operators ([KS], [Sh2]).
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