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Abstract. In this paper we construct new Riemannian metrics with positive
isotropic curvature on compact manifolds which fiber over the circle. We also
study the relationship between the positivity of the isotropic curvature and
the positivity of the p-curvature.

1. Introduction and statement of results

Let (M, g) be a Riemannian manifold of dimension n. For every m ∈ M the
inner product g on the tangent space at m, TmM , extends in two ways to the
complexified tangent space TmM ⊗C:

- as a complex bilinear form, to be denoted by g(., .),
- as an Hermitian inner product, to be denoted by 〈., .〉.

Let R : ∧2M → ∧2M denote the curvature operator of (M, g) and also its complex
linear extension to ∧2M ⊗C.

To each complex tangent two-plane P ⊂ TmM⊗C we assign its complex sectional
curvature, denoted KC(P ), which is a real number defined by

KC(P ) =
〈R(v ∧ w), v ∧ w〉
||v ∧ w||2

where {v, w} is any basis of P .
A complex vector subspace P ⊂ TmM ⊗C is called isotropic if g(v, v) = 0 for

all vectors v ∈ P .

Definition. A Riemannian manifold (M, g) is said to have positive isotropic cur-
vature if KC(P ) > 0 for all two-dimensional isotropic subspaces of TmM ⊗C and
for every m ∈M .

Now let P be a complex two-plane and let (z, w) be any basis of P . Note that
the two-plane P is isotropic if and only if we have

g(z, z) = g(w,w) = g(z, w) = 0.

If furthermore, the basis satisfies

g(z, w̄) = 0 and g(z, z̄) = g(w, w̄) =
√

2
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we call (z, w) a standard basis of the isotropic two-plane P . In other words, (z =
e1 + ie2, w = e3 + ie4) is a standard basis for the isotropic plane P if and only if
{e1, e2, e3, e4} are four orthonormal vectors in the real tangent space to M .

One can check easily from the definition that if (z = e1 + ie2, w = e3 + ie4) is
any standard basis for the isotropic plane P , then

KC(P ) := KC(z, w) = K(e1, e3) +K(e1, e4) +K(e2, e3)

+K(e2, e4)− 2R(e1, e2, e3, e4).(∗)
Now let P1 (resp. P2) denote the real two-plane associated to the complex vector

z (resp. w), that is, the real plane spanned by the real vectors e1 and e2 (resp. e3

and e4). Now if (e′1, e
′
2) (resp. (e′3, e

′
4)) is any other orthonormal basis of P1 (resp.

P2), then (z′ = e′1 +ie′2, w
′ = e′3 +ie′4) is also a standard basis for the same isotropic

two-plane P . Thus, we obtain

KC(P ) = KC(z, w) = KC(z′, w′) = K(e′1, e
′
3) +K(e′1, e

′
4)

+K(e′2, e
′
3) +K(e′2, e

′
4)− 2R(e′1, e

′
2, e
′
3, e
′
4).

This implies that in formula (∗), the isotropic curvature is independent from the
choice of the orthonormal basis (e1, e2) in P1 and (e3, e4) in P2.

Hence one can write
KC(P ) = KC(P1, P2)

where (P1, P2) is a couple of orthogonal real two-planes in P (seen as a real four-
plane) associated to a standard basis (z, w) of P as above.

The existence of a metric with positive isotropic curvature on a compact manifold
implies strong restrictions on its topology, indeed, Micallef and Moore [MM] proved
the following:

Theorem. Let M be a compact n-dimensional Riemannian manifold (n ≥ 4). If M
has positive isotropic curvature, then πi(M) = {0} for 2 ≤ i ≤ [n/2]. In particular,
if M is also simply connected, then M is homeomorphic to a sphere.

Furthermore, Micallef and Wang [MW], and independently Seaman [Se], proved
the following

Theorem. If (M, g) is a compact Riemannian manifold of even dimension and
with positive isotropic curvature, then H2(M,R) = 0.

On the other hand, little is known about examples of compact manifolds with
positive isotropic curvature. In this context, Micallef and Wang [MW] proved the
following interesting result:

Theorem. The connected sum of two manifolds of dimension ≥ 4, each one ad-
mitting a metric with positive isotropic curvature, admits a metric with positive
isotropic curvature.

In this paper, we construct new classes of manifolds with positive isotropic cur-
vature. In Section 2, we study the relation between the positivity of the isotropic
curvature and the positivity of the p-curvature. For example we prove that in the
case of conformally flat manifolds the positivity of the (n − 4)-curvature (n is the
dimension of the manifold) is equivalent to the positivity of the isotropic curvature,
and we deduce many consequences.

In Sections 3 and 4, we prove the following theorems:
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Theorem I. Let π : (M, g) → S1 be a local Riemannian submersion over the
circle, where M is a compact Riemannian manifold of dimension ≥ 5.

If the fibers of π (endowed with the induced metric) satisfy the positivity condition
(A), then the manifold M admits a metric with positive isotropic curvature, where
(A) denotes the following positivity condition for an algebraic curvature tensor:

For all orthonormal vectors ei, ej, ek, el, we have

K(ej, ek) +K(ej , el) >| R(ei, ej, ek, el) |(A)

where K is its sectional curvature.

Note that the strict pointwise 1
4 -pinching condition implies the condition (A),

and the condition (A) implies at the same moment the positivity of the isotropic
curvature and the positivity of the Ricci curvature. Note also that in the case of
conformally flat manifolds and hypersurfaces of the Euclidean space, it is equivalent
to the following positivity condition on the sectional curvature:

K(ej, ek) +K(ej , el) > 0, for all orthonormal vectors ej , ek, el.

In the case of four dimensions, we prove the following similar result:

Theorem II. Let π : (M, g) → S1 be a Riemannian submersion over the circle,
where M is a compact Riemannian manifold of dimension 4.

If the fibers of π (endowed with the induced metric) are with positive Ricci cur-
vature, then the manifold M admits a metric with positive isotropic curvature.

Example. Let F be any manifold of dim ≥ 3 admitting a metric which satisfies
the positivity condition (A) (if dimF = 3, we suppose that F is with positive Ricci
curvature), and let φ ∈ Isom(F ) and define

ρ : Z −→ Isom(F ×R)

n −→ φn(x, t) = (φn(x), t+ n).
The manifold M = F×R

ρ is the total space of a Riemannian submersion and satisfies
the conditions of Theorem I or II, hence it admits a Riemannian metric with positive
isotropic curvature.

As a direct consequence of the proofs of the previous Theorems I and II, we can
easily prove the following corollaries:

Corollary I. If a compact manifold of dimension ≥ 5 (resp. of dimension 4)
admits a Riemannian foliation of codimension 1 such that the leaves, endowed with
the induced metric, satisfy the positivity condition (A) (resp. are with positive Ricci
curvature), then it admits a Riemannian metric with positive isotropic curvature.

Corollary II. If a compact manifold M of dimension 4 admits a free action of
SU(2) or SO(3), then it admits a Riemannian metric with positive isotropic cur-
vature.

Remarks. 1. This last theorem is not generally true if the action is not supposed
to be free. In fact, S2×S2 admits an effective action of SO(3), but no metric with
positive isotropic curvature since the second Betti number is not zero.

2. One can immediately obtain from our previous results and the results of
Micallef-Moore and Wang well known topological obstructions (such as the annu-
lation of certain homotopy and homology groups) on the existence of Riemannian
foliations and group actions on compact manifolds.
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2. Positive isotropic curvature and positive p-curvature

Let (M, g) be a Riemannian manifold of dimension n. Recall that (see [L1], [L2]
and [L3]) the p-curvature of (M, g), denoted by sp, 0 ≤ p ≤ n − 2, is a function
defined on the p-Grassmannian bundle over M , which assigns to every tangent
p-plan P at m ∈ M the scalar curvature at m of the Riemannian sub-manifold
expm(V ), where V is a neighborhood of 0 in P⊥ (the orthogonal to P in TmM),
and expm is the exponential map.

For p = 0 (resp. p = n − 2) it is the scalar curvature (resp. the sectional
curvature). Note that the positivity of sp implies the positivity of sk for all k =
0, ..., p− 1.

Proposition. Let (M, g) be an n-dimensional Riemannian manifold with positive
(resp. nonnegative) isotropic curvature. Then it has positive (resp. nonnegative)
p-curvature, for all p ≤ n− 4.

Proof. From the formula (∗) stated in the introduction, we have

K(e1, e3) +K(e1, e4) +K(e2, e3) +K(e2, e4)− 2R(e1, e2, e3, e4) > 0,

K(e1, e4) +K(e1, e3) +K(e2, e4) +K(e2, e3) + 2R(e1, e2, e3, e4) > 0
for all orthonormal tangent vectors (e1, e2, e3, e4).

It follows that

K(e1, e3) +K(e1, e4) +K(e2, e3) +K(e2, e4) > 0.

By permuting the indices, one can easily check that this implies

K(e1, e2) +K(e1, e3) +K(e1, e4) +K(e2, e3) +K(e2, e4) +K(e3, e4) > 0

for all orthonormal tangent vectors (e1, e2, e3, e4), which is nothing but the posi-
tivity of the (n − 4)-curvature. Consequently, the p-curvature is positive, for all
p ≤ n− 4.

Of course we obtain large inequality in the case of nonnegative curvature.

Remark. Note that the converse, in the previous proposition, is not generally true.
In fact, the product of a sphere of dimension n−2 with a Riemann surface of genus
g ≥ 2 admits a metric with positive (n−4)-curvature (see [L2]), but no metric with
positive isotropic curvature, since the second Betti number is not zero.

In the case when n = 4, Micallef and Moore (see [MM] and [MWo]) proved that
(M, g) has positive isotropic curvature if and only if 1

6s0 −W > 0 as an operator
on ∧2M , where s0 is the scalar curvature and W is the Weil curvature. We can
generalize this result to any dimension as follows:

Proposition. A Riemannian manifold (M, g) has positive isotropic curvature if
and only if for all four-planes P tangent to M we have

1
6
sn−4(P⊥)−W > 0

as an operator on ∧2P , where sn−4(P⊥) is the (n − 4)-curvature of (M, g) and
W : ∧2P → ∧2P is the Weyl curvature operator at m of the Riemannian sub-
manifold expm(V ), where V is a neighborhood of 0 in P .

Proof. This follows immediately from the case n = 4 after noting that the Riemann-
ian submanifold expm(V ) is totally geodesic at m and its dimension is four.
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Corollary I. Let (M, g) be a compact conformally flat n-manifold with positive
isotropic curvature. Then Hm(M,R) = 0 for 2 ≤ m ≤ n− 2.

Corollary II. Let (M, g) be a compact conformally flat n-manifold with nonneg-
ative isotropic curvature such that H2(M,R) 6= 0. Then (M, g) is either flat or
covered by Sn−2 ×H2.

Proof. In the case of conformally flat manifolds, the Weil curvature is zero. Conse-
quently, the positivity of the (n− 4)-curvature is equivalent to the positivity of the
isotropic curvature, and hence, the corollaries are immediate consequences of our
similar results on the p-curvature in [L1].

This generalizes the result of Micallef and Wang [MW] in the case of conformally
flat manifolds. This was first proved by S. Nayatani in [Na].

3. Proofs of Theorems I and II

Let π : (M, g) → S1 be a Riemannian submersion. For all m ∈ M , the tangent
space TmM decomposes into

TmM = Vm ⊕Rτ

where Vm is the subspace of TmM tangent to the fiber at m (called the vertical
subspace), and τ is the unit vector orthogonal to Vm.

Now let gt, t ∈ R, be the canonical variation of the metric g, that is, a new
Riemannian metric defined on M by (see [Be] and [L2])

gt|Vm = t2g|Vm ,

gt(τ, τ) = g(τ, τ),

gt(Vm, τ) = 0.

Using the O’Neill formulas for the curvature, one can prove without difficulties
the following (see [L2], [Be]).

Lemma. Let Rt denote the curvature tensor for the metric gt. For all gt-unit
vectors Ui in Vm, we have

Rt(U1, U2, U3, U4) =
1
t2
R̂(tU1, tU2, tU3, tU4) +O(

1
t

),

Rt(U1, U2, U3, τ) = O(
1
t
),

Rt(U1, τ, U2, τ) = O(1),

where R̂ is the curvature tensor for the induced metric on the fibers from the metric
g.

Now let P be any isotropic two-plane in (TmM ⊗ C, gt); and let (P1, P2) be
a couple of orthogonal real two-planes associated to a standard basis of P (as
mentioned in the introduction).

Since dimVm = n− 1 ≥ 3, and since the isotropic curvature is independent from
the choice of the standard basis in P , we can assume that P1 or P2 is contained in
Vm (see Lemma below). Suppose for example that P2 ⊂ Vm, and then let (U2, V2)
be any gt-orthonormal basis for P2, such that the vectors U2 and V2 are in Vm.

Since now dim(P1 ∩ Vm) ≥ 1, let U1 be a gt-unit vector in P1 ∩ Vm and E1 be a
gt-unit vector orthogonal to U1 in P1. Set E1 = α1τ + β1V1, where V1 is a gt-unit
vector in Vm. Thus (U1, E1) is a gt-orthonormal basis for P1.
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The isotropic curvature of the two-isotropic plane P for the metric gt is then
given by

Isott(P1, P2) = Kt(U1, U2) +Kt(U1, V2) +Kt(E1, U2)

+Kt(E1, V2)− 2Rt(U1, E1, U2, V2)

Using the previous Lemma, we obtain

Isott(P ) =
1
t2
K̂(U1

1 , U
1
2 ) +

1
t2
K̂(U1

1 , V
1

2 ) +
β2

1

t2
K̂(V 1

1 , U
1
2 ) +

β2
1

t2
K̂(V 1

1 , V
1

2 )

−2β1

t2
R̂(U1

1 , V
1

1 , U
1
2 , V

1
2 ) +O(

1
t
),

where U1
i = tUi and V 1

1 = tVi are g-unit vectors in Vm. It follows that

Isott(P ) ≥ 1
t2
F (β1) +O(

1
t
)

where

F (β1) = K̂(U1
1 , U

1
2 ) + K̂(U1

1 , V
1

2 ) + β2
1K̂(V 1

1 , U
1
2 ) + β2

1K̂(V 1
1 , V

1
2 )

− 2 | β1 | | R̂(U1
1 , V

1
1 , U

1
2 , V

1
2 ) | .

Hence, since M is compact, the isotropic curvature Isott will be positive on all M
for t small enough, if we have F (β1) > 0 for all 0 ≤ β1 ≤ 1.

Let us now look for the positivity of this function. We have

F (0) = K̂(U1
1 , U

1
2 ) + K̂(U1

1 , V
1

2 ) > 0, F ′(0) = −2 | R̂(U1
1 , V

1
1 , U

1
2 , V

1
2 ) |≤ 0,

F (1) = ˆIsot(P̂1, P̂2) > 0,

F ′(1) = 2
(
K̂(V 1

1 , U
1
2 ) + K̂(V 1

1 , V
1

2 )
)
− 2 | R̂(U1

1 , V
1

1 , U
1
2 , V

1
2 ) | .

If F ′(1) ≤ 0, then F will decrease and then F (1) > 0 implies that F is positive
∀β, 0 ≤ β ≤ 1.

Now, if F ′(1) > 0, that is, K̂(V 1
1 , U

1
2 ) + K̂(V 1

1 , V
1

2 ) >| R̂(U1
1 , V

1
1 , U

1
2 , V

1
2 ) |, then

the function F admits a minimum value at

β =
| R̂(U1

1 , V
1

1 , U
1
2 , V

1
2 ) |

K̂(V 1
1 , U

1
2 ) + K̂(V 1

1 , V
1
2 )
.

Its value is equal to

K̂(V 1
1 , U

1
2 ) + K̂(V 1

1 , V
1

2 )− | R̂(U1
1 , V

1
1 , U

1
2 , V

1
2 )2 |

K̂(V 1
1 , U

1
2 ) + K̂(V 1

1 , V
1
2 )
.

This value is positive if K̂(V 1
1 , U

1
2 ) + K̂(V 1

1 , V
1

2 ) >| R̂(U1
1 , V

1
1 , U

1
2 , V

1
2 ) |. This is

nothing but the condition (A) in our theorem.

Lemma. Let TmM = Vm ⊕ Rτ as above, where dimVm = n − 1. Then every
isotropic two-plane P in (TmM ⊗ C, gt) has a standard basis (z = U1 + iV1, w =
U2 + iE2), such that the vectors U1, V1 and U2 are in Vm.

Proof. Let (z = U1+iE1, w = U2+iE2) be any standard basis for P , and let (P1, P2)
be the associated couple of orthogonal real two-planes as in the introduction.

Since dim(Pi ∩ Vm) ≥ 1 for i = 1, 2, we can assume that U1 and U2 are in Vm.
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Now, using a rotation in TmM ⊗C, one can suppose that E1 is also in Vm. In
fact, set αi = gt(τ, Ei) for i = 1, 2. If α1 = 0, then E1 ∈ Vm. Suppose α1 6= 0; then
one can check easily that(

z′=
α2

1

α2
1 + α2

2

(
(U2 + iE2)− α2

α1
(U1 + iE1)

)
,

w′=
α2

1

α2
1 + α2

2

(α2

α1
(U2 + iE2) + (U1 + iE1)

))
is also a standard basis for P .

Then, one can write this standard basis in the form (z′ = U ′1+iE′1, w′ = U ′2+iE′2),
where

U ′1 =
α2

1

α2
1 + α2

2

[U2 −
α2

α1
U1] ∈ Vm,

E′1 =
α2

1

α2
1 + α2

2

[E2 −
α2

α1
E1] ∈ Vm,

U ′2 =
α2

1

α2
1 + α2

2

[U1 +
α2

α1
U2] ∈ Vm,

as required by the lemma.
This completes the proof of Theorem I.

The proof of Theorem II is similar. It suffices to remark that in the case when
the dimension of M is 4, we must have in the previous proof E1 = ±τ , that is,
β1 = 0, since E1 and τ are at the same moment orthogonal to U1, U2, V2. Then
Isott will be positive on M if F (0) is positive, which is nothing but the positivity
of the Ricci curvature. This completes the proof of Theorem II.

4. Proofs of the corollaries

Proof of Corollary I. If the manifold admits a Riemannian foliation, then it is lo-
cally the total space of a Riemannian submersion. It results then immediately from
the previous proofs of Theorems I and II, that such a manifold admits a Riemannian
metric with positive isotropic curvature.

Proof of Corollary II. Since the action of the group G on the manifold M is free,
the canonical projection M →M/G is a smooth submersion (G denotes SU(2) or
SO(3)). Let us equip the fibers with a biinvariant metric of G by using the natural
inclusion G ↪→ TmM .

On the other hand, using a G-invariant metric on M , we define the horizontal
distribution and we lift it to a fixed Riemannian metric from M/G. Hence the
projection M → M/G is a Riemannian submersion such that its fibers satisfy
the condition of Theorem II. Hence, it admits a Riemannian metric with positive
isotropic curvature.

Final remarks. 1. Note that the class of manifolds given by Theorems I and II
does not admit any metric with positive Ricci curvature since the first Betti number
is not zero, in fact the pull-back of the standard form on the circle to such manifolds
is a nonzero closed 1-form.

2. We proved in [L3] that the positivity of the (n− 4)-curvature is stable under
surgeries in codimension ≥ n− 1 (n is the dimension of the manifold). Since it is
close to the positivity of the isotropic curvature, one can think that a similar result
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will be true for positive isotropic curvature. Note that this is true in codimension
n since a surgery in codimension n is a connected sum (this is the result of [MW]).
This remark was pointed out to Gromov by Mario Micallef (see [Gr]). But unfor-
tunately an adaptation of our proof in the case of the p-curvature [L3] to the case
of isotropic curvature is possible only when the codimension is n (and not n− 1).
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