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LONG TIME HEAT DIFFUSION ON HOMOGENEOUS TREES
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(Communicated by Christopher D. Sogge)

ABSTRACT. Let X be a homogeneous tree of degree ¢ + 1, ¢ > 2, L the
Laplace operator of X and h¢(z) the fundamental solution of the heat equation
(Ot +L)u = 0 on X. We show that the heat kernel h¢(x) is asymptotically con-
centrated in an annulus moving to infinity with finite speed R1 = (¢—1)/(¢+1).
Asymptotic concentration of heat in the LP norm is also investigated.

0. INTRODUCTION

Let X be a homogeneous tree of degree ¢ + 1, that is, a connected graph with no
loops in which every vertex is adjacent to ¢ + 1 other vertices; in particular if ¢ is
equal to one, then the tree may be identified with the integers Z.

We will write x ~ y if z and y are adjacent. The tree is endowed with a natural
distance function d, where d(x,y) is the number of edges in the unique path from
x to y, and by a natural Laplace operator £ defined by

£F(a) = =7 Y1) = )l

y~z

If we denote by LP(X) the Lebesgue spaces on X with respect to counting measure,
then L is easily seen to be bounded on LP(X) for every 1 < p < 400, and self-
adjoint on L?(X), and therefore the heat operator H;, which is spectrally defined
on L2(X) by

Hef = e”dPyf  Vte(0,400) Vf e L*(X),
Uz(ﬁ)

where 02(L) denotes the L? spectrum of £, and P its spectral resolution, is also
given by the series

—+oo
(_t)kﬁk
M=)
k=0

and the series is absolutely convergent in the LP(X) operator norm.
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If fisin LP(X), then u(z,t) = H.f(x) is the norm analytic solution in LP of the
Cauchy problem for the heat equation for £

{(at +Lu=0 Y(x,t)€XxRt,
u(m,O) = f(x)a

which is the discrete analogue of the classical heat equation on Euclidean space and
more generally on Riemannian manifolds.

Denoting by d, the Dirac measure at the point y of X, the heat kernel is defined
by hi(z,y) = (Hdy)(x) so that, given an arbitrary function f in LP(X), we have

Hef(x) = He (Z f(y)5y> (@) =Y fW)hu(z,y).

The heat kernel hi(z,y) is the solution of the heat equation with initial condition
0, and describes the diffusion of a unit amount of heat originally concentrated at
the point y.

Note that the self adjointness of H,; implies that h;(z,y) is symmetric in = and
y, and then the identity H;1 = 1 yields

1:(Htl)(y):th(y,x):th(x,y) WZO, yexa

showing that heat is conserved.

It is also not hard to see that hi(x,y) depends only upon the distance between
xz and y. Moreover it is strictly positive for all z, y in X (see, e.g., the lower
estimate in Theorem 2 below). The last property expresses the fact that heat
propagates instantaneously on X, which is a well known feature of heat diffusion in
the continuous setting.

It was observed by E. B. Davies (|D], Corollary 5.3.7) that the heat kernel h¢(z, y)
on n dimensional real hyperbolic space satisfies

/ hi(x,y) dx, as t — oo,
Rit<d(z.y)<R't

whenever R < n — 1 < R’. This means that, even though heat propagates instan-
taneously, heat produced at a point y does not propagates homogeneously, but is
asymptotically concentrated in an annulus that moves to infinity with finite speed.

In [AS] this property of heat diffusion was extended to Riemannian symmetric
spaces of the noncompact type, and also to a larger class of Riemannian manifolds
with exponential volume growth, and bottom of the L? spectrum of the Laplacian
bounded away from 0. In the symmetric space setting, a probabilistic interpretation
of this phenomenon was subsequently given by M. Babillot [B].

The purpose of this note is to show that a similar property holds for the heat
diffusion on X. Indeed we prove the following

Theorem 1. Assume that q is greater than or equal to two. Let Ry = (¢—1)/(q+1)
and let r(t) be a positive function such that

r(t)

m—mxa ast — oo.
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Then for every y in X

(1) Z he(z,y) — 1 as t — oo.
Rut—r(t)<d(,y) <Rit+r(t)

The proof of (1) depends on some precise estimates for the heat kernel on X
obtained in [CMS] (see also [P]). This is the same approach that was used in |AS|
to prove the symmetric space result. It may be interesting to note that in [AS], the
extension of the result to Riemannian manifolds used wave equation techniques,
and was based in particular on the finite propagation speed of the (modified) wave
equation. These techniques fail in our setting, essentially because solutions of the
wave equation on X do not have finite speed of propagation [MS]. A more direct
approach seems therefore unavoidable.

This gives further evidence to the fact, already apparent in [CMS], that there is a
very close analogy between heat diffusion on homogeneous trees and heat diffusion
on hyperbolic space. By contrast, the results of [MS] indicate that the features of
wave propagation in the continuous and discrete settings are quite different.

It should also be noted that the validity of (1) is strictly connected to the expo-
nential volume growth of the tree. Indeed if ¢ = 1, so that we are considering the
heat equation on Z, the following result holds.

Theorem 2. Assume that ¢ = 1, and let r;(t), i = 1,2 be two positive functions
satisfying r1(t)/v/t — 0 and r2(t)//t — +oco. Then for every y in Z

(2) Z hi(z,y) — 1 as t — oo.

x
71(t)<d(z,y)<r2(?)

In particular, for every pair of constants R < R’ and every positive a # 1/2,

(3) Z ht(xay) -0 ast—>oo,
Rtagd(xafy)SR'ta

showing that no analogue of (1) may hold. This corresponds exactly to the result
valid for the heat kernel on Euclidean space.

Finally, we remark that the same techniques that lead to Theorem 1 may be
used to show that a phenomenon of asymptotic heat concentration also occurs with
respect to LP norm for 1 < p < 400. Theorem 1 is the p = 1 version of this more
general result. Referring to Remark 1 below for a precise formulation, here we only
stress that even for p > 1 the features of the LP heat propagation match exactly
those obtained in [AJ] in the symmetric space setting.

1. NOTATION AND PRELIMINARY RESULTS

For ease of notation we are going to use the variable constant convention, and
denote by C constants that may change from place to place, and depend only on
factors quantified before their occurrence.

Given two functions f(t) and g(t), both defined on a set D, we say that f(¢) ~
g(t) for all ¢t in D if there exist positive constants C' and C’ such that

Cft)<g(t)<C f(t) vt € D.
The expression f(t) < g(t) as t tends to tp means that
g9(t) = f(t)(1 +o(1)) when t — to.
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Let o be a fixed reference point on X. We say that a function f on X is radial
if f(z) depends only on the distance d(o, ), also denoted by |z|. Clearly, if ¢ = 1,
one may choose o as the vertex 0, and then |z| is exactly the absolute value of x.

We explicitly note that for ¢ > 2, the cardinality of the set {x : |z| = n} is equal
to 1 if n =0 and to (¢ + 1)g"~?, for every n > 1.

For every x in X let hi(z) be defined by hi(z) = hi(z,0). In the sequel we will
refer to this function as the heat kernel of the tree, and, to avoid ambiguity, we
will denote by h% the heat kernel on Z. Since h¢(x,y) depends only upon d(z,y),
if follows that h¢(z) is radial (and hZ is even), and that (1) holds if and only if

Z hi(z) — 1 as t — +oo.
Rit—r(t)<|z|<Rit+r(t)

An entirely analogous statement of course holds in the case of (2).

A detailed study of the heat operator and of the heat kernel was carried out in
[CMS] which we refer to for a complete discussion of notation and results.

We only recall the following two key lemmas. The first lemma gives uniform
pointwise estimates for h%, and depends on a formula expressing h? in terms of
modified Bessel functions, and from the uniform asymptotic expansion of modified
Bessel functions of large order.

Lemma 3 (|[CMS], Theorem 2.3). Let £ : Rt — R and F : Z x RT — R denote
the functions defined by the rules

£(2) = (1+2%)'/2 +log(W)

and
Jipexpl—t /D]
F(] t) _ (271') (1 + 52 —l—t2)1/4 , JF#0,
(2m) "2 (1 4 12) V4, i

Then hZ(5) < F(j,t) as j2 + 12 tends to oo, and h?(j) ~ F(j,t) for all j in Z and
tin RT.

The second lemma follows from a formula ([CMS], Proposition 2.5 (ii)) relating
the heat kernel h;(z) to the heat kernel on Z which is analogous to the relationship

between the heat kernel of a symmetric space and that of a maximal flat submani-
fold.

Lemma 4 (|[CMS], Proposition 2.5 (iii)). For all t in RT and z in X the following
holds:

—bat
— (1+lal ) a2, ) (] + 1)

where 7y is the entire function defined by the formula

he(z) ~ &

q1/2 . .
— 1z + —z
1) = g )

and by =1 —v(0) = inf(o2(L)).

Clearly, Lemmas 3 and 4 yield uniform upper and lower estimates for h:(z).
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2. PROOF OF THE THEOREMS

Proof of Theorem 1. Observe that without loss of generality we may suppose that
r(t) < Ryt. Since h; has total sum 1, it is equivalent to prove that

(1) Z hi(z) — 0 ast — oo
|z|<Rit—r(t)

and

(ii) Z hi(z) — 0 as t — 0o.

|z|>Rit+r(t)
To prove (i) we must show that
Z th(x)—>0 as t — oo.
n<Rit—r(t) |z|=n
According to Lemma 4 we have

—(1=~(0))t

e

Z hy(z) ~ — (1 + n) qn/zhtzv(o) (n+1),
|z|=n

whence, setting n 4+ 1 = d, the sum in (i) becomes

5 e~ (17Ot

0<d<Ryt—r(t)+1

mq(mfl)/thZW(o)(m)

Since t~1/2(r(t)—1) — oo, with only slight abuse of notation we may replace r(t)—1
with r(t).

Now, recalling that hZ(j) ~ F(j,t) and substituting the definition of the function
F', we deduce that we need to estimate the series

d
N d<R%:T(t) t[d2 4 42(0)¢2]1/4 exp{g(d,t)}

as t — 0o, where

7(0)¢ )

S
t)=—t+=1 2492032 + 51 (
g(s,t) + 5 ogq+ (s° +77(0)t") /= + slog s+ [s2 +12(0)2]1/2

Differentiating with respect to s yields
1
9'(s,t) = 5 logq +log[y(0)t] —log[s + (s* +~°(0)¢*) /2]
and

(5) g"(5,1) = ———

52 +72(0)t2
from which it follows that the function s — g(s,t) attains its absolute maximum
at the point Ryt = Z;—}t. Expanding ¢(s,t) around Ryt we write

d

©)  gldt)— g(Rit,t) = (d— Rat)g (Rat, 1) + /R (=g 0)ds
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and since g(R1t,t) = ¢'(Rat,t) = 0 and ¢”(s,t) < —1/¢ in [0, R1t], we have

Rt
m&w:L (s — d)g"(s, t)ds

1 1 1
<——(Rit—d)? < —=(dy —d)? — =r2(t
< —gp (Bt —d)” < =0 (di — d)” = or7(),

where we have set, for ease of notation, dy = dy(t) = Rit — r(t). In the range of d
under consideration we also have
1

- <,

[ +~2(0)2]1/4 = 7 12
and we conclude that the sum in (4) is bounded above by
L dr0 3 o0,

d<dy

Since the function s — e~ 3¢ (d1=9)”
estimated by

is increasing in [0, d1], the latter sum is in turn

d
tl%e_%rz(t) (/ 1 e 2 (=) gg 4 1).
0

di—d
V2t

Performing the change of variables u = the integral above becomes

dy /2t ) +o00 R
\/2_t/ e ™ duS\/Z_t/ e~ du < CVt
0 0

and (i) follows.
We now prove (ii). Arguing as in the proof of (i) shows that we need to prove
that

d
Z eddt 0 as t — +o0.
2 1 ~2(0)¢2]1/4
d5 e L2 +77(0)27] /
Let dy = Rit +r(t). If d > da, it follows from (6) that
d

d da
g@w:/<mw¢@@:/<mwmwm+/uw@¢@@

Rit Rit da
= Il(d7 t) + IQ(d7 t)
We begin estimating I7(d, t). Since da < 2Rqt, in this case Rit < s < 2R3t and, by
(5), g"(s) < —C/t. Since d — s > do + 7(t) — s, we obtain

do da
/ (d—s)g"(s)ds < ¢ (dy — s)ds = —97"2(15).
Rit t Rt 2t

Now let us consider I5(d,t). In the range my < s < d we have ¢"(s) < —C/s so
that
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and therefore

0 4 dlog & (d— dz)).

g(d,t) < —C(T s

Since it is clear that for d > Rit

d___ 1 _Vd
@+ PP

)

we deduce that

Z 2 j 211/4 edl )
d>Ryt+r(t) t[d? +~2(0)¢?]

2
o _e Cr(t)/t Z Ve~ Cld1os 35 —(d—dz2)].
- t

d>ds

Setting u = d/ds, it follows that

\/Eefc[dlog dé,(d,dz)] _ \/@\/ﬂe—c’dg[ulogu—(u—l)]
S\/@6—0(12[11,10;_3;u—(’u,—1)]/27

showing that the right-hand side of (7) is bounded above by

Vs O/t Z e—CdQ[% log %—(%—1)]/2.
t
d>dy

Again we estimate the series above with the corresponding integral, and change
variables to get

—Cda [ log & — (L —1)]/2 % Cda[= log = — (= —1)]/2
Ze 2ld, 98 4, —\ay < e 2ld, 108 a5, —(q, ds +1
d>ds d2

=dy /oo e—CdQ[ulogu—u+1]/2du+1 SU\/CTQ—F 1,
1

where the last inequality follows from an application of Laplace method (see, e.g.,
[E], pp. 36-37).

Substituting this in (7), and recalling that do < 2R;t, we conclude that the
right-hand side of (7) is bounded above by

C/e—Cr2(t)/t
which tends to zero as t — oo, as required to finish the proof. O

Remark 1. Similar techniques may be used to show that heat asymptotically con-
centrates with respect to LP norm also for 1 < p < +ty. In this case the LP norm
of h; is not independent of ¢. Indeed, for every 1 < p < 400, denote by d(p) and
p’ the number 1/p — 1/2 and the conjugate index p/(p — 1) respectively, and let
b, =1—(0) cos (6(p) log ¢) be the bottom of (the real part of) the LP spectrum of
L.
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Either by using the pointwise estimate of Lemmas 3 and 4, or by means of Fourier
analysis techniques as done in [CMS], it may be shown that

min {1,t1/(2p/)} exp(—byt) if 1 <p<2,
all, ~ § min {1,674 exp(-bot)  if p=2,
min {1,t*3/2} exp(—bat) if 2 <p < o0,

and it follows that

lell,” - hE () ~

|z|=d—1

dp
tp[d2 + 72(0)752]1)/4 exp{pgp(t, d)}

where

s 2 2 2\1/2 7(0)¢
p(5,0) = =1 (00())t + 8(p) ogas + (5* + 7> OFR)! /2 + slog (e )
It is easily seen that

— if 1 < p < 2, then the maximum value of g,(s,t) is 0 and is attained at the
point 5 = Ryt where R, = (¢” — ¢*')/q + 1;
— if p > 2, then g,(s,t) is decreasing for s > 0.
Taking this into account, computations similar to those used in the proof of
Theorem 1 allow us to deduce the following.
(i) Let 1 < p < 2. If 7(t) is any function such that r(t)/t'/? — 400 as t — +oo,
then

el > he(z)? — 1 as t — 4o0.

Rpt—r(t)<|z|<Rpt+r(t)
1 et p=2. ri(t)/t — 0 and ro(t)/t — +00 as t — 400, then
(i) Let p=2. If r1(t)/t"/ — 0 and ro(t)/t/? , th

Ihells Y. hu(x)? =1 as t— +oo.
ri(t) <z |<r2 (1)

mi) Let 2 <p < +oo. I 3(f) — 400 as t — +o0, then
iii) Let 2 If h

1hell, ® Z hi(x)P =1 as t — +oo.

|| <rs3(t)

iv) If p = +o00, the maximum of h;(z) is attained at o and
(iv) If p ;

|7 sup hi(z) -0 as t— +oo.

[
|z|>rs(t)

We note that the LP heat propagation on symmetric spaces is studied in [AJ].
The behaviour described by (i)—(iv) above corresponds exactly to what is obtained
therein.

Proof of Theorem 2. The proof follows the lines of that of Theorem 1 above. Since
h% is even and has total sum 1, (2) is equivalent to the validity of

(8) Z hZ(d) — 0 ast — oo

0<d<ri(t)
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(8 Z hE(d) — 0  ast— oo.

d>ra(t)

By Lemma 3, we have the estimate

hZ(d) < C ez vyl e 7T and t > 1,

1
(d2 + t2)1/4
where g,(s,t) is defined by
4
_ 2 42\1/2
ga(s,1) = =t + (5" +17) +810g(5+[52+t2]1/2)'
Differentiating twice with respect to s yields
1 1
S G
(s2+2)1/4 = %t

for all s < t. Therefore, in the same range of s

g;'(s,t) =

'(s,t :/ " (u,t du < ——>_.
9.(s,1) ng( )du < ot
Since g,(0,¢) = 0, by the mean value theorem,
s , 82
9 s,t) = u,t)du < ———,
) st = [ gty

On the other hand, if s > ¢, we expand around s = t and write

0a,8) = gults 1) + gLt 8)(s — 1) + /

t

S

gl (u,t)(s — u) du
(10) <t o1y

Then, proceeding as in the proof of Theorem 1, we have

z m® 1 (d,t)
> w0se [ e

0<d<ri(t)
r r Vi
Vit Jo 0

and since the right-hand side tends to 0 as t — +o00, (8) follows. Similarly,

P AC e
)

dZ’l"z(t

+oo 1
ra(r) (82 +12)1/4
=C (L) + 1),

where I is the integral over the interval (r2(t),t) and Iy that over (¢,400). Using
(9) we may estimate

e92(8:t) 1g

Il(t) < E ! 6752/2\/515 ds
Vit
Vit
=C e /2V2 gy 0 as t — —+oo0.

r2(t)/Vt
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By (10) we also have

+oo
L(t) < Cet/2V2 i.97(57’5)/‘/5 ds
RVE
—t/2/2  ptoo
< 067 eu/V2 gy,
vVt v

and the right-hand side is exponentially decreasing as t tends to infinity. This shows
that (8') holds, as required to complete the proof of the theorem. [l
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