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ABSTRACT. Let H be an infinite-dimensional Hilbert space of density character
m. By representing H as a module over an appropriate Clifford algebra, it is
proved that H possesses a family {Aq }aem of proper closed nonzero subspaces
such that

d(Saq,545) = d(Sar,Sa5) = d(Sar,S41) = 2-V2  (a#D).

Analogous results are proved for L, spaces and for co(X) and £,(X) (1 <p <
00) when X is an arbitrary nonzero Banach space.

1. INTRODUCTION AND NOTATION

Let us begin with some notation. Let C; and C3 be nonempty subsets of a
Banach space (X, || - ||). The distance between Cy and Cs, denoted d(C1,C2), is
defined as follows:

d(Cl,CQ) = inf{Hcl — 02” 11 € 01,02 c CQ}
For a closed subspace A of X, its unit sphere, denoted S, is the set {a € A : ||a|| =

1}.

A decomposition of X into the Banach space direct sum X = A & B of two
nonzero closed subspaces A and B will be called a splitting of X, denoted (A, B).
For a given family {(A,, By) : v € I'} of splittings of X, a convenient measure of
the extent to which the splittings in this family differ from one another is afforded
by the quantity

0 =inf{d(Sa,,S4,),d(SB,,SBs),d(Sa.,SB,) 1o, B,y €' (a# )}

If § > 0, then the unit spheres of all the subspaces occurring in the splittings are
separated from each other by a distance §. Such a family of splittings will be said
to be well-separated.

This paper proves the existence of infinite well-separated families of splittings
for certain Banach spaces. First the case of an infinite-dimensional Hilbert space
H is considered; here it is more natural to consider only orthogonal splittings (i.e.
orthogonal decompositions) of H. It is proved that if H has density character
m, then there exists a family of orthogonal splittings of H of cardinality m for

which 6 = \/2 — /2, which is best possible. The Hilbert space argument is then
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generalized to prove that if X is an arbitrary nonzero Banach space, then c¢o(X)
and £,(X) (1 < p < oo0) admit infinite well-separated families of contractively
complemented splittings.

The main idea in the proof is to represent H (or ¢,(X)) as a module over an
appropriate infinite-dimensional Clifford algebra. The existence of the required
splittings is then a consequence of algebraic identities in the Clifford algebra. The
proof is self-contained and presupposes only an acquaintance with the terminology
of elementary abstract algebra.

The Banach space notation and terminology employed throughout are standard.
Let us only recall that the space £,(X) (1 < p < o0) is the space of sequences (x,)
(zn, € X) equipped with the norm

z,||P)/P for 005
|<xn>”_{<2| PP for p < oo

sup,, |||l for p = oo.

The space co(X) is the subspace of £ (X) whose elements consist of sequences
which tend to zero in norm.

The proofs are valid for both real and complex Banach spaces: the underlying
field of scalars (either R or C) will be denoted by F.

2. SPLITTINGS OF HILBERT SPACES

Let H be a separable infinite-dimensional Hilbert space. For 2 < n < oo, define
0, as follows:

5n = Sup{inf{d(SAj;SAk)a d(SAjL;SAk% d(SAJLWSAkL) :0< ]7k < n7.j 7é k}}a

where the supremum is taken over all n-tuples {A; }o<;j<n of proper closed nonzero
subspaces of H. Clearly, {d,}n>1 is a decreasing sequence of nonnegative numbers
with 0 < doo < lim 0y,

We prove below (Theorem 3) that §,, = v/2 — /2 for all 2 < n < oc.

Proposition 1. Let A be a subspace of H and let P be the orthogonal projection
onto A.
(a) If x € Sp, then

(1) min{d(z, Sa),d(z,S41)} <\/2-V2
with equality if and only if |Pz|| = 1/v2 (in which case d(x,Sa) = d(z,S41) =

V2 -v2).

(b) Let B be the closed linear span of an orthonormal sequence {e,}. Then
(2) d(Sa,Sp) = d(Sax,Sp) = /2 -2
if and only if {\/2Pe,} is an orthonormal sequence in H.

Proof. (a) Let a = Pz and @’ = (I — P)x. Then 1 = |[[z]|> = |a|®> + |d’||?,
and so max(|lal|,||a’||) > 1/v/2. Without loss of generality, we shall assume that
llall > 1/v/2. Let y € Sa. Then

ly =2l = [ly — all* + la/||>
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The distance ||y — a|| is minimized when y = a/||al|; in this case, ||y —al =1 —|a|l,
and so

ly —2l* = (1 = [lal)* + lla'||?
= (1= lal)*+ 1=l
=2—2|al
<2-V2,

since we are assuming that ||a| > 1/+/2. It follows that d(z, Sa) < V2 — /2, with
equality if and only if ||a| = ||a’| = 1/V/2.

(b) Suppose that (2) holds. Then from (a) we deduce that d(z, Sa)=d(z, S41)=
V2 — /2 for all z € Sp, whence ||Pxz| = 1/v/2 (by (a) again) for all x € Sp. It
follows that +/2P is an isometry from B into A, and hence that {v/2Pe,} is an
orthonormal sequence in A. Conversely, if {v/2Pe,} is an orthonormal sequence
in A, then ||Pz| = 1/v/2 for all € Sg, and so (by (a)) d(z,S4) = d(x,Sa1) =
V2 —+/2 for all x € Sp, which gives (2). O

Let {e,} be an orthonormal basis for H, let A be the closed linear span of
the orthonormal sequence {eg,}n>1, and let B be the closed linear span of the
orthonormal sequence {(1/v/2)(e2n + €2n_1)}. It follows from Proposition 1 that

(3) d(SA,SB) = d(SAiaSB) = d(SAvsBL) = d(SALvsBL) = 2- \/57

and also that this pair of splittings is the best possible in the sense that the constant
V2 — V/2 cannot be improved (i.e., increased). This proves that 6o = /2 — V2.

In fact, (3) determines A and B uniquely up to an isomorphism of H, as the
following result shows.

Corollary 2. Suppose that H is a separable infinite-dimensional Hilbert space. Let
A and B be closed subspaces of H which satisfy equality (3). Then there exist
orthonormal bases {e,} and {f,} of A and A+ such that {(1/v/2)(en + fn)} and
{(1/V?2)(en — fn)} are orthonormal bases of B and B*.

Proof. Let P be the orthogonal projection of H onto A and let Q = I —P. Let {g,}
be an orthonormal basis for B. Then, from Proposition 1 and (3), it follows that
{en} and {f,} are orthonormal sequences in A and AL, where e, = (v/2)P(g,)
and f,, = (vV2)Q(gn). Let us show that {e,} is in fact an orthonormal basis of A.
So suppose that e € A and that {(e,e,) = 0 for all n. Then (e, P(y)) = 0 for all
y € B. From Proposition 1 and (3) we have e = y + z where y € B, z € B+, and
Iyl = llz]l = (1/v2)]le||. Hence e = P(e) = P(y) + P(2), and so
2 2
U — e = et + P2 = e + 15
Thus e = 0, which implies that {ey} is an orthonormal basis of A. Similarly {f,}
is an orthonormal basis of A+. Note that g, = (1/v2)(e, + fn) and recall that
{gn} is an orthonormal basis of B. Clearly, {(1/v/2)(e, — fu)} is an orthonormal
basis of B+. O
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Theorem 3. Let H be a separable infinite-dimensional Hilbert space. There exists
a sequence {A,} of subspaces of H such that

d(Sa,,54,,) = d(Sa,, Say) = d(Say,Saz) =2 -2 (n #m).

In particular, 6, = V2 — V2 for all2 <n < oco.

Proof. We begin our construction by defining a group G which is generated by
an element —1 and by the sequence of symbols {e,}»>1 satisfying the generating
relations:

e =—-1 and (-1)> =1.
The element —1 belongs to the center of G and we define for any g € G:
—g9=(=1)(g) = (9)(-1).
Multiplication among the e,,’s is defined to be anti-commutative:
€m €n = —€n Em (n #m).

The elements of G consist of finite strings of the generators. For any finite subset
ITCN/leter =ep, €n, - €n,, where I = {ny,n2,... ,npand1 <ny <ng < --- <
ng, and let ey = 1 for I = (). Finally, setting W = {e; : I is a finite subset of N},
we can list the group elements thus:

G={w,—w:we W}

Consider the collection C of all finite sums of the form )y, Ay w, where A, € F.
Next define scalar multiplication on G\ W = {—w : w € W} as one would expect:

Al—w) = (=Nw (we W, Ael).

Then C becomes an algebra over F with multiplication defined in the obvious way
using the group multiplication of G and the distributive law. In fact, if we denote
by V the inner product space over F which has orthonormal basis {e,}, then C
is the wuniversal Clifford algebra associated to V. We refer the reader to [3] for a
discussion of Clifford algebras and for a proof of the associativity of the algebra
multiplication.

Let the symbols x and y be the generators of a free left-module over C, which
we shall denote by M. It follows that every m € M is uniquely expressible in the
form c1 x + co y, where ¢1, co € C'. Note that the elements of M are of the form

m= (3 dww)r+ (3 pw)y=Y Qwwe+ 3 (m)wy,
weW weWw weW weWw

where the sums are finite and the \’s and p’s belong to F. Next we turn the module
M into an inner product space over F by taking the set 2 = {wz,wy : w € W}
to be an orthonormal spanning set. Let H be the completion of this inner product
space, so that H is a separable infinite-dimensional Hilbert space with orthonormal
basis Z. Note that the inner product ( , ) on H is defined by the relations

(wz,w'y) =0 (w,w € W)
and

1, forw =1,

(wz,w'z) = (wy,w'y) = {O, for w %
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For each w’ € W there exists a permutation m, of W such that the mapping
w — w'w is given by
w'w = £, (w),

where the choice of signs depends, of course, on the element w. For convenience,
let us call such a mapping a sign-changing permutation. It follows that the linear
operator corresponding to the action of w’ € W on H given by

(4) w’{Z()\w WT + Yo wy)} = Z{)\w(w'wx) + 'yw(w’wy)}

is in fact an isomorphism of H, as it is the linear extension of a sign-changing
permutation of the orthonormal basis =. We may now regard H as a left C-module
by extending the action of (4) to the whole of C' by linearity.

Let A,, be the norm-closed left C-submodule generated by the element x + e, y.

One easily sees that
=, —Jurt ey
V2

is an orthonormal basis for A,,, and that

—, wz — (wey)y
=== " weW

is an orthonormal basis for A:-. Having defined the subspaces that make up our se-
quence of splittings, it remains to show that the distances d(Sa,,, S4,,), d(Sa,,, 541 )

and d(S1, 541 ) are all equal to /2 — V2 for n # m.
Let P, denote the orthogonal projection from H onto A,. To prove that

d(Sa,,Sa,) = V2 —+/2, we shall invoke Proposition 1. Tt suffices to prove that
P, maps the basis =, of A,, onto an orthogonal sequence of vectors in A,, all
having norm 1+/2. To this end, let us express the vector (z + e,,y)/v/2 in the form

—ate () () () ()

Then, for w € W, we have

wx +\(/1%Jem)y _ <w(1 —Zemen)) (x —|\—/e§ny) N (w(l +26m€n)) (x _\/%ny>

Note that in this form the vector (wz + (we,,)y)/v/2 is written as the sum of
vectors from A,, and A;-, and so it is easy to compute its projection onto A,:

P, (wx +\(/u§)em)y) _w(l _;men) (= 4;/@5 y)

- {wx — (wemen) © + (wey) y — (wemenen) y}
{

—~
ot
S~—
Il
[N}
r—*%»—l
[N}

wzr — (wemen) T + (wey) y + (weyy,) y}

5
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First observe that from (5)

wz + (wem) y 1 1
Pn<7>H (12412412412 = —
V2 2/2 V2

which proves that P,, maps each member of =, onto a vector of norm 1/ V2.
Now let us show that P, maps =, onto an orthogonal sequence; that is, that

<Pn (wx +\(/u§)em)y>’ Pn<w’x +\(/u2_)'em)y>> 0
for all w # w'.

Replacing w by w’ in (5), we get

©) P (“”’ +\(/“§"em) y) - 1@ {wx — (Wemen) @+ (Wen)y + (wem) y}

The four vectors occurring on the right-hand side of (5) and the four on the
right-hand side of (6) belong to the orthonormal basis Z of H. If these sets of
basis vectors are disjoint, then clearly the inner product is zero. These sets of basis
vectors will be disjoint unless

(7) w = t+wene, or w==xwenen.

It remains to show that the inner product is zero if one of the two conditions of (7)
holds. Without loss of generality, let us assume that w’ = we,,e,. In this case, we
have

w'r—(w'emen) r+ (Wen)y + (wem)y
x — (wemenemen) T + (wemenen) y + (wemenem) y
— (wem(—emen)en) T+ (wer (—1)) y + (wem(—emen)) y
T+ (w(=1)(=1))z — (wem) y — (w(-1)en) y
x4+ wr — (wem) y + (wey) y,

= (wemen

WEp, En,

—_— — — —

=(
(wemen
= (wemen
and it follows from (6) that
P <w’x+ (w’em)y> _ 1
! V2 2v2

Computing the inner product, we get

<Pn (wx +\(/1;em)y>,Pn<w’x +\(/u2_)’em)y>>

1

= §<wx — (wemen) T + (wem) y + (wep) v,

{wz + (wemen) x — (wem) y + (wey,) y}.

we + (wemen) @ — (we)y + (wen) y )
= S{fwr,wr) — ((wemen) 7. (wemen) 2)

— ((wem) y, (wem) y) + (wen) y, (we) y)}
= <l ~ I wemen) #l” ~ l(wem) I + | wen) yl1?}

1
=gll-1-1+13=0.
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Thus, P, maps =,, onto an orthogonal sequence of vectors in A,, which com-
pletes the proof that d(Sa,,S4,,) = V2 — /2. Similar computations prove that

m

d(Sa,,Sar) and d(Sy1, 541 ) are also equal to /2 — V2. O

The proof of Theorem 3 readily extends to nonseparable Hilbert spaces to yield
the result stated in the abstract (or a paraphrase thereof).

Theorem 4. Let I' be an infinite set. Then there exists a family {A+}yer of sub-
spaces of £o(T') such that

d(Sa,,S4;) = d(Sa,,Sar) = d(Sar,Sar) = \/2-V2
for all v,6 € T with v # 6.

Proof. The proof is analogous to the proof of Theorem 3, with the modification
that the group G is now generated by the (possibly uncountable) set {e}yer.
We construct the Clifford algebra C' that is associated to the inner product space
which has {ey}yer as an orthonormal basis. Next we define the C-module M and
the Hilbert space H, as in the proof of Theorem 3, and one sees that H has an
orthonormal spanning set of the same cardinality as I'. Then we define a collection
of subspaces A, (v € I'), as in the proof of Theorem 3. The distance calculations
are identical. |

Remark 5. Obviously, the cardinality of T" is the largest possible cardinality of any
well-separated family of splittings of ¢2(T).

3. SPLITTINGS OF BANACH SPACES

Recall that there exists an infinite-dimensional Banach space X [I] which is
hereditarily indecomposable; that is, X has the property that no closed subspace
of X can be expressed as a direct sum of two further infinite-dimensional closed
subspaces. Let X = A; @ B; and X = Ay ® Bs be a pair of splittings of X such
that both A; and As are infinite-dimensional. Since X is indecomposable, both
By and B, are finite-dimensional, whence A; N As is nonzero, and in particular
d(Sa,,S4,) = 0. This shows that Theorem 3 cannot be extended to the category of
Banach spaces simply by replacing orthogonal projections by bounded projections.

However, we are able to modify our construction in order to obtain a result for
¢p(X), when X is an arbitrary nonzero Banach space. Regarding X and M as
vector spaces over F, we may form the vector space tensor product X @ M. A
typical element of X ® M may be expressed uniquely as a finite sum of the form:

(8) a= Y faw®(we)+a, @ wy)}  (aw,a, € X).
weW

We now equip X ® M with the norm

lall, = 4 Cllawl? +laP)? o p < oo,
P sup {Jlawll, lal|| : w e W} for p = occ.

Taking the completion of ||| - |||, we obtain, for p < oo, a Banach space X, that is
isometrically isomorphic to £,(X), and, for p = oo, a space X2 that is isometrically
isomorphic to ¢g(X). The elements of X, have the unique representation given by
(8) when the sums are allowed to be infinite.
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Similarly, one defines the space X, which is isometrically isomorphic to £, (X),
in the obvious fashion.

The action of the Clifford algebra C' on M extends to X ® M by means of the
following definition:

(Z{aw@) (wx) + al, ® (wy)} ) Z{aw (cwz) +al, @ (cwy)} .

Extending this action to X, (by continuity) turns these Banach spaces into C-
modules for which each w € W acts as an isometric isomorphism of X,.

We can now define, for each n > 1, a pair of complementary subspaces in Xj,.
Let A,, consist of all vectors a € X, of the form

a= Z ayw @ (wx + wepy),
weW

and let B,, consist of all vectors b of the form

b= Z by ® (wx — weypy).
weWw
Proposition 6. Let 1 < p < oo. Then A, and B, are contractively complemented
n X, and

l\3|H

d(SAmSAm) = d(SAn’ SBm) = d(SBn ) SBm)

The same result holds for X2, .

Proof. We give the proof only for p < co. Fix m,n € N. Consider the projection
P, on X, given by

Po(a) = Y ((1/2)aw + (1/2)a,,) ® (wz + wepy),

weWw

when a is represented (uniquely) as:

a= Z {aw ® )+ al, @ (wepy)} (aw,a, € X).
weW

Clearly A, is the range of P,, and P, is contractive by convexity of the norm
in X. The complementary projection Q,, = I — P, is also contractive and has
range B,. Suppose that m # n. Observe that W can be expressed as the disjoint
union W = W; U Wy, in which each w € W; corresponds to a unique element
w' = fwe, e, in Ws. Thus each a € A, can be written uniquely in the form

a = Z {aw IE + emy)) + by ® ((wemen)(x + emy))} :
weWy

From the identity

wz + (wem )y = <M) (x+eny)+ (W) (x —eny),
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we obtain
Pua)= Y auw (%) (2 +eny)
weWy
+ Y be® (weme"(12_ eme")> (z+ eny)
weW
= G + by w(x +e bu — wemen (T + e
_w§1{< 2 )® ( +ny)+< 9 )® mn( +ny)}a
whence
NPa@IP = > {1(1/2)(aw + buw) 1P + [1(1/2)(aw — bu)|P}
weWy
(9) >277 3 {[law|” + [Ibu P}
weWy
=27"|[la|[|",

and so |||Pn(a)l|] > (1/2)|||lal]]. A similar calculation shows that |||Qn(a)||| >
(1/2){llall]. Finally,

d(a, Sa,) = [1Qn(a)lll = (1/2)l]lall,
which implies that d(Sa,,,S4,) > 1/2. By symmetry, it follows that

m

d(SB,.,S54,) = d(SB,.,,5B,) = d(5a,,,54,,)- u

m?

Since X, is isometrically isomorphic to £,(X), we obtain the following theorem.

Theorem 7. Let 1 < p < oo and let X be an arbitrary nonzero Banach space. For
each n > 1, there exist closed subspaces Ay, and By, of £,(X) such that the following
hold:

(a) £p(X) = A, © B, and the corresponding projections are contractions;
(b) d(Sa,,S5a,,) = d(Sa,,SB,,) = d(SB,,5B,,) = 1/2 form # n.
The same result holds for co(X) and £o(X).
Next we consider splittings of Lebesgue L, spaces for which we require the fol-

lowing lemma, whose proof is an easy deduction from Clarkson’s inequalities (see
e.g. [4]), which we leave to the reader.

Lemma 8. Let (X,%, ) be a measure space and let 1 < p < oo. For all f,g €
L,(p), we have
f+yg
2

where p* = min(p, p/(p — 1)).
Theorem 9. Let (X,%, 1) be a separable o-finite measure space which has either
no atoms or infinitely many atoms and let 1 < p < co. For each n > 1, there exist
closed subspaces Ay, and By, of Ly(p) such that the following hold:

(a) Lp(n) = Ay, @ By, and the corresponding projections are contractions;

(b) d(Sa,,Sa,) = d(Sa,,Ss,) = d(Sp,,Sp,) > 2~ for m # n, where

p* =min(p,p/(p — 1)).

The same result holds for L1(u) and Loo(p) with constant 1/2.

p
f—g
+|15

'
) > 277 (£ + g1,
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Proof. The assumption on (S, %, 1) implies that L,(u) is isometrically isomorphic
to £p(Ly(1)). (In fact Ly(p) will be isometrically isomorphic to either £,, L,(0,1)
or ¢, ®, L,(0,1).) Using Lemma 8 we can replace the factor of 277 in equation (9)
of Proposition 6 by the larger constant of 27/P". With this change the argument
of Proposition 6 yields the desired result. [l

Remark 10. The constant 2-1/P" is probably not best possible. In fact, we have
already seen that for p = 2 the best constant is v/2 — v/2 = 0.7653 ... (as opposed
to 1/v/2 = 0.7071...). Finally, let us observe one further consequence.

Corollary 11. Let K be an infinite compact metric space. Then C(K) admits an
infinite well-separated family of splittings.

Proof. This follows from Theorem 7 since C'(K) is linearly isomorphic to co(C(K))
whenever K is an infinite compact metric space (see e.g. [4]). O
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