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Abstract. Let 0 < p, q, r ∈ R be real numbers with p + 2r ≤ (1 + 2r)q and
1 ≤ q. Furuta (1987) proved that if bounded linear operators A,B ∈ B(H)

on a Hilbert space H satisfy O ≤ B ≤ A, then B
p+2r
q ≤ (BrApBr)

1
q . This

inequality is called the Furuta inequality and has many applications. In this
paper, we prove that the Furuta inequality holds in a unital hermitian Banach
∗-algebra with continuous involution.

Let A,B be bounded linear operators on a Hilbert space H . The celebrated
Löwner-Heinz inequality states the following;

Theorem A (Löwner-Heinz inequality [4], [5]). Let A,B ∈ B(H) satisfy O ≤ B
≤ A. If 0 < p < 1, then Bp ≤ Ap.

For an extension of Theorem A, Furuta obtained the following interesting in-
equality in [1] and one page elementary proof in [2].

Theorem B (Furuta inequality [1], [2]). Let 0 ≤ p, q, r ∈ R and A,B ∈ B(H)
satisfy O ≤ B ≤ A. If p + 2r ≤ (1 + 2r)q and 1 ≤ q as shown in the figure, then
B
p+2r
q ≤ (BrApBr)

1
q .
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One of the authors, Tanahashi [8], proved that the domain drown for p, q and r
in Figure is the best possible one for Theorem B. Many applications of Theorem B
have been developed, but we omit citing them.

Let A be a unital Banach ∗-algebra with unit e and a, b ∈ A. A is called hermitian
if a = a∗ implies σ(a) ⊂ R where σ(a) denotes the spectrum of a. a ≥ 0 means that
a = a∗ and σ(a) ⊂ [0,∞). a > 0 means a ≥ 0 and 0 /∈ σ(a). a ≥ b means a− b ≥ 0,
and a > b means a− b > 0. Let α ∈ R. For a > 0, aα means exp(α log a) where log
is the principal branch of the complex logarithm. By the Shirali-Ford theorem [7],
σ(a∗a) ⊂ [0,∞) for all a ∈ A.

Recently, Okayasu [6] proved that the Löwner-Heinz inequality holds in a unital
hermitian Banach ∗-algebra with continuous involution.

Theorem C ([6]). Let A be a unital hermitian Banach ∗-algebra with continuous
involution. Let a, b ∈ A and p ∈ (0, 1]. Then ap < bp if 0 < a < b, and ap ≤ bp if
0 < a ≤ b.

In this paper, we prove that the Furuta inequality holds in this case.

Theorem 1. Let A be a unital hermitian Banach ∗-algebra with continuous invo-
lution and a, b ∈ A. Let 0 ≤ p, q, r ∈ R satisfy p + 2r ≤ (1 + 2r)q and 1 ≤ q.
Then

b
p+2r
q < (brapbr)

1
q if 0 < b < a,

and
b
p+2r
q ≤ (brapbr)

1
q if 0 < b ≤ a.

To prove Theorem 1, we need following lemmas.

Lemma 2. If 0 < a, then 0 < a−1.

Proof. Let 0 < a. Then σ(a) ⊂ (0,∞), and σ(a−1) = σ(a)−1 ⊂ (0,∞). This
implies 0 < a−1.

Lemma 3. If 0 < a < e, then e < a−1. Also, if 0 < a ≤ e, then e ≤ a−1.

Proof. Let 0 < a < e. Then

a−1 − e = a−
1
2 (e− a)a−

1
2 = {(e− a)

1
2 a−

1
2 }∗{(e− a)

1
2 a−

1
2 }.

This implies 0 < a−1 − e and e < a−1. The rest of the proof is similar.

Lemma 4. If 0 < b < a, then 0 < a−1 < b−1. Also, if 0 < b ≤ a, then 0 < a−1 ≤
b−1.

Proof. Let 0 < b < a. Then

a−
1
2 ba−

1
2 =

(
b

1
2 a−

1
2

)∗ (
b

1
2 a−

1
2

)
and

e− a− 1
2 ba−

1
2 = a

1
2 (a− b)a− 1

2 =
{

(a− b) 1
2 a−

1
2

}∗ {
(a− b) 1

2 a−
1
2

}
.

This implies 0 < a−
1
2 ba−

1
2 < e. Hence, by Lemma 3,

e <
(
a−

1
2 ba−

1
2

)−1

= a
1
2 b−1a

1
2 .
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Then

b−1 − a−1 = a−
1
2

(
a

1
2 b−1a

1
2 − e

)
a−

1
2

=
{(
a

1
2 b−1a

1
2 − e

)
a−

1
2

}∗ {(
a

1
2 b−1a

1
2 − e

)
a−

1
2

}
.

This impies 0 < b−1 − a−1. Hence 0 < a−1 < b−1 by Lemma 2.
Let 0 < b ≤ a. Then 0 < a by Lemma 2 of [6]. The rest of the proof is

similar.

Lemma 5. If 0 < b < a and 0 < c, then cbc < cac. Also, if 0 < b ≤ a and 0 < c,
then cbc ≤ cac.

Proof. Let 0 < b < a and 0 < c. Then

cac− cbc = c(a− b)c =
{

(a− b)
1
2 c
}∗ {

(a− b)
1
2 c
}
.

This implies 0 < cac− cbc and cbc < cac. The rest of the proof is similar.

Lemma 6. If 0 < a, then
(
a2
) 1

2 = a.

Proof. Since σ(a2) = {σ(a)}2, there exists a positively oriented circle Λ containing
σ(a2) with 0 < <λ for all λ ∈ Λ. Let

λ = |λ|eiθ ∈ Λ with − π

2
< θ <

π

2
,

and

Γ = {µ = |λ| 12 e 1
2 iθ | λ = |λ|eiθ ∈ Λ}.

Then

log a2 =
∫

Λ

(logλ)
(
λ− a2

)−1
dλ

=
∫

Γ

(
logµ2

) (
µ2 − a2

)−1
2µdµ

=
∫

Γ

2 (logµ) (µ+ a)−1
dµ+

∫
Γ

2 (logµ) (µ− a)−1
dµ

= 0 + 2 log a = 2 log a.

Thus (
a2
) 1

2 = e
1
2 log a2

= elog a = a.

Lemma 7. If 0 < a, b and λ is a real number, then

(bab)λ = ba
1
2

(
a

1
2 b2a

1
2

)λ−1

a
1
2 b.

Proof. Let

F (λ) = (bab)λ and G(λ) = ba
1
2

(
a

1
2 b2a

1
2

)λ−1

a
1
2 b.
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Since bab =
(
a

1
2 b
)∗ (

a
1
2 b
)

, we have 0 < F (λ), G(λ). By the definitions, we have
F (1) = G(1). Also,{

G
(
2−1
)}2

=
{
ba

1
2

(
a

1
2 b2a

1
2

)− 1
2
a

1
2 b

}{
ba

1
2

(
a

1
2 b2a

1
2

)− 1
2
a

1
2 b

}
= ba

1
2

(
a

1
2 b2a

1
2

)− 1
2
a

1
2 b2a

1
2

(
a

1
2 b2a

1
2

)− 1
2
a

1
2 b

= bab =
{
F
(
2−1
)}2

.

Hence F (2−1) = G(2−1) by Lemma 6. Similarly, we have

F (2−n) = G(2−n) for n = 2, 3, · · · .

Since F (λ), G(λ) are analytic on the real line R and 2−n → 0(n→∞), we have

F (λ) = G(λ) for λ ∈ R.

Remark. We remark that Lemma 7 has been obtained in [3] for operator case on
Hilbert space, but our method in Banach ∗-algebra case is completely different from
one in [3].

Proof of Theorem 1. Let 0 < b < a. We show first the case 0 < p ≤ 1. In this case,
bp < ap by Theorem C, and bp+2r < brapbr by Lemma 5. Hence b

p+2r
q < (brapbr)

1
q

by Theorem C. We consider the case 1 < p. We may assume q = p+2r
1+2r by Theorem

C. Let 0 < r ≤ 1
2 . Then 0 < b2r < a2r by Theorem C. Hence

b−r (brapbr)
1
q b−r = b−rbra

p
2

(
a
p
2 b2ra

p
2

) 1
q−1

a
p
2 brb−r

= a
p
2

(
a
p
2 b2ra

p
2

) 1−p
p+2r

a
p
2

by Lemma 7. Since a
p
2 b2ra

p
2 < ap+2r by Lemma 5 and −1 < 1−p

p+2r < 0, we have

b−r (brapbr)
1
q b−r > a

p
2
(
ap+2r

) 1−p
p+2r a

p
2 = a > b

by Lemma 4 and Theorem C. Hence

(brapbr)
1
q > b1+2r for q =

p+ 2r
1 + 2r

(1)

by Lemma 5. The rest of the proof is the same as in [1], but we cite its proof for
the sake of importance as follows.

Put a1 = (brapbr)
1
q and b1 = b1+2r in (1). Repeating (1) again for a1 > b1 >

0, 0 < r1 ≤ 1
2 and 1 < p1,

(br11 a
p1
1 b

r1
1 )

1
q1 > b1+2r1

1 for q1 =
p1 + 2r1

1 + 2r1
.

Put p1 = q ≥ 1 and r1 = 1
2 ; then

(b2r+
1
2 apb2r+

1
2 )

1
q1 > b2(1+2r).
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Put s = 2r+ 1
2 . Then q1 =

p1 + 2r1

1 + 2r1
=
p+ 2s
1 + 2s

since p1 = q and 2(1 + 2r) = 1 + 2s.

Hence

(bsapbs)
1
q1 > b1+2s for q1 =

p+ 2s
1 + 2s

.(2)

Since r ∈ (0, 1
2 ] in (1), s = 2r + 1

2 ∈ (1
2 ,

3
2 ] in (2). Consequently (1) holds for

r ∈ (0, 3
2 ] and q = p+2r

1+2r . Repeating this method, (1) holds for each r > 0 and
q = p+2r

1+2r .
If 0 < b ≤ a, then a is invertible by Lemma 2 of [6] and 0 < a−1 ≤ b−1. The rest

of the proof is similar to the case 0 < b < a.
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