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ABSTRACT. Given a certain kind of linear operator A (possibly a differential
operator or a properly supported pseudodifferential operator) between sections
of Hermitian vector bundles over a Riemannian manifold, a necessary and
sufficient condition is obtained for the operator A to be solvable in a class of
nonstandard sections in a generalized sense of weak solutions. The existence of
a fundamental-solution-like internal section is established in the solvable case.

1. INTRODUCTION

Let ' and F be C* Hermitian vector bundles over a Riemannian manifold M,
and let A : T§°(E) — I'*°(F) be a C-linear operator from the space I'§°(E) of
C* sections of F with compact support to the space I'*°(F') of C* sections of F,
with formal adjoint A% : T§°(F) — I'*°(E) such that A#¢ is an L2-section of E
for every ¢ € T'S°(F) (88 (31l)). (For example, the operator A may be a linear
differential operator or a properly supported pseudodifferential operator.) Let T'
be a generalized section of F' (see 2 or [2]).

Consider the equation

(1.1) Au=T
in the sense that
(1.2) (u, A% ) = (T,p)r forall e g(F).

Here (T, ) is defined by extending the inner product (,)g in the space of L2-
sections of F' (§4 (&1)). The left-hand side of the equation in (IZ) can be defined
if u is an L2-section of E, or if u is a generalized section of E and if the support of
A#p is compact for every o € T5°(F). Then for the equation (ICT)) to be solvable,
it is clearly necessary that the following condition be satisfied:

(C1) Vo eTFP(F) [AFo=0= (T,p)r =0

We generalize the notion of solvability in order to be able to deal with nonstan-
dard sections by reformulating (L.I)) and ([I2)) properly using nonstandard analysis.
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We then show that the condition (C1) is necessary and sufficient for (the reformu-
lated equation of) (ICT) to have a solution in the nonstandard extension *(I'*°(E))
of I'*°(E) (§, Theorem EZ). Our present work is partly motivated by some results
in T. Todorov [6] and [7], where existence results are established for linear partial
differential equations (with smooth coefficients) on open sets of R? (in other words,
he studies in the product complex line bundle case E = F = Q x C with M = Q
an open set of R?).

In this paper, we first show that for the nonstandard extension * A of the operator
A and for each internal *C* section f of the nonstandard extension *F of F' (that
is, f € *(I'*°(F))), the equation

(1.3) “Au = f

is solvable in a certain generalized sense of weak solutions if and only if f satisfies
a condition similar to (C1) (with T replaced by f) (§3, Theorem BI). Then we
show that this treatment applies to the equation (I.II); moreover, we also obtain
a result on the existence of a fundamental-solution-like internal section for ([LTI)
(§4 Theorem[42). Finally we prove the existence of an internal section (depending
on A) that plays a fundamental role in constructing a solution of (L)) for each
generalized section T' of F' satisfying (C1) (Theorem 3] .

We obtain our results using the notion of hyperfinite-dimensional internal vector
space in the framework of nonstandard analysis. As for the preliminary knowl-
edge of nonstandard analysis, see for example [3], [4]. We work with a sufficiently
saturated nonstandard model.

2. NOTATIONAL PRELIMINARIES

Let N be the set of all (strictly) positive integers, and let R [resp. C] be the set

of all real numbers [resp. complex numbers]. We denote by *No := *N\ N the
infinite elements in the nonstandard extension *N of N.
Given a complex vector bundle g : E — M, we write E, := WEI(LL'), the fiber

of E over v € M. Let I'*°(E) denote the space of all C*> sections of E and I'§°(E)
the space of C* sections of E with compact support. A generalized section of E
is defined as a continuous linear functional on the space I'f° (E*®|Aum|), where E*
is the dual bundle of E and |Aps| the complex line bundle of densities over M (see
[2]). The space of generalized sections of E is denoted by I'"*°(E).

For two vector bundles F; — M; and Fo, — Ms, we denote by E1XFEs the vector
bundle over M;xMs, such that (E1XE3) .,y = (E1).®(E2), for every (z,y) €
M; x Ms. For simplicity of notation, we write ® for *® (the nonstandard extension
of ®). Similarly, we write X for *X.

In what follows, let (M, g) be a (finite-dimensional, o-compact) C*® Riemannian
manifold, and let 7 : E — M and wg : FF — M be C'°° Hermitian vector bundles
with Hermitian metrics hg and hp, respectively. Let dvy, € I'*°(|An|) be the
Riemannian volume density associated with g (see [5]). For s1,s2 € I'™°(E), we set

2.1) (51,89)5 = / hi(s1,s3)dvg,  [s1llm = (s1,81) 42,
M

if they exist. ((,)g is extended to be an L%-inner product.) Define (,)r and || || in
a similar way. For simplicity, we denote by the same notation (, )g [resp. (,)r] the
nonstandard extension of (,)g [resp. (,)r]; furthermore, *|| || := *(|| |g) stands
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for the nonstandard extension of || ||g. The set of standard elements of *(T'§°(F))
is denoted by ?(I'§°(F)), that is,

() ={Tw: o e IG5 (F)}.

3. NONSTANDARD SOLVABILITY OF ([L.3)
Let
A:TE(E) — T(F)
be a linear operator (a C-linear map) with formal adjoint

A# TR (F) — T™(E),

so that

(As,@)r = (5, A @) €C (s € TP(E), ¢ € T (F)),
such that
(3.1) |A# ||l < 0o (thatis, [|A%|z €R) forall ¢ e TTE(F).

By the transfer principle, we have
(*Ao,Q)r = (0," A7) p € *C (0 € *(TF(E)), ¢ € *(TF(F))),

where * A% = *(A¥).
For f € *(I'*°(F)), we study the existence of an element u € *(I'*°(E)) with
“llullz € *R that satisfies the equation

(3.2) TAu = f
in the sense that
(3.3) (u,*(AF))p = (f,*@)p forall ¢ e IF(F).

(*¢ : the nonstandard extension of ¢.) Note that *(A#p) = *A# *¢ holds for every

¢ € T3°(F). Note also that in ([33)), since *||* (A% )|z = [|[A¥¢||r € R by @),

*||ul| g € *R implies that (u,*(A#p))r € *C by transfer of the Schwarz inequality.
The following theorem concerns the solvability of (32).

Theorem 3.1. Let f € *(I°(F)). Then the equation [B.2) in the sense of (B.3)
has a solution u € *(I'*°(E)) with *||u||g € *R if and only if f satisfies the following
condition (C2):

(C2) Vo eTR(F) [AFp=0= (f,"¢)r = 0].

Proof. Suppose an element u € *(I'*°(E)) satisfies *|lul|z € *R and (3.3)). Then
clearly f satisfies (C2).

Conversely, suppose f satisfies (C2). In the case A# = 0, we have only to let
u = 0; so assume A% # 0. Set

(3-4) W ={Ce (I F)): "AF(=0= (f.O)r = 0}.

This is an internal vector space over *C. The set 7(I'g°(F)) of standard elements
of *(Dg(F)) is an external subset of W; note that *A#*p = 0 holds if and only
if A#p = 0. By the saturation principle, there exists a hyperfinite-dimensional
internal vector subspace V' of W such that 7(I'g°(F)) is a subset of V. Let the
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s-dimension of V' be *dim V' = v, which is an infinite hypernatural number (v €
*Noo). We can pick a basis {¢1,...,1,} for V such that

(3.5) (Vi j)r =0 (1,5 =1,...,v),

(3.6) {* A%y, ..., * A%, ) is a basis for *A# (V) = {*A#(: ¢ €V},

(3.7) AT =0 for j=uvp+1,...,0

By applying the transfer principle to (&I, we have *||*A#v;||p € *R for i =

1,...,v9. Therefore
bi] = (*A#wta *A#w])E e*C ('L,j = 1, ey 1/0)

by transfer of the Schwarz inequality, and the vy X vy internal Hermitian matrix
B = (b;j) (i, =1,...,1) is nonsingular by (5.

Let C = (ci;) be the inverse matrix of B. Define u; € *(I'*°(E)) (i=1,...,1)
by the internal sum

Vo
(3.8) wi =y i Ay
k=1
Then for ¢,j = 1,..., vy, it holds that
(u;, * A% ;) g = 6;; (Kronecker delta), (ui, uj)E = ¢ij.
Thus
Vo
(3.9) w=y (f,¢i)ru;
i=1

satisfies *||u||g € *R and

(3.10) (w, A% = (f)r (G=1,...,v).

(Note that both sides of [BI0) are 0 for j = vy + 1,...,v.) Since every *¢ €
7(I'e°(F)) is expressed in the form

(3.11) *QO = Z Oéj’tpj (Oéj S *(C),
j=1
it follows from (BI0) that the above u in (39]) satisfies (B3). O

Remark 3.1. From the above proof, we see that if f € *(I'*°(F)) satisfies (C2)
and if the support of A%y is compact for every ¢ € I'S°(F), then it holds that
*A#yp; € *(TP(E)) (j = 1,...,v0) and thus we can choose u in Theorem [B1] in
such a way that v € *(I'°(E)).

Remark 3.2. The operator A admits a *-integral representation with *C'° kernel
([, Proposition 2.2]).

4. NONSTANDARD SOLVABILITY OF (Dj])
For a section ¢ € I'S°(F), define "¢ € Tg°(F*) by
"o =hr(, ).
For a generalized section T' € I'"°°(F’) and a section ¢ € I'g°(F), put
(4.1) (T, p)r = T("pxdv,) € C.
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Note that this is consistent with the notation (,)r in (1) if T € I'*°(F) (C
722 (F)).
Using the nonstandard extension *hp of hp, define, for ¢ € *(T'$°(F)),
"¢ ="hp( () € "(T5(F)),

so that "¢(® *dv, € *(T&(F*®|Anm|)). Then for the nonstandard extension *T' of
T € I'~>°(F), we have

(T, Qr = "T("(®"dvy) € *C.
The following key lemma enables us to apply Theorem [B.1] to the study of the
equation (L.IJ).
Lemma 4.1 (Key Lemma). There exists a C-linear injection
p:T7=(F) — “(Ig°(F))
such that for each T € T~°(F) , B(T) satisfies
(4.2) (B(T),"p)r = (T, 0)r (¢ € IF(F)).

Proof (cf. [1, Theorem 2.3]). Consider *(I'g°(F")) instead of W given in (B4) and
proceed as in the proof of Theorem [3.1]to obtain a hyperfinite-dimensional internal
vector subspace V' of *(T'§°(F)) such that “(Tg°(F')) is an external subset of V.
Pick a basis {t1,...,1%,} (where *dimV = v € *Ny,) for V satisfying (3.5), (3:6)),
and (3.7). (We need (B.6) and (B3.7) for later use in the proof of Theorem [4.3], but
not here.) Define a C-linear map §: I'"°(F) — *(I's°(F’)) by

v

BT) = (T, i)ri (T €T™(F)).

i=1
Then
BM),Yj)r =T, ¢j)p for j=1,...,1
Since each *¢ € 7(I'§°(F)) is expressed in the form (BII), we see that
(B(T),"e)r = ("T,"0)r ="((T,@)r) = (T, ¢)F.

The injectivity of g is clear. O

Now we reformulate (LI) and (Z2)). The following theorem concerns not only
the nonstandard solvability of (II]) but also the existence of a related fundamental-
solution-like internal section.

Theorem 4.2. Let A :T{(E) — I'°°(F) be as in §3.
(a) Let T € T~°°(F), and consider the equation

(4.3) *Au =T
in the sense that
(4.4) (u,*(A%@))p = (T, *0)r(= (T,0)r) for all ¢ €T (F).

Then (BE3)) has a solution u € *(I'°°(E)) with *||u||g € *R if and only if T
satisfies the condition (C1).
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(b) There exists an internal *C™ section
G € *"(T°(EXF™))

such that, for each x € *M, the internal support of G(x,-) is *-compact and
such that, for T € T'=°°(F) satisfying the condition (C1), the x-integral

(4.5) u(z) = [M G(z,y)B(T)(y) "dvg(y) (z € M)

gives a solution of ([E3) in the sense of ({LA).

Proof. To prove (a), let T € I'~°°(F). By @2), 5(T) satisfies the condition (C2)
(with f replaced by G(T")) if and only if T' satisfies the condition (C1). Then (a)
follows from Theorem B0l and Lemma E11
To prove (b), observe that, for T' € T'~°°(F) satisfying the condition (C1), the
internal set
Wr = {¢ € "(IF(F) : "A*( = 0= ("T, () = 0}

coincides with *(I'g°(F")) by the transfer principle. Consequently, Wr does not
depend on the choice of T satisfying (C1). We proceed as in the proof of Lemma
Bl Let ; (i =1,...,v) be as in the proof of Lemma [£1], and using these, define
w; (i=1,...,1) asin B.§). Define G € *(I'°(EXF*)) by

Gz, y)(y) = Z “hr(Y(y), ¥i()ui(z)  (z,y € *M)

for all v € *(I'*°(F)). Then the internal support of G(z,-) is x-compact for each
x € *M. Furthermore, u defined by the formula (B9) with f replaced by 5(T) is a
solution of (A3)) in the sense of (B4l and is represented as (£H). O

Remark 4.1. Let u € *(I'™°(E)) be a solution of ([I3) with *||u||z € *R.
(1) If w happens to be standard, so that v = *v for some v € I'°(E) with
lvllg € R (that is, ||v||g < c0), then, by (E4),

(U,A#go)E =(T,p)r forall el (F).

In this sense, we have Av =T.
(2) Consider the case where the support of A% is compact for every ¢ € I'S(F).
If there exists a generalized section U € I'"*°(E) such that

(u,”s)g = (U,s)g forall seT(E),
then, by (#4),
(U, A*@)p = (T, p)p forall @eTF(F).
In this sense, we have AU =T.
Finally, we have the following.

Theorem 4.3. Let A : T§°(E) — T'°(F) be as in §3. Then there exists an
internal *C* section

K e "I (ER(F*®|Au])))
with the following properties:
(a) For each x € *M, the internal support of K(x,-) is x-compact.
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(b) For each generalized section T € T'~°°(F) satisfying the condition (C1), the
internal section u € *(I'*°(E)) defined by

u(z) = "T(K(z,-)) (z€™M)

satisfies *||u||g € *R and is a solution of [@3) in the sense of ([@A). Here *T
is extended so as to be * Ey-valued in a natural manner (*E, = *(rg) "' (z)).

Proof. Let ¢; (i =1,...,v) and u; (i =1,...,10) be as in the proof of Theorem
K2 We define

K e *(T°(EX(F*®|Aml)))
by

K(z,y) = Zuz'(x)®(h¢i®*dvg)(y) (z,y € "M).

Then the internal support of K (z,-) is *-compact for each = € *M. Put

Vo Yo
u(x) = "T(K(z,) = Y "T("hi@ dvg)ui(x) = Y (*T, i) pui(x)
i=1 i=1
for x € *M. Then u € *(I'*°(E)) and *|lu||g € *R. Moreover, we have
(4.6) (u,* A%y g = (T, ) r (F=1,...,v).
(Note that both sides of (@) are 0 for j = vp+1,...,v.) Hence u satisfies [@4) by
the expression BII) of *¢ € 7(I'g°(F)). O
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