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THE HAUSDORFF OPERATOR IS BOUNDED
ON THE REAL HARDY SPACE H1(R)

ELIJAH LIFLYAND AND FERENC MÓRICZ

(Communicated by Christopher D. Sogge)

Abstract. We prove that the Hausdorff operator generated by a function
ϕ ∈ L1(R) is bounded on the real Hardy space H1(R). The proof is based
on the closed graph theorem and on the fact that if a function f in L1(R) is

such that its Fourier transform f̂(t) equals 0 for t < 0 (or for t > 0), then
f ∈ H1(R).

1. Preliminaries

We recall that the Fourier transform f̂ of a function f in L1(R) is defined by
letting

f̂(t) :=
1√
2π

∫
R
f(x)e−itx dx, t ∈ R;

while its Hilbert transform f̃ is defined by letting

f̃(x) :=
1
π

(P.V.)
∫ ∞

0

f(x− u)− f(x+ u)
u

du, x ∈ R,

where the principal value integral is defined to be limε↓0
∫∞
ε . It is well known that

this limit exists for almost every x ∈ R.
The real Hardy space H1(R) is defined to be

H1(R) := {f ∈ L1(R) : f̃ ∈ L1(R)},

endowed with the norm

‖f‖H1 := ‖f‖L1 + ‖f̃‖L1 ,(1.1)

where

‖f‖L1 :=
∫
R
|f(x)| dx.
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This space H1(R) is a Banach algebra under pointwise addition and scalar multi-
plication, and convolution. Furthermore, if f ∈ H1(R), then

(f̃)∧(t) = (−i sign t)f̂(t), t ∈ R.(1.2)

Hence it follows immediately that if f ∈ H1(R), then f̂(0) = 0 and, by uniqueness
of Fourier transform,

(f̃)∼(t) = −f(t) a.e.(1.3)

In particular, if f ∈ H1(R), then f̃ ∈ H1(R) and

‖f̃‖H1 = ‖f‖H1 .

For more details, the reader is suggested to consult with [1], [5], [6].

2. Main results

We begin with the definition of the Hausdorff operator H acting on L1(R) gen-
erated by a function ϕ belonging to L1(R). Given any function f in L1(R),Hf is
defined to be that function in L1(R) for which

(Hf)∧(t) = (Hϕf)∧(t) :=
∫
R
f̂(tx)ϕ(x) dx, t ∈ R.(2.1)

The existence of such a functionHf in L1(R) will be clear from the proof of Theorem
1 below.

The summability properties of Hf(x) are well known as x → ∞. (See, for
example [4, pp. 275–278].) The objective here is to determine the Fourier analytic
properties of Hf on the class of functions in L1(R) and H1(R).

The following Theorem 1 is the special case of [2, Theorem 1] by Georgakis.

Theorem 1. If ϕ ∈ L1(R), then the Hausdorff operator H = Hϕ : L1(R)→ L1(R)
is bounded:

‖Hϕ‖ := sup
‖f‖L1≤1

‖Hϕf‖L1 ≤ ‖ϕ‖L1.(2.2)

Definition (2.1) applies to the particular case where f ∈ H1(R).

Theorem 2. If ϕ ∈ L1(R), then the Hausdorff operator H = Hϕ : H1(R) →
H1(R) is bounded.

Our last theorem expresses an interchangeability relation, under the assumption
that the support of ϕ is contained in one of the half-axes.

Theorem 3. Assume ϕ ∈ L1(R).
(i) If

ϕ(x) = 0 for x < 0,(2.3)

then we have

(Hf)∼ = Hf̃ , f ∈ H1(R).(2.4)

(ii) If

ϕ(x) = 0 for x > 0,(2.5)

then we have

(Hf)∼ = −Hf̃ , f ∈ H1(R).(2.6)
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As a corollary of Theorem 3, we may deduce the following: If ϕ ∈ L1(R), then

(Hϕf)∼ = Hsign(·)ϕ(·)f̃ , f ∈ H1(R).

Remark. If ϕ(x) := χ(0,1)(x), the indicator function of the unit interval (0, 1), then
(2.1) is of the following form:

(Hf)∧(t) :=
∫ 1

0

f̂(tx) dx =
1
t

∫ t

0

f̂(u) du, t 6= 0.

In this case, H is the well-known Cesàro operator, for which Theorems 2 and 3 were
proved in [3].

In the capacity of ϕ in Theorems 1–3, one may take a number of the usual
summability kernels including

e−|x|, e−x
2/2, 1/(1 + x2), etc.,

or the “one-sided” versions of these, while multiplying them by one of the indicator
functions χ(0,∞)(x) and χ(−∞,0)(x).

3. Proofs

We begin with three auxiliary results.

Lemma 1. If f and ϕ both belong to L1(R), and Hf is defined in (2.1), then

(Hf)∧(t) =
1
|t|

∫
R
f̂(u)ϕ(u/t) du, t 6= 0,(3.1)

and

(Hf)∧(t) =
∫
R
f(ξ)ϕ̂(tξ) dξ, t ∈ R.(3.2)

Proof. It is routine: integrate by substitution and use Fubini’s theorem.

Lemma 2. If f ∈ L1(R) is such that f̂(t) = 0 for t < 0, then f ∈ H1(R).

The symmetric counterpart of Lemma 2 says that if f ∈ L1(R) is such that
f̂(t) = 0 for t > 0, then f ∈ H1(R).

Lemma 3. If f ∈ H1(R), then there exist two functions f1 and f2, both in H1(R)
such that f = f1 + f2,

f̂1(t) = 0 for t < 0, and f̂2(t) = 0 for t > 0.

Lemmas 2 and 3 are well known. (See, for example, [3].)
As we have noted Theorem 1 follows from [2, Theorem 1] by Georgakis. For the

reader’s convenience, we present here a direct proof.

Proof of Theorem 1. We claim that the function Hf defined by

Hf(x) :=
∫
R

f(ξ)
|ξ| ϕ

(x
ξ

)
dξ, x ∈ R,(3.3)

is in L1(R) and satisfies (2.1).
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In fact, by Fubini’s theorem,∫
R
|Hf(x)| dx ≤

∫
R
dx

∫
R

∣∣∣f(ξ)
ξ

∣∣∣∣∣∣ϕ(x
ξ

)∣∣∣ dξ
=
∫ ∞

0

|f(ξ)|
ξ

dξ

∫
R

∣∣∣ϕ(x
ξ

)∣∣∣ dx− ∫ 0

−∞

|f(ξ)|
ξ

dξ

∫
R

∣∣∣ϕ(x
ξ

)∣∣∣ dx
=
∫
R
|f(ξ)| dξ

∫
R
|ϕ(u)| du <∞,

which proves (2.2), as well.
By (3.3) and Fubini’s theorem,

(Hf)∧(t) =
1√
2π

∫
R
e−ixt dx

∫
R

f(ξ)
|ξ| ϕ

(x
ξ

)
dξ

=
∫ ∞

0

f(ξ)
ξ

dξ
1√
2π

∫
R
ϕ
(x
ξ

)
e−itx dx

−
∫ 0

−∞

f(ξ)
ξ

dξ
1√
2π

∫
R
ϕ
(x
ξ

)
e−itx dx

=
∫
R
f(ξ) dξ

1√
2π

∫
R
ϕ(u)e−itξu du,

which is (2.1), due to (3.2).

Proof of Theorem 2. First, we assume that ϕ ∈ L1(R) is such that condition (2.3)
is satisfied. Given f ∈ H1(R), we consider the decomposition f = f1 + f2 provided
by Lemma 3. The Hausdorff operator is clearly linear:

Hf = Hf1 +Hf2.(3.4)

By Lemma 3, f̂1(u) = 0 for u < 0; and by (2.3), ϕ(u/t) = 0 for u > 0 and t < 0.
Thus, we have

(Hf1)∧(t) =
1
|t|

∫ ∞
0

f̂1(u)ϕ(u/t) du = 0 for t < 0.

In a similar manner, we find

(Hf2)∧(t) =
1
|t|

∫ 0

−∞
f̂2(u)ϕ(u/t) du = 0 for t > 0.

By Theorem 1 and Lemma 2, both Hf1 and Hf2 belong to H1(R). From (3.4) it
follows that Hf ∈ H1(R).

It is plain that the above argument works in the other particular case where,
instead of (2.3), we have (2.5).

In the general case, we decompose ϕ ∈ L1(R) in the trivial way:

ϕ(x) = ϕ1(x) + ϕ2(x),

where

ϕ1(x) := ϕ(x)χ(0,∞)(x) and ϕ2(x) := ϕ(x) − ϕ1(x);

χ(0,∞)(x) being the indicator function of the half-axis (0,∞). Clearly, we have

Hϕf = Hϕ1f +Hϕ2f, f ∈ H1(R),
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and the above particular cases apply separately toHϕ1 andHϕ2 , respectively. Thus,
we have justified our claim that Hf ∈ H1(R) whenever f ∈ H1(R).

Now, we shall apply the closed graph theorem, which says that a linear operator
mapping a Banach space into another Banach space is bounded if and only if it
is closed. We note that the closed graph theorem holds true under more general
conditions, but the above formulation is enough for our purposes.

Obviously, the Hausdorff operator H is linear. It remains to check that H is
closed. To this effect, assume that a sequence {fn : n = 1, 2, . . . } is given in H1(R)
such that

fn → f and Hfn → g as n→∞,(3.5)

with some f and g both in H1(R), convergence being meant in the norm (1.1) of
H1(R) in both cases. It is plain that the limits in (3.5) hold in the norm of L1(R),
as well. By Theorem 1, the Hausdorff operator H is closed in L1(R), whence we
conclude that Hf = g. This means that the operator H is closed in H1(R), too.

Proof of Theorem 3. First, we set g := Hf̃ . By definition and (1.2), we have

ĝ(t) :=
∫
R
(f̃)∧(tx)ϕ(x) dx =

∫
R
(−i sign tx)f̂(tx)ϕ(x) dx

(3.6)

= (−i sign t)
∫ ∞

0

f̂(tx)ϕ(x) dx + (i sign t)
∫ 0

−∞
f̂(tx)ϕ(x) dx, t ∈ R.

Second, we set h := (Hf)∼. By (1.3), this is equivalent to the following: Hf =
−h̃. By (1.2),

(Hf)∧(t) = (−h̃)∧(t) = (i sign t)ĥ(t),

whence

ĥ(t) = (−i sign t)(Hf)∧(t)(3.7)

:= (−i sign t)
∫
R
f̂(tx)ϕ(x) dx, t ∈ R.

Comparing (3.6) and (3.7), and taking into account (2.3) yields

ĝ(t) = ĥ(t), t ∈ R;

while taking into account (2.5) yields

ĝ(t) := −ĥ(t), t ∈ R.

By uniqueness of the Fourier transform, we conclude (2.4) and (2.6), respectively.
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