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ABSTRACT. Let R be a Noetherian local ring. In this paper we supply for-
mulae for computing the ranks of syzygy and Betti numbers of R-modules of
essentially monomial type. These modules are defined with respect to various
R-regular sequences. For example, finite length modules of monomial type
over regular local rings of dimension n are modules of essentially monomial
type with respect to R-regular sequences of length n. If a module is of essen-
tially monomial type with respect to an R-regular sequence of length n, then

the rank of its i-th syzygy is at least (7;__11) and its ¢-th Betti number is at
n
least (7).
INTRODUCTION

Throughout this paper the ring (R, m, k) is always a Noetherian local ring.

Write B(M), or 3;(M) if R is not emphasized, for the i-th Betti number of
an R-module, and write r{*(M), or r;(M) if R is not emphasized, for the rank of
the i-th syzygy of M. We will supply formulae for computing r;(M) and [;(M)
of modules of essentially monomial type (see the Main Theorem). In fact we have
Bi(M) = ri(M) + rip1(M).

Definition 0.1. Let U = {u1, ug,...} be an infinite set of indeterminates and let
A be the set of monomials in these indeterminates.

Let u be a sequence of n distinct indeterminates taken from U. Let f, g € A.
We say f u-divides g, denoted flug, if g/f is a monomial solely in elements of u.
We use f|ug|uh to denote the situation f u-divides g and g u-divides h. A finite
subset T of A is called a u-segment if every g € A with f|u,g|uh for some f, h € T
isin 7.

To simplify notation we will assume that u = uy,...,u,. Suppose we are given
a u-segment T and an R-regular sequence x = 1, ..., &p. Let |T| =1 and let F be
the free R-module of rank [ with free generators {ws}ser. Let N be the submodule
of F' generated by

(0-1) {zrwy —wy g iunf €T, feTHU{apwy :unf ¢ T, f €T}
Then F/N is called the R-module associated with T with respect to (u, x).
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We say an R-module is of essentially monomial type with respect to an R-regular
sequence x if it is isomorphic to a module associated with some u-segment T" with
respect to some (u, x). We say an R-module is of essentially monomial type if it
is isomorphic to a direct sum of modules of essentially monomial type with respect
to various R-regular sequences.

In §2 we will set up a free resolution for M, the module associated with some
u-segment 7' with respect to some (u, x). After tensoring with k, the problem of
finding r; (M) and (;(M) is reduced to calculating the ranks of certain matrices with
entries in k, which are not as difficult as they look once one has some experience
handling these matrices. For example, [] is a good reference for studying these
matrices in question. However, this task is greatly simplified by our Main Theorem
below.

Theorem 0.2 (Main Theorem). Let u = uq,...,u,. Suppose we are given a local
ring R, a u-segment T and an R-regular sequence x = x1,...,x,. Let M be the
module associated with T with respect to (u, x). Write u1T for the set {uif : f €
T} LetT' ={feT:u1f¢T}andT"={feT:f¢uT}. ThenT and T’

are U-segments where U = ua, ..., Uu,. Moreover, let M' and M" be the modules
associated with T' and T" respectively with respect to (@, X) where X = Ta,...,Tp.
Then

Tz(M) = Tifl(M,) —+ Ti(M”).
From this theorem the following corollary follows immediately.

Corollary 0.3. Let M be a module of essentially monomial type with respect to an

R-regular sequence of length n. Then r;(M) > (?:11) and B;(M) > (7).

When M is a finite length module over a regular local ring of dimension n,
Horrocks’ question asks that if 8;(M) is at least (7)) and if r;(M) is at least (?:11)
Both questions are known to be true up to dimension 4. These two questions are also
open even if we drop the assumption that R is regular local. (For more information,
related problems and results see [, [5], [6], [, [8], [0, [I1], [I2], [13], [4], [15],
etc.) In [10] Evans and Griffith gives a lower bound to the Betti numbers of finite
length modules of monomial type which confirms Horrocks’ questions for this special
case. To be more precise, they consider direct sums of R/I where R = k[[z1, . . ., Z4]]
is a polynomial ring of n variables over a field k and I is generated by a set of
monomials in x = z1,...,2,. They showed that 5;(R/I) > (?) In §1 we will
see that this is a special case of our results. Our approach has three advantages.
Our approach is characteristic free. We give information about r;(M) as well. And
instead of giving a lower bound we actually have formulae for computing r;(M)
and 3;(M). We will supply examples to familiarize readers with the notation and
technique. For purpose of demonstration we will calculate r;(R/I") when I is
generated by an R-regular sequence in §1.

1. EXAMPLES

Example 1.1. Consider R/I where I is generated by monomials in an R-regular
sequence X = 1,...,Z, such that VI = V(x1,...,2,). Finite length modules
of monomial type that Evans and Griffith considered are such examples. We will
demonstrate that these modules are of essentially monomial type with respect to
x. Let u = wuy,...,u,. Let T be the set of monomials f(u) = f(u1,...,un)
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= uf' - udn such that f(x) = f(z1,...,2,) ¢ I. The set T is finite since
(1,...,2,)Y C I for some N. Furthermore, note that T is a u-segment. Let
f be such that f|ug|luh for some f,h € T. Then g(x) ¢ I since h(x) ¢ I. Thus
g € T. In particular note that 1 € T'.

Let {wy}rer be the free generators of F. Let ¢ map F onto R/I by sending
wy to the coset of f(x). We want to identify the class of wy with the coset of
the monomial f(x). Note that (0-1) precisely describes the relations between the
monomials of R not already in I. It is not hard to see that the submodule N of F'
generated by (0-1) is indeed the kernel of ¢. Obviously N C Ker ¢. Now let v =
> ser aswy € Ker ¢. By a straightforward computation we have wy — f(x)w; € N
for each f € T. Hence we have v = v + >, ayf(x)w; for some v" € N. Let
a=73 serasf(x). Thena € I. It suffices to show that awy € N, find f1,..., fs €T
such that I is generated by xy, f1(x), ..., zk, fs(x), and note that x, wy, are in the
set (0-1) for each 1 < ¢ < s. Let a = Y ;_; bywk, ft(x) where by € R. Then
awy = Y, by, (fr(x)wy —wy,) + Y, bexg, wy, € N. Thus R/I is isomorphic to the
R-module associated with the u-segment 7" with respect to x.

It is worth mentioning that submodules of R/I generated by cosets of monomials
in x are also of essentially monomial type. Suppose L is such a submodule. Let
T ={feT: f(x)+1IeL} Itiseasy tosee that 7" is a u-segment and that L is
isomorphic to the module associated with T’ with respect to (u, x).

If My and M5 are the modules associated with the finite sets T7 and 1> respec-
tively with respect to (u, x), find u, and ug not already appearing in 77 U Ts. We
now create a new u-segment 17" = {uqf : f € Th} U{ugg : g € To}. It is easy to
see that T' is a u-segment and that the module associated with T with respect to
(u, x) is isomorphic to M; ® Ms. Hence a finite direct sum of modules of essentially
monomial type is of essentially monomial type.

Example 1.2. Let z1,...,z, be an R-regular sequence and let I be the ideal
generated by this regular sequence. We proceed to find r;(R/I*).
Let u = uy,...,u, and let x = x1,...,2,. Let T be the set of monomials

f solely in u with deg f < t. From the discussion in Example 1.1 we have that
R/I is isomorphic to the R-module associated with T with respect to (u, x). Let
U= ug,...,up and let X = za,...,2,. Lt " ={f €T :uf ¢ T} ={feT:
deg f =t—1} and let 7" be the set of the monomials f solely in elements of @ with
deg f < t. Let M’ and M" be the modules associated with 7" and T" respectively
with respect to (u, X). Let J be generated by zs,...,z,. We can immediately see
that M" is isomorphic to R/J'. By definition,

M’ ~ @ Ruwy Z Rajwy

deg f=t—1 2<k<n
deg f=t—1

n+t—2

= a direct sum of
t—1

copies of E
p T

Using Theorem 0.2, when i = 1 we have r(R/I') = r1(R/J') = 1 by induction

on n. Now let i > 2. By Theorem 0.2 we have that r;(R/I*) = ("' *)ri-1(R/J)+
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ri(R/J"). Thus by induction on n we have that

= (")) ()

k=1
_z”:(k+t—2><k—2)
L\ t—1 i—2)
k=1

2. PROOF OF THE MAIN THEOREM

Throughout this section we let our matrices act on the right so that the cokernel
of the map represented by a matrix is obtained by Kkilling the row space.

Let u = uy,...,u,. Suppose we are given a Noetherian local ring (R, m, k), an
R-regular sequence x = z1,...,z, and a u-segment 7. We will now proceed to
construct a free resolution for M, the R-module associated with T" with respect to
(u, x).

Let d = IfnenTldegf and D = r;lgj)gdegf. Let Ts = {f € T : degf = §}.

Suppose there exists d < o < D such that T, is empty. Let S1 = (Js., Ts and
Sy = Uswa T5. Let F; be the submodule of F' generated by wy with f € S; for
i =1,2. Then F = F; @ Fy. Observe that the each element in (0-1) is in either
Fy or F5. Let N; be the submodule of N generated by N N F; for ¢ = 1,2. Then
F/N ~ Fy /Ny ® F5/Ns and F;/N; is the module associated with S; with respect
to (u, x) for ¢ = 1,2. If T is a u-segment, then so are S; and S;. Without loss of
generality we will assume that T is nonempty for d < § < D to simplify notation.
However, without this assumption the following argument is still valid with slight
modification. Thus the results of Corollary 2.3, Theorem 0.2 and Corollary 0.3 still
hold.
Order all the Ts. Write x = (21,...,2,)%. For d < § < D let

X

X5 =

nlsxls

We can consider this matrix as having block entries of n x 1 matrices with the
row and column blocks indexed by the elements of Ts in the given order. For

d <6< D-1let Ry = (ryy) ser; whereryy = 01if f {4 g and ryy = e the
gE€Ts 11
column n-vector with 1 at the k-th position and 0 elsewhere if g = uy f. The matrix

R is an n|Ts| x |Ts41| matrix. We can also consider R as a matrix having block
entries of n x 1 with the row blocks indexed by elements of Ts in the given order
and the column blocks indexed by T in the given order. Now we can write down
M as the cokernel of

Xqg —Ryg
Xg+1 —Raqr
(2-1)
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We give a brief description of Koszul complexes: readers are referred to [I6]
for further details. If x = z1,...,z, is any sequence of elements of a ring R, the
Koszul complex Ko (x; R) may be defined in the following fashion. One may identify
K1(x; R) with a free module G on n generators u;, where the differential d maps
u; to z; in Ko(x; R) = R, and then the entire complex may be identified with the
exterior algebra AG, where the map d is extended to AG in the unique way that
makes it a derivation of degree —1 (so that if v € A'G and w € AJG are homogeneous
elements of AG of respective degrees i and j, then d(uAv) = (du) Av+(—1)uA(dv)).

To be more specific, let T; be the set of the i-element subsets t of {1,...,n}.
Let (t) be the increasing sequence uy, < ug, < -+ < ug, of elements of t. Write
ugy for g, A--- Aug, and if 1 < j <, we write (t) — j for this sequence with its
j-th term omitted, a sequence of length ¢ — 1. With these conventions we have the
explicit formula

i

di(ugy) =Y (=17 a ugy ;.

Jj=1

Write ug for wuy for short. Order T; according to the lexicographical order of
(t). Denote by AP(z1,...,zy) the associated matrix of the differential map from
Ki(x; R) to K;—1(x; R) with respect to these bases. For instance, we have

—I2 Z1
3
Aj(x1,x0,23) = | —23 x1
—x3 Z2

In this fashion, it is easy to check that

—A?:l(l‘g,...,l‘ ) 1L n
Al(@y @) = ( "o ' Aﬂ*l(xiif.l? zn) )

(3

Proposition 2.1. Let |T| =1. Write

A7 (x)
A?(x)

AL ()it () 1ms)

and
Rg = (A?(rfg)) fETs -
9€Ts5+1

The following complex Ko is a free resolution of M :

n ) An_1 o Ag

0 RrG) A, pi(." 1 A

Rl(l e Rl(g) — M — 0,
where A; is the matriz
X, -Rg A
Xar1 —Rgn
(2-2) : -
Xp1 —Rp,

XD
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Note that A; is the matrix (2-1). The matrix A; may be considered as having

block entries of size (?) X (zfl) The row and column blocks of A; are similarly

indexed by the consecutive T5. To be more precise, the row and column blocks of
X are indexed by Ty in the given order, the row blocks of Rs are indexed by Ty
and the column blocks are indexed by T541 in the given order.

First we need to see that K, is indeed a complex. That is, we need to see that
Aip1A; =0fori=1,2,..., n—1. For this we need the following lemma.

Lemma 2.2. Let X = X1,..., X, and Y = Y1,...,Y, be two sets of indetermi-
nates. Then

AT (X)AMY) + AT (Y)AM(X) = 0.

In particular, when X and Y are specialized by elements in a given ring this equation
still holds.

Proof. Write X +Y for the sequence X; + Y7,..., X, +Y,,. We have
0=A",(X+Y)A}(X+Y)
= (AL (X) + AL (Y)(AT(X) + AF(Y))
= A7 (X)AY(X) + A7 (X)AT(Y) + AL (Y)AN(X) + ALLi(Y)AT(Y)

= Al (X)AT(Y) + AL (Y)AR(X).

Proof of Proposition 2.1. For 1 < i <mn — 1 the product A;11A4; equals

i+1l~i i+1ypi i+1~ri i+l
Xd X:Lh Xd R:LiJj; Rd zZi+17 .+:1R'd . R(ZiJrlv i1 . i1 .
k3 1 k3 1 k3 1 k3 1
Xar1Xa+1; XoniRar1 TR Xape, Ry Raqo,
i+1 ~i i+1 i i+l ~ri

X5 XD
We need to check that
(1) Xit'X%i=0ford <4 < D
(2) X5 R+ RET'Xy,, =0ford <6< D-1;and
3) R{F'Ry,; =0ford<s<D-—1.
It is quite easy to check (1). To check (2), observe that the matrix X 'RY +

RfSHXfS 41 has its row blocks indexed by Ts and column blocks indexed by Ts41.
Take f € Ts and g € Ts+1. The (f, g)-block entry of XfSHRf; + RfSHXf;Jr1 is

Al (x)AT (rpg) + Al (rg)AY (%) =0

by Lemma 2.2. To check (3) note that the matrix R5™ 'R}, has its row blocks
indexed by Ts and column blocks indexed by Tis12. Take f € T5 and g € Ts4o. The
(f, g)-block entry of Rz{HRgH is

(2-3) Z Al (rpn)Ad (Thg)

heTs 1
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If f fu g, then either rs, or rpy is 0 for each h € Tsiq. If g = ujupf, then the
matrix (2-3) equals

Ad 1 (0 f ) AT (Pugf,g) + A (05, uig ) AT (Puyf, )
=Aji(e;)A7 (er) + Al (er)Af (e;) =0
by Lemma 2.2 again. Thus we have proved K, is indeed a complex. Next we need

to show that K, is acyclic.
Remember that the rank of A?(x) is (?__1) and the rank ideal of A (x) contains

1
n—1

x,(c""l) for each k. Observe the position of A (x) in the matrix (2-2). We can see
that the rank of A; is at least (?:ll)l . The entries of the A;’s involve only elements
like £z, +1, and 0. If we assume z1,...,x, are distinct indeterminates, then we
can think of the A; as matrices with entries inside Z[z1. ..., z,], which is a domain.
Since in this case we still have A;;1A4; = 0, we should have rk A; + rk A;11 <
(?)l Since the rank of A; cannot increase if x are specialized by any sequence
of elements in R, we have rk A; = (?:11)1 even if we drop the condition x are
n—1
distinct indeterminants. It is obvious the rank ideal of A; contains x,(ci_l)l for
each k. Thus the depth of the rank ideal of A; = n > i for 1 < i < n. By the

Eisenbud-Buchsbaum acyclicity criterion the complex K, is acyclic. [l

We can now proceed to compute the Betti numbers of M. In fact we have the
following corollary.

Corollary 2.3. With the same notation as in Proposition 2.1 we have
D-1

n—1 i
ri(M) = (i_1>1— > kR,
6=d
n D—-1 D—1 )
Bi(M) = (Z>z - ;jrkRg - ;rkRgﬂ

for all i.

Proof. This follows from the fact that r;(M) is equal to the rank of the matrix in a
minimal free resolution for M. The complex K, is the direct product of a minimal
free resolution for M and a split exact sequence. Hence if we use A; to denote the
image of A; modulo m, we have

’I"i(M) = I'kAz — I‘kE
0 —-R§ ‘
0 _R;Li+1

0 -Rp,
0
Thus the result follows. O

To compute the rank of R} directly for specific examples is usually not as difficult
as it looks. However, we have a better solution.
Definition 2.4. Writery, = (r}g,rig, e ,r?g)“. Let r} = (T];g) éeTTé . Note that
) S+1
the matrix r§ describes the action of multiplying by z; which sends elements of
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degree § to elements of degree § + 1. We will call {r¥} s the structure matrices
associated with T'.

In [4] it is shown that
rkRs =tk A?(r},...,r}).
In fact AT(r},...,r}) can be achieved by permuting rows and columns of Ri.

I 0
o 0). Let T, = {f € Ty :
the f-row in rj is 0} and let Ty, = {f € T : the g-column in rj is 0}. In other

words, Ty = {f € Ts : urf ¢ Tsy1} and T3, = {g € Tsy1 : g ¢ uiTs}). Write

Reorder T5 and Tsi; if necessary so that r} = (

k
k _ 55 k __ k _k N b e _
rs = <s§> where s5 = (ng)feT‘;\T(g and sj = (ng) fer; andry = (t’g tlg) where

~ 9€Ts 41 9€Ts+1
th = (r’;g) FETS and th = (r’;g) teTs - By appropriately exchanging columns
9€Ts 11\ Ty, g€Ty
and rows the matrix A”(r},...,r?) becomes
—A! (s3,...,55) I 0
—A(s2,...,8)) 0 0
0 AN ) ANt
By doing row and column operations the matrix becomes
0 I 0
—A? (83, .,8)) 0 0

AV AT (82, 8T 00 ATt t])
Lemma 2.5. The matriz block AT~ (t2,... t2) Al (s2,...,8%) inside the matriz
above is the zero matrix.
Proof. This lemma is true if we can show that fgﬁlg = t’gﬁé. For j, k # 1 note that
the entries of t§ are indexed by Ts, Ts541 \ T, , and the entries of sk are indexed by
T5 \ Tj and Ts41. The elements of T \ T correspond bijectively with Tsy1 \ T},
by sending h to uih. Take f € Ty and g € Ts41. The (f, g)-entry of tjs¥ is

1, if U’_]U'kf =uy9,

fruh T g 0, otherwise.
hETs\T!

Similarly, we can see that the (f,g)-entry of t’gsg is 1 if wjupf = uig and is 0
otherwise. It is not surprising this lemma should hold since both tf;ﬁ’g and t’gsg
describe the action multiplying by x;x; on those wy, f € T5, not killed by z;. O

Let s = |T5 \ T5| = |Ts41 \ T5,,|- Now by Lemma 2.5 we have
. 1 . _ - _
(2-4) kR =I5 (7_ 1) +rk AP (s, sE) +Hrk ATTH(EE, L D).
Note that 7" = |J; T5 and T = |, Ty .

Lemma 2.6. Let i = ua,...,u,. Then T’ and T" are both u-segments.

Proof. To show T is a u-segment, take f, h € T’ and let f|gg and g|gh. Since T
is a u-segment, we have g € T. If uyg € T, then f|yuy f|uu1g implies uy f € T'; this
is a contradiction. Hence g € T".
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To show T is a Gi-segment, let f|gg|ah for some f, h € T”. Again g € T since T
is a u-segment. Suppose g = u1g’ for some ¢’ € T. Then uq|h. Suppose h = uih'.
Then ¢'|uwh'|uh. Hence b/ € T. Thus h ¢ T", a contradiction. O

We will round up the proof of Theorem 0.2 now.

Proof of Theorem 0.2. Let f € T§ and 2 < k < n. If uyf € Ts41, then we claim
that up f € T<§+1' To see this we need to check that uiugf ¢ Tsta. Hfurupf € Tsia,
then flyuy fluuiugf implies that ulf € T and hence f ¢ T}, a contradiction Thus
we can write sk = (0 s}), where s} = (rfg) sery - H f €T\ T and 2 < k <,

S
then f = uyh for some h € Ts_1. If urf € Ts41, then uih € T since h|yugh|aurf.

Y 0
Hence ugf € Ts41 \ Ty, 1. Thus we can write t§ = t’“) where t§ = (r},)) fery -
_ B g 9€T<;/+1
By permuting columns the matrix A”(s%, ..., s?) becomes (O An(s?, ... ,sg)). By

0
2.t
Now let X = x9,...,2, and let 1 = ug,...,u,. Let M’ be the R-module associ-
ated with 7" with respect to (@1, X) and let M” be the R-module associated with
T" with respect to (1, X). It is easy to see that {s¥} s are the structure matrices
of T' while {t}}, s are the structure matrices of 7"
Let I' =|T'|=|T"|=1- ZdD ls. Then by induction on n and by (2-4) we have

ri(M) = <"‘ 1)1 - DE:lrkA”(r(;,...,rgL)

permuting rows the matrix A?(t2,...,t%) becomes (A" (t
i

1—1 !
n_1 D—1
(2—1) Z [ ( >+rkA (sé,...,sg)+rkA?—1(t§,...,tg)]
=d
n—2 = D-1
_(Z'_2>l,_ Z [Tk AP (3, s8] + < ) Z rk AN (63, ... t))]
o=d 5=d
:T‘ifl(M,) + T (M,/).
This completes the proof of Theorem 0.2. O

Proof of Corollary 0.3. Suppose M is of essentially monomial type with respect to
the R-regular sequence x = x1,...,2,. Let u = uy,...,u,. Find a u-segment T
such that M is isomorphic to the module associated with T' with respect to (u, x).
We will use the same notation as in Corollary 2.3. When ¢ = 1 we have

D—-1 D
ri(M)=1-Y tkRs >1- Y |T5| = [Tq| > 1.
d d+1

Now by Theorem 0.2 and by induction on n we have

ri(M) =ri o (M) +ri(M") > (?:22) * (7:12> N (?:11>

Furthermore, we have
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