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ON THE STABILITY
OF APPROXIMATELY ADDITIVE MAPPINGS
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(Communicated by Dale Alspach)

ABSTRACT. In this paper we prove a generalization of the stability of approx-
imately additive mappings in the spirit of Hyers, Ulam and Rassias.

1. INTRODUCTION

In 1941 Hyers [3] showed that if 6 > 0 and f : Fy — E2, with FE; and Es
Banach spaces, such that

[f(x+y) = f(z) = [yl <6, forall zye ki,

then there exists a unique additive mapping T : E1 — FEs such that
1f(z) = T(z)|| <,
for all € Fy, and if f(tx) is continuous in ¢ for each fixed x, then T is a linear
mapping.
Rassias [6] and Gajda [1] gave some generalizations of the Hyers’ result in the
following ways : Let f : F1 — Es be a mapping such that f(tx) is continuous in ¢
for each fixed x. Assume that there exist # > 0 and p # 1 such that

Iz +y) = F(x) — S <6, forallz,yce F.

lzll” + [ly[|?
Then there exists a unique linear mapping T : E1 — Fs such that
T(x) — 20
|7 @) — f()l] < , forall x € Ej.
[|||P 2-2r

However, it was showed that the similar result for the case p = 1 does not hold
(see [T]). Recently, Gavruta [2] also obtained a further generalization of the Hyers-
Rassias theorem : Let G be an abelian group and X a Banach space. Denote by
¢ : G x G — [0,00) a mapping such that

oo
B(x,y) =D 2 %2k, 2%y) < 0o
k=0

for all x,y € G. Suppose f : G — X is a mapping satisfying
1f(z+y) = f(z) = FW)ll < olz,y)
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for all z,y € G. Then there exists a unique additive mapping T : G — X such that
1
If(z) —T(x)]] < 5¢(x,x) for all = € G.

In this paper we generalize the results of Hyers, Rassias and Gavruta.

2. MAIN RESULTS

Throughout this paper, let a be a fixed rational number with a > 1. If @ is not
an integer, there exist unique nonnegative integers b, p and ¢ such that a = b+ ¢/p,
0<q/p<1and (p,g) =1. If a is an integer, we let a = b. We denote by G a
vector space, by X a Banach space, and by ¢ : G x G — [0,00) a mapping such
that

(1) Za (aFz,a*y) < oo

for all z,y € G. In particular, when a = 2, we denote @(z,y) by @2(x,y). We also
assume that Y. ,(-) =0if n < 2.

Theorem 2.1. Let f : G — X be such that

(2) 1f(z+y) = fz) = fWIl < ¢(z,y), foralzyed.
Then there exists a unique additive mapping T : G — X such that

y4 .
1 -1
IT(2) ~ @)l < a” @ (La,02) + a7 23" G(-a, ——u)
D Pz:2
R | i~
(3) +a ng(}—jx, > ) +a Y o, (i - 1)),
=2 =2

forallx € G.

Proof. We first prove the case that a is not an integer. Putting y = iz in (2), we
have

1f((i+ D) — f(z) — fliz)|| < o(x,iz), forallz e G,ie N.

Thus
k
1f((k+Dz) = (k+1)f(z)] < Z [f((i+1D)z) = f(z) — fliz)]
-
(4) < Z oz, (i — 1)z

for all x € G, k € N. From (4) it follows that

(5) lo~f(bz) — a~bf () I|<Za 2, (i = 1)),
Replacing x by %x and y by bx, (2) gives

(6) la=" f (az) — a-1f<§x> —a ' f(ba)| < a-%o(]%x,bx).
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Replacing x by I—l)x and k + 1 by p, (4) gives

1 "1 -1
7 z)—pf(-z)|| < -, ).
(7) 1/ () f(p ]l Z;P(p , )
Replacing z by I—ljx and k + 1 by ¢, (4) gives
(8) I#%) - s Gl < 3 on )
p p T i:;p pop
From (7) and (8), we obtain
q q TR |
a Y2 f(z) - f(Z)|| <a i -z, T
||pf( ) f(p )< p;sﬁ(p 5 )
q .
1 +-1
9 +at -z, x).
(9) ;Mp , )

From (5), (6) and (9), we get

la=" f(azx) — f(2)]| < a™*| f(az) — f(%w) — f(ba)|

+al §<x> = f<§x>|| +a Y| f(bx) = bf(2)|
o@ebe) + 45 o(le, i1,
<a [sza( ) el )
(10) +Zq:ga(lx i_lx)+zb:<p(x (z—l)x)]
1=2 p’ p =2 7 .

Replacing = by a1z, (10) gives

la=" f(a*z) — f(a"'a)|

=2
. b
1 -1
(11) + Z (a1 =z, a~ 1 ! x) + Z (@ tz, a1 - Da)|.
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From (11) we obtain

la="f(a"z) = f(@)ll < - a™ a7 fla*e) — fa* o)

k=1
q P & 1 i —1
+ = Z a *p(af =z, aF T ——1)
Pizi= p p
L& 1 i—1
+Zza7kso(ak71 ’ k—1 LE)
i=2 k=1 p
b n
(12) + a Fp(a e, a1 (i — 1))
i=2 k=1

for all z € G.
We claim that the sequence {a~"f(a™z)} is a Cauchy sequence. Indeed, for
n > m, we have

la"f(a") —a " f@m D) £ 3 @ FH e (k) — f(at )|

k=m+1
- q
< Z a Fo(aF 7 2z, o hx)
k=m+41 p
I~ — 1 i—1
+ —Z Z a *p(ab Tt =x, a1 —2)
PSS ktm p p
L& 1 i—1
+3° % ahparse, a1 )
1=2 k=m+1 p p
b n
(13) + Z a *p(a 1z, a1 (i - 1))
i=2 k=m—+1

for all x € G. Taking the limit in (13) as m — oo we obtain
lim |[a™"f(a"z) —a™ ™ f(a™x)| = 0.

Since X is a Banach space, the sequence {a~" f(a"x)} converges for every z € G.
Denote

T(z) = lim f(a"m).

n—oo "
From (2) we have
[a™"f(a"z + a"y) —a™" f(a"z) —a™" f(a"y)||
(14) <a "p(a"z,a™y) forall z,y € G.
From (1) it follows that

lim a™"

n—oo

p(a"z,a"y) = 0.
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Then (14) implies
IT(x +y) = T(z) = T(y)ll = 0.

To prove (3), taking the limit in (12) as n — oo, we obtain

T () — f(z)]| < aflga(gx, bz) +a”!

q . b

1 -1

+at E P(=m, - r)+a ! E Pz, (i —1D)z) forall ze€G.
=2 i=2

It remains to show that 7' is uniquely defined. Let F': G — X be another additive
mapping satisfying (3). Then
IT(x) = F(x)|| = la™"T(a"z) — o " F(a"z)||
< [la™"T(a"x) —a " f(a"x)| + [[a™" f(a"z) — a” " F(a"z)||

<2 [a_"_lgb(a"ga:, a™bx) + a "t
D

=2 p p =2
= L& 1 i1
=2q7! {Z a (' =z, a’bx) + 4 Z Z a (e’ —x,a’ x)
j=n p =2 j=n p

=2 j=n p =2 j=n
Thus
1T (z) — F(z)|| = la™"T(a"x) — o " F(a"z)||
o0 P o0
. —1
<2a7! [Z alp(a’ =z, a’bx) + QZ a ja,o(aj—x,ajZ x)
y— i=2 j=n
L& 1 i1 g
(15) + ZZa_jgo(aJ—a:,aj x) + Za‘jgo(ajx,aj(i —1)x)
=2 j=n p p i=2 j=n

for all x € G. Taking the limit (15) as n — oo we obtain
T(x)=F(z) forall ze€Qg.
Now we prove the case: a = b. From (5) we obtain
(16) la=" flaz) = f(2)]| <Y a 'l (i = D).
Hence we have

(12) la™" fa"x) = fl@)ll < > a (e a, " i - 1))
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for all z € G. Denote

T(z) = lim f(a"a:).

n— o0 a™

Taking the limit in (12’) as n — oo, we obtain
IT(z) = f(z)]] <a~ 1290 (t—1)z) forall zed.

It is easy to show that T is unlquely deﬁned. O

Lemma 2.2. Let T : G — X be an additive mapping and let xo € G. If there are
an interval (¢,d) and y € G such that C = {||T(uxo + y)|| : v € (¢,d)} is bounded,
then

T (uzo) = uT(xo) for all real numbers u.

Proof. Assume that there exists a real number r such that T'(rag) # rT(zg). Let
= ||T(rxzo) — rT(zo)||. Let {r,} be a rational number sequence such that

|[(r = rp)T(x0)|| <m/2 and lim r, =7
Choose a rational number sequence {r}, } such that r/,(r—r,) € (¢,d) and lim,,—, o 7},
= 00. Since
IT(rp,(r = rn)ao +y) = rrT (w0) + ryraT (20) = T(y)|
= |rn T (rao) = rprT (o)l

= [rpm,
we have
T (ry,(r = rn)zo + )|l = [rpl(m/2) = | T(y)||  forall neN.
This contradicts the fact that C is bounded. O

Remarks. In Theorem 2.1, (a) if there exist an interval (c,d) and £ > 0 such that
{If (uzo)|| : u € (¢,d)} and {P(sxo, txg) : d/(p+e) < s,t < (b—1)d} are bounded for
a fixed xg, then T'(rag) = rT(xo) for all real numbers r. In fact, choose an interval
(c,d) C (¢,d) N (dp/(p+¢),d). From (3) we obtain C' = {||T(uzo)| : v € (¢/,d')}
is bounded.

(b) If G is a normed space and f(tz) is continuous in ¢ for each fixed z and ¢ is
bounded on G x G, then T is linear by (a).

Theorem 2.3. Let G be a normed space and f be as in Theorem 2.1. If f is
bounded for some open subset A of G and @ is bounded on G X G, then there exists
a unique continuous linear mapping T : G — X such that
P
_19 1 -1
o= x
(- i )

IT(x) - f(@)] < a-%a(]%

x,bx) +a
=2

q
1 —1
—l—a_lZ(ﬁ(];a:,Z 1290 (t— 1z for all x € G.

Proof. Let T be a mapping as in Theorem 2.1. From (4) we obtain that T is
bounded on A. Let z be an interior point of A. For each fixed x € G there exists
an interval (¢, d) such that {uz 4+ z : u € (¢,d)} C A. By the preceding remark, T
is linear. Since T is bounded on open set A, T' is continuous. O
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Corollary 2.4. Let G and f be as in Theorem 2.3. If f is bounded for some open
subset A of G and Py is bounded on A x A, then there exists a unique continuous
linear mapping T : G — X such that

IT@) - f@)| <27 @s(wa)  forall € G

Proof. By Theorem 2.1, there exists a unique additive mapping 7" : G — X such
that ||T(z) — f(z)|| <27 '@a(z, ) for all z € A. We can apply the similar method
as in Theorem 2.3. [l

Theorem 2.5. Let f: By — Es be a mapping with E1 and Es Banach spaces. If
for each fized x,y € E1 there exist real numbers 0y, Puy, Szy such that 0 < pyy < 1
and

£tz +ty) — f(tx) — Fy)l| < Oy (l[tz][P= + [[ty[[P=r)  for t > sy,
then there exists a unique additive mapping T : E1 — FEs such that

O

IT(e) — ()] < ZH2ES for 1> s

for all x € Ey. In particular, if for a fived xo € E there exist real numbers My, , Sa,
such that || f(txo)||/t < My, fort > sg,, then T(rxo) = T (zo) for all real numbers
.

Proof. Let
p(tz, ty) = || f(tz + ty) — f(tx) — f(ty)l.

Then @a(z,y) < oo for all z,y € Ey and 27 @a (tx, tr) < 20,,|/tz||Pe= /(2 — 2P==) for
t > sz for each x € E7. By Theorem 2.1 there exists a unique additive mapping
T : Ey — E5 such that

20, ||tz||P==

1T (t) = fE)ll < —— =57

for ¢t > su4

for all xz,y € Fy. If for a fixed xy € E; there exist real numbers M, , sz, with
I f(tzo)||/t < My, for t > s, then

01’010 ||t{E0 ||;Dw0x0

2
IT(txo)| < 9 — 9Peoeq + Myt for t > max(Sgozes Szo)-

Therefore {||T(uxo)|| : v € (max(Szozg, Sxo), 2 MAX(Szozes Sz )} 18 bounded. Apply
Lemma 2.2. (|

The following theorem is a generalization of Theorem 1 in [4].

Theorem 2.6. Let a function ¢ : Rt — RT satisfy

(i) ¥(ts) < Y()Y(s) for allt,s € RT and
(i) limy—oo ¥(¢)/t =0

and let f : E1 — Es be a mapping with By and Es Banach spaces. If for each fized
x,y € E1, there exists a real number 0, such that

1f (ta + ty) — f(tx) = fty)ll < Oay (D (IIt2]]) + ¢ ([Ity]))) for all t € RT,
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then there exist a unique additive mapping T : E1 — Es and a rational number
a > 1 such that

17(62) =TI < 070 = £ 001 1) + 0t
+ Z Ot it + (1 —=tal))
+ geu/pn,u_ux/pw<|| tal) + (| —=tal)
an + Zb;@w-nx(wnmn (i = Dtal))|

In particular, if for each fized x € Ey there exist positive real numbers c,,d, such
that A, = {|| f(ux)] : v € (cx,dz)} is bounded, then T is linear.

Proof. From (ii), there exists a rational number a such that ¢ (a) < a. Let p(z,y) =
If (tz + ty) — f(tx) = f(ty)]. From (i) we get

a "p(a"tz, a"ty)

NE

o(tx,ty) =

3
I
-

NE

< ) a0y (P(la"tz]]) + ([l tyl]))

n=1

0

(¥ (a)/a)" Oy (D ([]]) + ¢ ([Ity[]))
zy (P (122]]) + ¢ (Ityl))

= <0

1—4(a)/a

Il
-

> 3

for all z,y € E; and t € RT. By Theorem 2.1 there exists a unique additive
mapping T : F4 — FEs such that

1£(62) = T < a1 = 21|00y Stl) + vl

1—1
p

+

P

1
E 9(1/;0)95,(1'71)96/;0(1#(”th"H) + (]| tz|))
=2

hSEES

q

1 7 —1
+ 3 0y i- 12y (] Stal) + vl —
1=2

tz|]))

b

(17) + D Oa v (W (l1t]) + (|6 = D))

=2

for x € Fy and t € RT. Since lim;_, 9(t)/t = 0, there exists a positive number
M such that ¢(t)/t < 1 for all ¢ > M. Choose N such that ¢, N > M. From (17)
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we have

¥(a)

a

1£(62) = ()] < a N = 2 [ 1) + 0 1)

P 1 _—
+ > s lgal) + ol el
O (I=al) + w1tz
+§ e e sl) + 0l —2)al)
- 1 i—1
(18) + 3 e a2l + w1 )zl |
=2

Since ¥(Nt) < Nt for all ¢t € (cs,d,), the right-hand side of the inequality of (18)
is bounded for t € (cz,dy). From A, = {||f(uz)| : v € (¢z,ds)} is bounded,
Cy = {||IT(ux)| : v € (¢g,dy)} is bounded. Applying Lemma 2.2, T is linear. [
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