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TOEPLITZ ALGEBRAS
ON DISCRETE ABELIAN QUASILY ORDERED GROUPS

XU QINGXIANG

(Communicated by David R. Larson)

Abstract. In this note, Toeplitz operators on discrete abelian quasily ordered
groups are studied, and a theorem of R. Douglas is generalized.

1. Introduction

Throughout the note, we assume that G is a discrete abelian group. For any
subsetG+ ofG, we say that (G,G+) is a quasi-partial ordered group if 0 ∈ G+, G++
G+ ⊆ G+ andG = G+ − G+; further, (G,G+) is referred to as a quasily ordered
group if G = G+ ∪ (−G+). Note when G0

+ = G+ ∩ (−G+) = {0}, then a quasi-
partial ordered group ( resp. quasily ordered group ) (G,G+) is known as a partially
ordered ( resp. ordered ) group.

Let { eg
∣∣ g ∈ G} be the usual orthonormal basis for `2(G), where

eg(h) =

{
1, if g = h,

0, otherwise,
for g, h ∈ G.

For anyE ⊆ G, let `2(E) be the closed subspace of `2(G) generated by { eg
∣∣ g ∈ E };

its projection is denoted by pE. For any g ∈ G, we define a unitary ug on `2(G)
by ug(eh) = eg+h for h ∈ G. For any subset E of G, the C∗-algebra generated
by { pEugpE | g ∈ G } is denoted by T E(G) and is called the Toeplitz algebra with
respect to E.

Toeplitz algebras on the quarter-planes have been studied by many mathemati-
cians; see [1] and [2] for example. Associated with such Toeplitz algebras are
the usual quasily ordered groups (Z2,Z2

α) for α ∈ R1, where Z2
α = { (m,n) ∈

Z2
∣∣αm+ n ≥ 0 }. R. Douglas proved in [2], among other things, that when α is a

rational number T Z2
α(Z2) ∼= T Z+(Z) ⊗ C(T ), where T is the unit circle in C1 and

T Z+(Z) is the classical Toeplitz algebra (see Corollary 4 below). In this note, under
a setting of quasi-partial ordered groups, we generalize such a result.
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2. The main results

Let G be a discrete abelian group and (G,G+) a quasily ordered group. By an
isometric representation (V,H) of G+, we mean H is a Hilbert space and V : G+ →
B (H) is a map satisfying

(1) V (0) = 1, V ∗(x)V (x) = 1 for x ∈ G+;
(2) V (x+ y) = V (x)V (y) for x, y ∈ G+;
(3) V (x)V (x)∗ = 1 for x ∈ G0

+.

Lemma 1 (cf. [9], Theorem 3.5). Let G be a discrete abelian group and (G,G+) a
quasily ordered group. Then for any isometric representation V : G+ → B (H),
there is a C∗-algebra morphism πV : T G+(G)→ B (H) such that πV (pG+ugp

G+) =
V (g) for all g ∈ G+.

Remark. (1) Let (G,G+) and (E,E+) be two quasily ordered groups. If there is an
isomorphism of groups ρ : G→ E such that ρ (G+) = E+ and ρ (G0

+) = E0
+, then

by the above Lemma, we know that T G+(G) ∼= T E+(E).
(2) Let Ĝ be the dual group of G. Since G is discrete and abelian, Ĝ is compact

and it is connected if and only if G is torsion-free. By [6], Proposition 7.1.6, we know
that the reduced group C∗-algebra C∗r (G) = T G(G) ∼=ρ C(Ĝ), with the property
ρ (ug) = εg for any g ∈ G, where εg(γ) = γ(g) for γ ∈ Ĝ. By the Stone-Weierstrass
Theorem, C(Ĝ) is generated by { εg

∣∣ g ∈ G }. Applying the above Lemma to
(G,G), we get the following Corollary.

Corollary 2 (cf. [3], Lemma 1.2). Let G be a discrete abelian group. Then for any
unitary representation (V,H) of G, there is a C∗-algebra morphism πV : C(Ĝ) →
B (H) such that πV (εg) = V (g) for all g ∈ G.

Now let (G,G+) be a quasily ordered group. By definition, we know that
G=G+ ∪ (−G+) and 0 ∈ G0

+ = G+ ∩ (−G+). Let G∗+ = G+ \ G0
+; then it is

easy to show that

G∗+ +G+ = G∗+, G = G∗+ ∪G0
+ ∪ (−G∗+).(∗)

So if we set G1 = G∗+ ∪ {0}, then for any x ∈ G0
+ and y ∈ G∗+, we have x =

(x + y) − y ∈ G1 − G1; therefore (G,G1) is actually a partially ordered group.
Further, by (∗) we know that (G

/
G0

+
, G1

/
G0

+
) is an ordered group.

Next we generalize R. Douglas’s result to a more general setting, but first we
need a definition.

Definition. LetG be a discrete abelian group and (G,G+) a quasily ordered group.
A morphism of groups φ : G→ G0

+ is said to be a deformation retraction if φ(h) = h

for all h ∈ G0
+.

Theorem 3. Let G be a discrete abelian group and (G,G+) a quasily ordered group.
Denote G

/
G0

+
= [G] and G1

/
G0

+
= [G1]. If there is a deformation retraction

φ : G→ G0
+, then T G+(G) ∼= T [G1]( [G] ) ⊗ C(Ĝ0

+).

Proof. For any g ∈ G, let TG+
g = pG+ugp

G+ , T
[G1]
[g] = p[G1]u[g]p

[G1]. For g ∈ G+,
define

V (g) = T
[G1]
[g−φ(g)] ⊗ εφ(g) = T

[G1]
[g] ⊗ εφ(g);
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then V is an isometric representation of G+. By Lemma 1, we know that there is
a C∗-algebra morphism π : T G+(G)→ T [G1]([G]) ⊗ C(Ĝ0

+) such that

π(TG+
g ) = V (g) = T

[G1]
[g] ⊗ εφ(g) for any g ∈ G+,

which implies

π(TG+
g ) = T

[G1]
[g] ⊗ εφ(g) for any g ∈ G.

On the other hand, by Lemma 1 and Corollary 2, we know that there are C∗-
algebra morphisms ρ : T [G1]([G]) → T G+(G) and λ : C(Ĝ0

+) → T G+(G), such
that

ρ
(
T

[G1]
[g]

)
= T

G+

g−φ(g) for any g ∈ G, λ(εh) = T
G+
h for any h ∈ G0

+.

It is easy to show that for any g ∈ G1 and h ∈ G0
+, ρ

(
T

[G1]
[g]

)
λ(εh) =λ(εh) ρ

(
T

[G1]
[g]

)
,

and since C(Ĝ0
+) is nuclear, by [5], Corollary T.6.9, we know that there is a C∗-

algebra morphism ρ⊗ λ : T [G1]([G])⊗ C(Ĝ0
+)→ T G+(G) such that(

ρ⊗ λ
)(
T

[G1]
[g] ⊗ εh

)
= T

G+

g−φ(g)T
G+
h for any g ∈ G and h ∈ G0

+.

For any g ∈ G+ and h ∈ G0
+,(

(ρ⊗ λ) ◦ π
)
(TG+
g ) = (ρ⊗ λ)(T [G1]

[g] ⊗ εφ(g)) = T
G+

g−φ(g)T
G+

φ(g) = TG+
g ,

and (
π ◦ (ρ⊗ λ)

)
(T [G1]

[g] ⊗ εh) = π(TG+

g−φ(g)T
G+
h )

= π(TG+

g−φ(g))π(TG+
h ) = (T [G1]

[g] ⊗ 1)(1⊗ εh) = T
[G1]
[g] ⊗ εh.

Therefore, T G+(G) ∼= T [G1]( [G] )⊗ C(Ĝ0
+).

Corollary 4 ([10]). Let p, q ∈ Z such that there exist r, s ∈ Z with the property
rp+ sq = 1. Denote G = Z2 and G+ = Z2

p,q = { (m,n) ∈ Z2
∣∣ pm+ qn ≥ 0 }. Then

T Z2
p,q(Z2) ∼= T Z+(Z) ⊗ C(T ).

Proof. Define a deformation retraction φ : G→ G0
+ by

φ(m,n) =
(
− q(−sm+ rn), p(−sm+ rn)

)
.

Since rp + sq = 1, we know that {−sm + rn
∣∣ (m,n) ∈ Z2 } = Z. Further, if

(k, l) ∈ G0
+, i.e. pk + ql = 0, then k = qa and l = −pa for some a ∈ Z. Choose

m,n ∈ Z such that sm− rn = a, then φ(m,n) = (k, l). Therefore,

G0
+ = {

(
− q(−sm+ rn), p(−sm+ rn)

) ∣∣ (m,n) ∈ Z2 }.

So if we set ρ : G0
+ → Z by ρ

(
− q(−sm+ rn), p(−sm+ rn)

)
= −sm+ rn, then ρ

is an isomorphism of groups. By Corollary 2, we know C(Ĝ0
+) ∼= C(T ). Obviously,

G1 = { (m,n)
∣∣ pm+ qn > 0 } ∪ {(0, 0)}. Let θ : [G]→ Z, θ [(m,n)] = pm+ qn for

(m,n) ∈ Z2; then θ is an order isomorphism of groups. By Lemma 1, we know that
T [G1]([G]) ∼= T Z+(Z), so the conclusion holds.
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Remark. Let Ĝ be the dual group of G; then {εx
∣∣ x ∈ G} is an orthonormal basis

for L2(Ĝ). When (G,G+) is a quasi-partial ordered group, we may also regard
T G+(G) as a subalgebra of B(L2(Ĝ)) as follows:

Let HG+(Ĝ) be the closed subspace of L2(Ĝ) generated by {εx
∣∣x ∈ G+}; its

projection is denoted by pG+(Ĝ). For any ϕ ∈ C(Ĝ), define TG+
ϕ on HG+(Ĝ) by

T
G+
ϕ (f) = pG+(ϕf) for f ∈ HG+(Ĝ). The C∗-algebra generated by {TG+

ϕ

∣∣ϕ ∈
C(Ĝ)} is denoted by T G+

r (Ĝ) and is also called the Toeplitz algebra with respect
to G+. Clearly, T G+

r (Ĝ) is generated by {TG+
εx |x ∈ G} and it can be regarded

as a C∗-subalgebra of B (L2(Ĝ)) through zero-extension. So if we define a unitary
u : `2(G)→ L2(Ĝ) by ueg = εg for g ∈ G, then u∗◦TG+

εg ◦u = pG+ugp
G+ ; therefore

the two Toeplitz algebras are unitarily equivalent.
Now let (G,E) be an ordered group, in this case G is torsion-free, so Ĝ is

connected. For any ϕ ∈ C(Ĝ), if it does not vanish anywhere, then by [7] there
exist some x in G and ψ ∈ C(Ĝ) such that ϕ = εxe

ψ. As observed in [4], such
an x is unique. We denote this group element indt (ϕ) and call it the topological
index of ϕ. This index depends only on the connected component of C(Ĝ)−1 in
which ϕ lies. The following proposition is stated in [10], and as we know when
(G,G+) = (Z2,Z2

p,q), it reduces to [2], Theorem 5.

Proposition ([10]). Let (G,G+) be a quasily ordered group (G need not admit a
deformation retraction onto G+). If G is torsion-free, then for any φ ∈ C(Ĝ), TG+

φ

is invertible if and only if φ does not vanish anywhere and indt(φ) ∈ G0
+.
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