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Abstract. The purpose of this paper is to give a new characterization of
Möbius transformations from the standpoint of conformal mappings. To this
end a new concept of Apollonius hexagons on the complex plane is used.

1. Introduction

In [3] a new characterization of Möbius (that is, linear rational) transformations
among conformal mappings was given. We considered Apollonius quadrilaterals,
that is, not necessarily simple quadrilaterals for which AB · CD = BC · DA (the
bar indicates the length of the segment) and showed that Möbius transformations
are the only conformal mappings which conserve this equation.

In the present paper we consider Apollonius hexagons.

Definition 1. A hexagonABCDEF (not necessarily simple) on the complex plane
for which AB · CD · EF = BC ·DE · FA holds (where the bar denotes the length
of the segment) is an Apollonius hexagon.

Example 1. If one of the following conditions holds, then ABCDEF is trivially
an Apollonius hexagon.

(i) AB = AF,CB = CD and ED = EF ,
(ii) AB = DE,BC = EF and CD = FA,
(iii) AB = BC = CD = DE = EF = FA,
(iv) ABCDEF is a regular hexagon.

Example 2. Let ABCDEF be a hexagon inscribed in a circle of the complex
plane. Then ABCDEF is an Apollonius hexagon iff the three diagonals AD,BE,
and CF are concurrent (cf. [5, p. 137]).

Example 3. Let ∆ABC be a triangle in the complex plane with angles 3α, 3β, 3γ
at A,B,C, respectively. Draw lines from A at the angle α and from B at the angle
β outside the triangle, away from the side AB. Denote their point of intersection
by P . The points Q (from BC) and R (from CA) are constructed similarly; so we
get the Morley triangle ∆PQR (cf. [1, pp. 47–49]). The hexagon ARBPCQ is an
Apollonius hexagon.
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Proof. Applying the Sine Law of trigonometry in ∆PBC,∆QCA and ∆RAB yields

BP

PC
=

sinγ
sinβ

,
CQ

QA
=

sinα
sin γ

,
AR

RB
=

sinβ
sinα

.

Multiplying the above three equalities gives

BP

PC
· CQ
QA
· AR
RB

= 1,

and therefore

AR ·BP · CQ = RB · PC ·QA.
Hence, ARBPCQ is an Apollonius hexagon.

Property A. Suppose that f is analytic and univalent on a nonempty open region
∆ on the complex plane. Let ABCDEF be an Apollonius hexagon in ∆. If we
set Z ′ = f(Z) (Z = A,B,C,D,E, F ), then A′B′C′D′E′F ′ is also an Apollonius
hexagon. We want to find all functions which have Property A.

The purpose of this paper is to prove the following theorem:

Theorem. w = f(z) satisfies Property A iff w = f(z) is a Möbius transformation
of the variable z.

2. Proof of the Theorem

If. Substitution shows that all Möbius transformations, given by

f(z) =
az + b

cz + d
,(1)

where a, b, c, d are complex constants satisfying ad 6= bc have the Property A.

Only if. By hypothesis, f is analytic and univalent on the open region ∆. Hence,
by a well-known theorem (cf. [2, p. 56]) we obtain

f ′(z) 6= 0(2)

on ∆. Since ∆ is an open region, for any of its points x there exists a closed circular
neighborhood U (of radius r, say) such that (2) holds on U .

We consider an arbitrary regular hexagon ABCDEF contained in U where the
sense of A,B,C,D,E, F is counterclockwise and whose centre is at x. Therefore,
A,B,C,D,E, F can be represented by the complex numbers

x+ y, x− ω2y, x+ ωy, x− y, x+ ω2y, x− ωy,
respectively, where 0 < |y| ≤ r and ω = −1+i

√
3

2 . Let the circumscribed circle
of ABCDEF be K. We shall prove that if we set A′ = f(A), B′ = f(B), C′ =
f(C), D′ = f(D), E′ = f(E) and F ′ = f(F ), then A′C′D′E′ is an Apollonius
quadrilateral, i.e.,

|f(x+ y)− f(x+ ωy)| · |f(x− y)− f(x+ ω2y)|
= |f(x+ ωy)− f(x− y)| · |f(x+ ω2y)− f(x+ y)|

(3)

holds on the w-plane.
To this end we take two variable points B1 and F1 on the open arc AB (excluding

A,B) of K and the open arc AF (excluding A,F ) of K, respectively, such that

AB1 = AF 1.(4)
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By (4) and by AB = AF we have

B1C = F1E.(5)

Since ABCDEF is a regular hexagon, we obtain

CD = DE.(6)

By (4), (5) and (6) we get

AB1 · CD ·EF1 = B1C ·DE · F1A.

Hence by definition the hexagon AB1CDEF1 is an Apollonius hexagon.
We set B′1 = f(B1) and F ′1 = f(F1). Since, by hypothesis, w = f(z) satisfies

Property A, we obtain

A′B′1 · C′D′ · E′F ′1 = B′1C
′ ·D′E′ · F ′1A′(7)

on the w-plane.
By (4), B1 and F1 can be represented by complex numbers

x+ eiθy and x+ e−iθy,

respectively, where θ is a real number satisfying 0 < θ < π
3 .

Since

A′B′1 = |f(x+ y)− f(x+ eiθy)|, C′D′ = |f(x+ ωy)− f(x− y)|,
E′F ′1 = |f(x+ ω2y)− f(x+ e−iθy)|, B′1C = |f(x+ eiθy)− f(x+ ωy)|,
D′E′ = |f(x− y)− f(x+ ω2y)|, F ′1A

′ = |f(x+ e−iθy)− f(x+ y)|

hold on the w-plane, by (7) we obtain

|f(x+ y)− f(x+ eiθy)| |f(x+ ωy)− f(x− y)| |f(x+ ω2y)− f(x+ e−iθy)|
= |f(x+ eiθy)− f(x+ ωy)| |f(x− y)− f(x+ ω2y)| |f(x+ e−iθy)− f(x+ y)|.

(8)

Since the two points x+ e−iθy, x+ y are different points belonging to U and U is a
subset of ∆, x+ e−iθy and x+ y are different points of ∆. By hypothesis w = f(z)
is univalent in ∆. So we obtain

f(x+ e−iθy)− f(x+ y) 6= 0.(9)

By (8), (9) we get

∣∣∣∣ f(x+ y)− f(x+ eiθy)
f(x+ e−iθy)− f(x+ y)

(f(x+ ωy)− f(x− y))(f(x+ ω2y)− f(x+ e−iθy))
∣∣∣∣

= |(f(x+ eiθy)− f(x+ ωy))(f(x− y)− f(x+ ω2y))|.

(10)

If we let θ → +0, then

f(x+ y)− f(x+ eiθy)
f(x+ e−iθy)− f(x+ y)

is an indeterminate form.
Furthermore, since x+ y ∈ U , we obtain

f ′(x+ y) 6= 0.(11)
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By (11) we obtain

lim
θ→+0

f(x+ y)− f(x+ e−iθy)
f(x+ e−iθy)− f(x+ y)

= lim
θ→+0

−ieiθyf ′(x + eiθy)
−ie−iθyf ′(x + e−iθy)

=
f ′(x+ y)
f ′(x+ y)

= 1.

(12)

Letting θ → +0 in (10) and using (12) yields

|(f(x+ ωy)− f(x− y))(f(x + ω2y)− f(x+ y))|
= |(f(x+ y)− f(x+ ωy))(f(x− y)− f(x+ ω2y))|.

(13)

Hence A′C′D′E′ is an Apollonius quadrilateral.
Now we are ready to show that f is a Möbius transformation. By (13) we have∣∣∣∣ (f(x+ ωy)− f(x− y))(f(x + ω2y)− f(x+ y))

(f(x+ y)− f(x+ ωy))(f(x− y)− f(x+ ω2y))

∣∣∣∣ = 1.(14)

If we set

g(y) =
(f(x + ωy)− f(x− y))(f(x + ω2y)− f(x+ y))
(f(x + y)− f(x+ ωy))(f(x− y)− f(x+ ω2y))

,(15)

then, by (14), we have

|g(y)| = 1.(16)

Since the numerator and the denominator of g(y) in (15) are analytic for all y
satisfying 0 < |y| ≤ r and since, by the fact that w = f(z) is univalent in ∆, the
denominator of g(y) in (15) never vanishes in 0 < |y| ≤ r.

Next, we shall prove that g(y) is also analytic at y = 0. As y → 0, we have

f(x+ ωy)− f(x− y)
f(x+ y)− f(x+ ωy)

→ ωf ′(x) + f ′(x)
f ′(x) − ωf ′(x)

=
1 + ω

1− ω(17)

and
f(x+ ω2y)− f(x+ y)
f(x− y)− f(x+ ω2y)

→ ω2f ′(x)− f ′(x)
−f ′(x) − ω2f ′(x)

=
1− ω2

1 + ω2
.(18)

Hence, by (15), (17) and (18), as y → 0, one has

g(y)→
(

1 + ω

1− ω

)(
1− ω2

1 + ω2

)
= −1.(19)

If we define

g(0) = −1(20)

by (19), then, by Riemann’s Theorem on removable singularities (cf. [2, p. 260]),
the function g(y) is analytic at y = 0. Furthermore, by (20), the equality (16) still
holds at y = 0.

Summarizing. g is analytic and its absolute value is 1 on a closed neighborhood (of
radius r) of 0. Therefore, by the maximum modulus theorem for analytic functions
(cf. [2, p. 201]), we have on this neighborhood,

g(y) = L,(21)

where L is a complex constant.
By (20) we get

L = −1.(22)
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By (15), (21) and (22) we have

(f(x+ ωy)− f(x− y))(f(x + ω2y)− f(x+ y))

+ (f(x+ y)− f(x+ ωy))(f(x− y)− f(x+ ω2y)) = 0
(23)

for all y satisfying |y| ≤ r. Differentiating both sides of (23) four times with respect
to y, setting y = 0 and simplifying the resulting equality yields

f ′′′(x)f ′(x) − 3
2
f ′′(x)2 = 0.(24)

Since x ∈ ∆ was arbitrarily fixed, we can replace x by a variable z and thus, by
(24), we have

f ′′′(z)f ′(z)− 3
2
f ′′(z)2 = 0

in ∆. By the Uniqueness Theorem (cf. [2, p. 242]) the above equality holds in
|z| < +∞.

Hence we obtain
f ′′′(z)
f ′(z)

− 3
2

(
f ′′(z)
f ′(z)

)2

= 0

for all complex z satisfying f ′(z) 6= 0. Thus, the Schwarzian derivative of f vanishes
for all z satisfying f ′(z) 6= 0. Therefore by a well known fact (cf. [4]), f(z) is a
Möbius transformation of z.
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