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ABSTRACT. We show that the converse to the main theorem of Ergodic trans-
formations conjugate to their inverses by involutions, by Goodson et al. (Er-
godic Theory and Dynamical Systems 16 (1996), 97-124), holds in the unitary
category. Specifically it is shown that if U is a unitary operator defined on
an L? space which preserves real valued functions, and if U~1S = SU implies
S2 = I whenever S is another such operator, then U has simple spectrum.
The corresponding result for measure preserving transformations is shown to
be false. The counter-example we have involves Gaussian automorphisms. We
show that a Gaussian automorphism is always conjugate to its inverse, so
that the Inverse-Conjugacy Theorem is applicable to such maps having simple
spectrum. Furthermore, there are Gaussian automorphisms having non-simple
spectrum for which every conjugation of T" with 71 is an involution.

80. INTRODUCTION

Let U : H — H be a unitary operator defined on a separable Hilbert space H.
U is said to have simple spectrum if there exists an h € H for which Z(h) = H,
where Z(h) is the closed linear span of the set {U™h : n € Z}. We are mainly
interested in the case where the Hilbert space is a function space. Let (X,F, u)
denote a standard Borel probability space, and let T': X — X be an invertible
measure preserving transformation (automorphism). To say that the automorphism
T has simple spectrum means that the unitary operator Ur : L2(X, u) — L*(X, p),
Urf(xz) = f(Tx), induced by T, has simple spectrum. It is known that if T has
simple spectrum, then T is ergodic, and that unitary operators preserving real
valued functions are conjugate to their inverses.

The following theorem and corollary were given in [2] (see also [3] and [4] for
related results). We use I to denote both the identity operator, and the identity
automorphism.

Inverse Conjugacy Theorem. Let U : L*(X,F,u) — L*(X,F,u) be a uni-
tary operator having simple spectrum and preserving real valued functions. If S is

another unitary operator preserving real valued functions and U~1S = SU, then
S2=1.
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Corollary. Let T : X — X be an automorphism having simple spectrum. If an
automorphism S satisfies T~1S = ST, then S? = I.

Our aim is to show that the converse of the Inverse Conjugacy Theorem is also
true, but that the converse of the corollary is false. This tells us that in some
sense the unitary centralizer of an operator is big enough to distinguish operators
which have simple spectrum, while the measure theoretic centralizer is not. This
is analogous to the well known result that the unitary centralizer of U is abelian if
and only if U has simple spectrum, while the measure—theoretic centralizer of an
automorphism T may be abelian even when 7' has non-simple spectrum (see [3]).
Specifically we prove:

Theorem 1. Let U : L*(X,F,u) — L*(X,F,u) be a unitary operator preserving
real valued function for which

US=SU"!' = §2=7

whenever S is a unitary operator preserving real valued functions. Then U has
simple spectrum.

Our counter—example to the converse of the corollary is obtained by investigating
the spectral properties of Gaussian automorphisms. It is shown that a Gaussian
automorphism is conjugate to its inverse (see also [5] for a different proof of this)
and we deduce conditions under which any conjugation between a Gaussian au-
tomorphism and its inverse is an involution. Then we show that some Gaussian
automorphisms having infinite maximal spectral multiplicity have this property,
giving us the desired counter—examples.

I would like to thank Mariusz Lemanczyk and the referee for some useful com-
ments.

§1. PRELIMINARIES

Let U : H — H be a unitary operator defined on a separable Hilbert space H,
and having simple spectrum. Suppose h € H satisfies Z(h) = H; then there exists
a finite Borel measure oy, (called the spectral type of h), defined on the unit circle
S in the complex plane for which

(U™, h) :/ 2" doy, n €,
g1

and such that U is unitarily equivalent to V : L2(S',03,) — L2(S',03) defined by
Vf(z) = 2f(2).

In addition, there is a natural unitary equivalence
©: (U, Z(h)) — (V,L*(S', 0)),

determined by O(U™h) = p,(z), where p,(z) = 2", n € Z.

We use the symbol 2 (as in (U, Z(h)) = (V,L?*(S',04))) to indicate unitary
equivalence.

In the case where U : H — H does not necessarily have simple spectrum, there
is a way of representing H as a direct sum of cyclic subspaces: Let A, denote the
subspace of those elements of H whose spectral types have uniform multiplicity
n, n € ZT, so that A, may be trivial. Also denote by A, those elements with
uniformly infinite multiplicity. Each A,, 1 < n < oo, is a U-invariant subspace,
and if non—trivial may be decomposed into the direct sum of n cyclic subspaces
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generated by elements 1, za, ... , &y, An = @, Z(z;), such that each z; has the
same spectral type o, say. The type of the measure @Zozl 0n P 0 is called the
mazimal spectral type of U (see Halmos [6]).

The spectral properties of an automorphism 7' : X — X are those of the induced
unitary operator Uz : L*(X, p) — L*(X,u), Urf(z) = f(Tx).

§2. SPECTRAL PROPERTIES OF UNITARY OPERATORS
EQUIVALENT TO THEIR INVERSES

In this section we prove Theorem 1. Let U : H — H be a unitary operator
defined on a separable Hilbert space H. Denote by ¢, the maximal spectral type of
U. oy, is a Borel measure defined on the unit circle S* in the complex plane, which
we assume is symmetric, i.e., o,(A) = o, (A) for each Borel set A C S (where A
indicates that we have taken the complex conjugate of each element of A). This
condition is sufficient to ensure that U is unitarily equivalent to its inverse. A
unitary operator U : L?(X, u) — L?(X, ) preserving real valued functions always
has this property (see [2]).

Lemma 1. LetU : H — H be a unitary operator and suppose that H = @7~ | A,®
A is the decomposition of H into the U—invariant subspaces A,, of elements whose
spectral types have uniform multiplicity n. If each corresponding spectral measure
on, 1 <n < o0, is symmetric, then

(i) U is unitarily equivalent to its inverse, and there exists a unitary operator S
with U™'S = SU and S? =1,

(i1) if U has non-simple spectrum, then the unitary operator S may be chosen so
that U718 = SU, S* =1 and S* #1.

Proof. (i) For each n, 1 < n < oo, if A, is non—trivial we can write A, =
@._, Z(h;) where each h; has the same spectral type o,, which is symmetric.
Now U|Z(h;) is unitarily equivalent to the operator V,, : L?(S1, 0,,) — L2(S%, 0,)
defined by V,,f(2) = zf(z). It will suffice to prove the lemma for the operator V,,.
Note that V71 f(2) = Zf(2).
Define S, : L?(SY,0,) — L2(S',0,) by S,f(2) = f(Z). Then S, is a unitary
operator since the measure o, is symmetric. Also

SuVaf(2) = Su(2f(2)) = 2f(2) =V, 1 (f(2)) = Vi, ' Suf(2),
ie., S,V, =V,S-1 and clearly S2 = I.

(ii) If U has non-simple spectrum, then some A,,, 2 < m < oo, will be non—-
trivial, and hence there are j,k € Z*, j # k, such that

UlZ(hj) 2 U|Z(hx) and Z(h;) L Z(hs),

where Z(h;) and Z(hg) are cyclic subspaces contained in A,,.

We define S : H — H in the following way. For each n,1 < n < oo, n # m,
define S on the n cyclic subspace making up A,, as in (i) above. Then we see that
S2|A,, = I for n # m. Define S in the same way on the other cyclic subspaces of
Ay, (except for Z(h;) and Z(hg)).

Since o, = on, = Om, we can think of LQ(Sl,UhJ.) and L%(St,0p,) as two
copies of the same space L?(S!,o,,), with V,, acting on each of them. Define
S! L3S, 0,,) @ L2(SY, 0m) — L?(SY,0m) @ L2(SY, 0,,) by

s () - (8 5 () - (5%):



1384 GEOFFREY R. GOODSON

It is now easy to check that S/, o(V;,&V;,) = (V,, '@V, 1)oS!,, and (S),)* = —1.
If we now lift S}, back to Z(h;) ® Z(ht), we see that we have a unitary operator S
defined on this subspace, which when combined with the way S is defined on the
other subspaces, gives the required result. O

Remarks. Now suppose that H = L?(X,u) and that U : H — H preserves real
valued functions. Let f € H, where oy denotes its spectral measure, i.e., the unique
Borel measure on S! satisfying

1) i) = [ oy = [ UnF T

Since U preserves real valued functions, it also preserves complex conjugation, i.e.,
Uf=Uf forall f e H. It follows that

oy = [ UF - fdu= [ T dp =),

This means that o is a measure on the circle which is the image of oy via the map
z — Zz. If [ realizes the maximal spectral type of U, then o7 < oy and consequently
oy has to have the type of a symmetric measure. So, if we select f in such a way
that oy is a symmetric measure (such an f does exist), then in particular we have
op(n) = [¢1 2"dos(z) € R, Vn € Z. Finally, we point out that it was shown in
[2] that the maximal spectral type o5 can be chosen in such a way that h is a real
valued function.

We now apply Lemma 1 to the case we are dealing with. First, notice that the
maximal spectral type of U is symmetric. It is easy to see that each measure in
the spectral decomposition is symmetric, so the Lemma is applicable. To prove
Theorem 1, it suffices to show that S can be chosen so as to preserve real valued
functions. The proof which now follows, uses ideas and notation introduced in [2].

Let us write Hgr = L% (X, u), the real valued functions in H; then for each
feHR, Uf =Uf=Uf, since U(Hr) = Hr. Suppose that h € Hg realizes the
maximal spectral type of U; then we can write

H = L*(S*, o4),

where o, is a symmetric measure. Now let

H="H(on) ={g€H:g(2) = g(2)}.
For V:H — H, Vf(z) = z2f (%), the following was proved in [2].

Lemma 2. (i) H is a subspace over R, which is closed and V ~invariant.
(ii) H is the closure of {3.", arz®: ar € R,n > 0}.

(1ii) If f € Hr, then O(Hr N Z(f)) = H(oys), where © is the natural unitary
equivalence between Z(f) and L*(S', o¢).

Proof of Theorem 1. Let L*(X,pu) = @, AnUAx, A =P, Z(hz(n)), 1<i<
n, 1 < n < oo, be a spectral decomposition for U, where each hz(n), 1 <i<n,
1 < n < oo, may be chosen to be real, so that the corresponding measures o,, are
symmetric.

For each i = 1,2, ..., there is a natural unitary equivalence

07" (U, Z(h)) = (Vir, I*(S, 0),
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where V,,f(z) = zf(z). Write 0™ = @, @g"), and © = @7, 0 @ ),
the equivalence between U : H — H and V : @n}iLQ(S’l,U”) — @n’iLQ(S’l,U”),
where V =€, ; V. = (B 1B, Va) ® (B, Vo).

Suppose that U has non-simple spectrum, and define an equivalence S in the
following way using the idea of Lemma 1(ii):

We may assume that there exists m such that A,, is non—trivial. Using the
natural unitary equivalence there are k,j € Z*, j # k, and ah;,,,o = 0pm = O

(say), so that
L2(517 U}ﬁ"”)) = L2(Sla Uhg")) = L2(Sla Um)'

Define S/, : L?(SY,0,,) ® L23(SY, 0,,) — L?(SY, 0m) ® L?(SY, 01) by

W () - (s 5 (0) - ().
Now define S : @, ; L*(S",05) — @, L*(5",03) by:
S|LA(SY,05) = Si, i #m.

When i = m, S is defined in the same way except that we define S to be S/, for S
restricted to L*(S', 0, n) ® L*(S", 0, (m)) (where S; is defined by S; : L*(S*, 0y) —
J k

L*(S',04), Sif(2) = f(Z)). Tt is clear that SoV =V ™! o S and that S # I.
To complete the proof it suffices to show that H is S—invariant, where

H= EB?%" . Hn={g€ L*S"0,):9(Z) = g(2)}.

This is clear, for if f € H,, then (S,f)(Z) = f(2) = f(Z) = (Snf)(2), for n # m.
A similar argument works when n = m.

Now, if we map S back to H, i.e., put S = 010800, then Hg is S-invariant
and 52 # I. The theorem now follows. O

83. (GAUSSIAN AUTOMORPHISMS

Let T : X — X be an ergodic automorphism on a standard Borel probability
space (X,F,u). We examine the case of Gaussian automorphisms, showing that
such an automorphism is always conjugate to its inverse (see also [5]). It follows
that the corollary to the Inverse Conjugacy Theorem is applicable when such an
automorphism has simple spectrum. We shall see that this analysis also applies to
certain Gaussian automorphisms having infinite spectral multiplicity. We will need
some basic information from the theory of Gaussian automorphisms, which can be
found in Cornfeld-Fomin-Sinai [, Chapters 8 and 14]. First, we give a result from
[2] which is needed.

Definition. Let A C L% (X, i) be a non-empty family. We say that A generates
the o-algebra F if the smallest o-algebra containing all sets

{a™(C): C CR Borel, ac A}

is equal to F.
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Proposition 1 ([2]). Assume that there exists a T-invariant subspace AC L (X, u)
generating F on which T has simple spectrum. If the mazimal spectral type of T
on AL is orthogonal to the one on A, then each S conjugating T to T~ is an
involution.

Definition. An automorphism T : (X, F,pu) — (X, F, ) is said to be Gaussian
if there exists a real function hg € L2?(X,F,u) with zero mean and which is a

Gaussian element, i.e., for every family of integers ki, ko, ... .k, and Borel sets
Aq,..., A, CR,

M({xEthJ(x) EAJ7]:17n}):c// e*%(Dt,t) dt,
A1 X...XAp

where ¢ is a constant, ¢ = (t1,...,t,) € R™, hy = hoT®, s € Z, and D is the
matrix inverse to B = [bsj]1<i,j<n, bij = fX hoT*i=%ihg dpu, such that the Gaussian
element generates F, meaning that the smallest o-algebra containing all the sets of
the form h; }(A), n € Z, A C R is Borel, is equal to F.

The measure ¢ on S* determined by

o(n) = / hnho dp, n €Z,
X

is called the spectral measure of the Gaussian automorphism T'.
Notice that since hg is real, for each f € L?(S!,0)

f(z)do(z) = [ [(Z) do(2),
St St

or, in other words, ¢ is a symmetric measure. We will always assume that o is
non-atomic (which implies that T' is weakly mixing).
Denote by H™ the real Gaussian subspace of L?(X, 1), that is, the (real) closure
of all finite sums
k
erhj, TjER,kJEN,
j=—k
and by H©) = {g1+igs : 91,92 € H} the Gaussian space. Both of these subspaces
are T-invariant.
Let H C L?(S', o) denote the real subspace of functions f € L?(S?, o) satisfying
f(Z) = f(2) a.s. o (cf. the definition of H in Section 2). We again see that if
Vf(2) = zf(2), then H is V-invariant and that for the natural equivalence

0: (H9,T)— (L*(SY,0),V)
given by ©(h,,) = 2", n € Z, we furthermore have O(H)) = H, and hence H is
the real closure of the polynomials Z?Z_k rjzj, r; €R, k€ N.

Proposition 2. Suppose that T} and Ty are two Gaussian automorphisms with real
Gaussian spaces Hfr), HQ(T) respectively. Assume moreover that W : HY) — HQ(T)
is unitary and WUrp, = Up,W. Then there is a unique automorphism S : X — X

such that W = Ug on Hl(r),

Proof. Let hél) and h(()Q) denote the Gaussian elements of the respective automor-

phisms. If we denote by (g, ) the process given by g, = Wh%l)7 n € Z, then we have
that (g,) is Gaussian and its spectral measure is equal to the spectral measure of
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(hsll)). Therefore these two processes have the same distributions. Consequently,
the corresponding actions must be conjugate, and since (g,) generates the full
o-algebra, we conclude that there exists a unique extension of W to a measure
preserving conjugation S of 77 and T5. O

As a corollary we deduce that a Gaussian automorphism is always conjugate
to its inverse. Lemariczyk and de Sam Lazaro in [B] give a direct proof that this
conjugation may be realized by an involution. Below, we show that quite generally,
every conjugation is an involution.

Corollary 1. For each Gaussian automorphism T : (X, F,u) — (X, F,u), T and
T~ are conjugate.

Proof. Let W be a unitary equivalence between Ur and Up-1 which preserves the
real Gaussian space H(") (these always exist). From Proposition 2 we see that
W = Usg on H") for some automorphism S : X — X. The uniqueness implies that
W and Ug coincide on L?(X, i), and the result follows. O

Assume that the spectral measure o satisfies
(2) clox...xo, n>2
—
n
(this is the case if T has simple spectrum).

Corollary 2. If o satisfies condition (2) above, then each conjugating map is an
involution.

Proof. The maximal spectral type of T on (H(®))t is equal to
o%X0  O%0%0
2 + 30 cey
and so is orthogonal to the one on H(®). The result now follows immediately from
Proposition 1. O

The following proposition now gives a counter-example to the converse of the
corollary to the Inverse Conjugacy Theorem.

Proposition 3. There is a Gaussian automorphism T having infinite spectral mul-
tiplicity, and for which every conjugation of T with T~ is an involution.

Proof. By Corollary 2, every Gaussian automorphism 7" is conjugate to its inverse.
If T is constructed so that the measure o is singular, and is such that o % o is
Lebesgue, then T will have infinite spectral multiplicity. Since condition (2) is
satisfied, every conjugation of T with 7! is an involution. O
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