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MISTAKE IN HIRSCH’S PROOF
OF THE BROUWER FIXED POINT THEOREM

KAPIL D. JOSHI

(Communicated by Ralph Cohen)

Abstract. A mistake in Hirsch’s proof of the Brouwer Fixed Point Theorem,
based on the Simplicial Approximation Theorem, is pointed out along with
some elaboration of its nature and possible ways to salvage Hirsch’s proof.

1. Introduction

In [5], Hirsch claims to give an elementary proof of the Brouwer Fixed Point
Theorem. This proof appears in the ‘Shorter Notes’ section of the Proceedings of
the American Mathematical Society, whose declared purpose is to publish very short
papers of an ‘unusually elegant and polished character’. This proof is described as
‘very short, very elegant’ in a review by Dugundji [2]. Bing [1] also calls this proof
‘beautiful, elementary’ in his famous expository article, ‘The Elusive Fixed Point
Property’.

There is, however, a serious mistake in Hirsch’s argument. The purpose of this
note is to point it out, to elaborate its nature and to comment on possible ways to
circumvent it.

2. The mistake

Instead of proving the Brouwer Fixed Point Theorem directly, Hirsch tries to
prove an equivalent statement, viz., that there is no retraction of a closed n-simplex
E onto its boundary ∂E. (The equivalence of these two statements is quite well-
known; see e.g. Joshi [6] or Spanier [10].) Appealing to the Simplicial Approxima-
tion Theorem ([3], p.64), Hirsch claims that if at all there is a retraction of E onto
∂E, then there is a simplicial retraction f : E −→ ∂E. He then considers f−1(a)
where a is the barycenter of some (n − 1)-simplex A contained in ∂E. He shows
that f−1(a) is a compact, one-dimensional manifold whose boundary is contained
in ∂E and gets a contradiction because the component of f−1(a) containing a has
both its end-points going to a under f .

Hirsch’s argument breaks down right at the start. Although the Simplicial Ap-
proximation Theorem gives a simplicial approximation to every continuous map
(between finite polyhedra), nowhere does it say that a simplicial approximation to
a retraction is, or can be chosen to be, a simplicial retraction.
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3. Nature of the mistake

The catch is that ∂E plays a double role here, one as the codomain of the map
f and the other as a subcomplex of the domain complex E. When the Simplicial
Approximation Theorem is applied, the latter gets subdivided but not the former.
We could, of course, subdivide the codomain ∂E, too. But then the approximation
will no longer be simplicial (although it will continue to be piecewise linear).

It is interesting to note that this difficulty does not arise for approximation by
smooth maps. As Hirsch himself remarks, if E is a compact differentiable manifold,
then one may use the Differential Approximation Theorem in place of the Simplicial
Approximation Theorem. The proof can then be completed by taking a to be a
regular value (which exists by Sard’s theorem, see e.g. Guillemin and Pollack
[4]). What is needed here is a relative version of the differentiable approximation
theorem. If f : X −→ Y is continuous, where X,Y are differentiable manifolds,
then there exists a differentiable map g : X −→ Y which approximates f . But
more is true. If Z is a submanifold of X such that f/Z is differentiable, then g may
be so chosen that g/Z = f/Z. In particular, if f is a continuous retraction, then
g can be taken to be a differentiable retraction. It is tempting to think that the
Simplicial Approximation Theorem also has a similar relative version. Lefschetz
[8], too, remarks that the relative case of the Simplicial Approximation Theorem
is an ‘immediate generalization’ of the absolute case! However, it was only much
later that Zeeman [11] proved a relative version of the Simplicial Approximation
Theorem and its proof is far from an immediate generalization of the absolute case.
Moreover, this version is still not so well-known as the classical absolute version
(possibly because, as Zeeman points out, the absolute version is generally sufficient
in applications).

It may also be noted that there is an easier way than Hirsch’s to show that
there cannot exist a simplicial retraction from E onto ∂E. For, if there were,
then it would induce a retraction of the mod 2 simplicial chain complex of E
onto that of ∂E. So any chain in ∂E which is a boundary in E would also be a
boundary in ∂E. But this is not the case for the chain consisting of the totality
of all (n − 1)-simplexes of ∂E, a contradiction. Note that this argument needs
nothing beyond the definition and functoriality of the mod 2 simplicial chain
complexes. In particular no homology theory is needed. In fact, the very triviality
of this argument suggests that something is wrong in Hirsch’s proof, for one cannot
expect the Brouwer Fixed Point Theorem to follow so instantaneously from the
Simplicial Approximation Theorem.

4. Salvaging Hirsch’s proof

If instead of the classical Simplicial Approximation Theorem, one uses Zeeman’s
[11] relative version, then the existence of a continuous retraction of E onto ∂E
would imply the existence of a simplicial retraction from E onto ∂E. One can then
apply Hirsch’s argument or the alternate argument given in §3 above. Unfortu-
nately, Zeeman’s result needs rather intricate constructions and a proof based on it
can hardly be called ‘elementary’ except possibly in a special sense (as, for example,
in ‘elementary number theory’ ).

An alternate approach is to start with a supposed continuous retraction f : E −→
∂E and to modify the proof of the classical Simplicial Approximation Theorem so
as to get a piecewise linear retraction g : E −→ ∂E. It can then be shown that by



MISTAKE IN HIRSCH’S PROOF OF BROUWER FIXED POINT THEOREM 1525

further subdividing both the domain and the codomain, the map g can be made a
simplicial retraction (see Chapter 2 of Rourke and Sanderson [9] for details). Once
this is done, the desired contradiction comes instantaneously as shown above in §3.
Unfortunately, this approach, too, is still somewhat technical.

A third, and probably the simplest, way to salvage Hirsch’s argument is to get a
piecewise linear retraction g : E −→ ∂E exactly as in the second approach above.
Thereafter, to get the desired contradiction using Hirsch’s argument, one needs a
regular value of g. In the smooth case this is done by theorems like Sard’s. In
the case of a PL map the equivalent work has to be done using results from linear
algebra. Considering that another well-known, elementary combinatorial proof of
the Brouwer Fixed Point Theorem, using Sperner’s lemma (see e.g. Joshi [7] or
Spanier [10]), is already available, it is probably not worthwhile to carry this out
elaborately. It would, however, be a good exercise for courses in combinatorial
topology.

It would, of course, be interesting to know if there is some way to salvage Hirsch’s
proof without sacrificing its brevity, elegance and elementary character.

I am thankful to the referees for pointing out possible ways (especially the second
and the third) to salvage Hirsch’s proof.
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