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JENSEN’S OPERATOR INEQUALITY
FOR FUNCTIONS OF SEVERAL VARIABLES

HUZIHIRO ARAKI AND FRANK HANSEN

(Communicated by David R. Larson)

Abstract. The operator convex functions of several variables are character-
ized in terms of a non-commutative generalization of Jensen’s inequality, ex-
tending previous results of F. Hansen and G.K. Pedersen for functions of one
variable and of F. Hansen for functions of two variables.

1. Introduction and the main result

Let I1, . . . , Ik be intervals in R and let f : I1 × · · · × Ik → R be an essentially
bounded real function defined on the product of the intervals. Let x = (x1, . . . , xk)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces H1, . . . , Hk such
that the spectrum of xi is contained in Ii for i = 1, . . . , k. We say that such a
k-tuple is in the domain of f. If

xi =
∫
Ii

λi Ei(dλi)

is the spectral resolution of xi for i = 1, . . . , k, then we define

f(x) = f(x1, . . . , xk) =
∫
I1×···×Ik

f(λ1, . . . , λk)E1(dλ1)⊗ · · · ⊗Ek(dλk)

as a bounded selfadjoint operator on H1 ⊗ · · · ⊗Hk. The above function f : I1 ×
· · · × Ik → R is said to be operator convex, if the operator inequality

f(λx1 + (1 − λ)y1, . . . , λxk + (1− λ)yk)

≤ λf(x1, . . . , xk) + (1− λ)f(y1, . . . , yk)
(1.1)

holds for any λ ∈ [0, 1], any Hilbert spaces H1, . . . , Hk and any selfadjoint operators
x1, . . . , xk and y1, . . . , yk on H1, . . . , Hk contained in the domain of f. The definition
is meaningful since also the spectrum of λxi + (1−λ)yi is contained in the interval
Ii for each i = 1, . . . , k. If the inequality (1.1) holds just for Hilbert spaces of finite
dimensions (n1, . . . , nk), then we say that f is matrix convex of order (n1, . . . , nk)
or just order n if ni = n for i = 1, . . . , k.

Definition 1.1. An l-tuple of bounded linear operators a = (a1, . . . , al) on a
Hilbert space H is called a contraction row, if

a1a
∗
1 + · · ·+ ala

∗
l ≤ 1.(1.2)
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It is called a unitary row, if there exists a unitary operator U on the direct sum
of l copies of H such that (a1, . . . , al) is the first row in the l × l block matrix
representation of U.

If a = (a1, . . . , al) is a contraction row, it follows that the norm ‖ai‖ ≤ 1 for i =
1, . . . , l. A necessary but in general not sufficient condition for an l-tuple (a1, . . . , al)
to be a unitary row is that

a1a
∗
1 + · · ·+ ala

∗
l = 1.(1.3)

A unitary row is in particular a contraction row. If one of the operators in a
contraction row is normal, then (1.3) is a sufficient condition for the row to be a
unitary row; cf. Remark 2.3 below. This result was obtained in [5] for l = 2. In
particular, any l-tuple of orthogonal projections (p1, . . . , pl) with sum p1 + · · ·+pl =
1 is a unitary row. This also follows explicitly, because the operator represented by
the block matrix

U =
(
pj−i (mod l)+1

)l
i,j=1

=


p1 p2 · · · pl
pl p1 · · · pl−1

...
...

...
p2 p3 · · · p1

(1.4)

is unitary on H⊗Cl. Any extension of a unitary row of length l with zero operators
to an m−tuple (a1, . . . , al, 0, . . . , 0) is a unitary row of length m, since

U ′ =
(
U 0
0 1

)
m×m

is unitary on H ⊗ Cm, if U is unitary on H ⊗ Cl. It is a non-trivial problem to
determine whether a general contraction row satisfying (1.3) is a unitary row.

We are going to present Jensen’s operator inequality for functions of several vari-
ables. It generalizes previous results for functions of one variable and for functions
of two variables; cf. [7] and [5].

Theorem 1.2. Let f be a continuous real valued function defined on I1 × · · · × Ik
where Ii = [0, αi[ with αi ≤ ∞ for i = 1, . . . , k. The following statements are
equivalent (the statement (iii)l is for each natural number l ≥ 2):

(i) f is operator convex and f(r1, . . . , rk) ≤ 0 if ri = 0 for some i = 1, . . . , k.
(ii) For each natural number l ≥ 2 and for each j = 0, 1, . . . , l − 1 the operator

inequality

diag
(
f(a∗s11x1as11, . . . , a

∗
skk
xkaskk)

)
|s|=j (mod l)

≤
(

(a∗t11 ⊗ · · · ⊗ a∗tkk)f(x1, . . . , xk)(as11 ⊗ · · · ⊗ askk)
)
|t|=|s|=j (mod l)

(1.5)

is valid for all unitary rows ai = (a1i, . . . , ali) of length l acting on a Hilbert
space Hi for i = 1, . . . , k and all k-tuples (x1, . . . , xk) of selfadjoint operators
in the domain of f acting on H1, . . . , Hk. The indices s, t are multi-indices
of the form s = (s1, . . . , sk), where si = 1, . . . , l for i = 1, . . . , k with weight
|s| = s1 + · · ·+ sk.
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(iii)l For each j = 0, 1, . . . , l − 1 the operator inequality

diag
(
f(ps11x1ps11, . . . , pskkxkpskk)

)
|s|=j (mod l)

≤
(

(pt11 ⊗ · · · ⊗ ptkk)f(x1, . . . , xk)(ps11 ⊗ · · · ⊗ pskk)
)
|t|=|s|=j (mod l)

(1.6)

is valid for all partitions of unity p1i + · · · + pli = 1 on Hi by orthogonal
projections for each i = 1, . . . , k and all k-tuples (x1, . . . , xk) of selfadjoint
operators in the domain of f acting on H1, . . . , Hk. The index notation s and
t for rows and columns of the block matrices are the same as in statement (ii)
above.

Remark 1.3. The statements in (ii) and (iii)l extended to l = 1 are trivially true
with equality for any f. To get (i) from (iii)l for any fixed l ≥ 2, it is enough to
assume the inequality in (iii)l for j = 0 and identical partitions of the unity acting
on the same infinite dimensional Hilbert space H for i = 1, . . . , k.

Corollary 1.4. Let f be a continuous real valued function defined on I1 × · · · ×
Ik where Ii = [0, αi[ with αi ≤ ∞ for i = 1, . . . , k. If f is operator convex and
f(r1, . . . , rk) ≤ 0 if ri = 0 for some i = 1, . . . , k, then the operator inequality

diag
(
f(a∗s11x1as11, . . . , a

∗
skk
xkaskk)

)
|s|=j (modm)

≤
(

(a∗t11 ⊗ · · · ⊗ a∗tkk)f(x1, . . . , xk)(as11 ⊗ · · · ⊗ askk)
)
|t|=|s|=j (modm)

(1.7)

is valid for all natural numbers l ≥ 1, m > l, j = 0, 1, . . . ,m − 1, all contraction
rows ai = (a1i, . . . , ali) of length l acting on a Hilbert space Hi for i = 1, . . . , k
and all k-tuples (x1, . . . , xk) of selfadjoint operators in the domain of f acting on
H1, . . . , Hk.

Proof. We apply Lemma 2.1 to construct unitary rows of length m from the given
contraction rows ai = (a1i, . . . , ali) and consider Jensen’s operator inequality for
k and m. Take j = 0, 1, . . . ,m − 1 and consider the submatrix corresponding to
indices s, t taking values only in {1, . . . , l}k and having weights j (modm). QED

Remark 1.5. If we set k = 1, l = 1 and m = 2 in Corollary 1.4, then we get the
inequality

f(a∗xa) ≤ a∗f(x)a,

valid for all contractions a and selfadjoint x in the domain of f. This is Jensen’s
operator inequality for functions of one variable [7]. If we set k = 2, l = 1, and
m = 2 in the corollary and choose projections p and q as contraction rows of length
1, then we get Aujla’s inequality [2]

f(pxp, qyq) ≤ (p⊗ q)f(x, y)(p⊗ q)

which characterizes separately operator convex functions of two variables.

Remark 1.6. If we put l = k and j = 0 in (ii) of Theorem 1.2 and take the
submatrix corresponding to coinciding indices s1 = · · · = sk = i for i = 1, . . . , k,
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then we obtain the inequality

diag
(
f(a∗i1x1ai1, . . . , a

∗
ikxkaik)

)k
i=1

≤
(

(a∗i1 ⊗ · · · ⊗ a∗ik)f(x1, . . . , xk)(aj1 ⊗ · · · ⊗ ajk)
)k
i,j=1

(1.8)

for all unitary rows ai = (a1i, . . . , aki) acting on a Hilbert space Hi for i = 1, . . . , k
and all k-tuples (x1, . . . , xk) of selfadjoint operators in the domain of f acting on
H1, . . . , Hk.

Remark 1.7. If we let all the operators in (1.8) act on the same Hilbert space and
only consider one common unitary row, which with a change of notation we denote
(a1, . . . , ak), then we obtain the inequality

diag
(
f(a∗i x1ai, . . . , a

∗
i xkai)

)k
i=1

≤
(

(a∗i ⊗ · · · ⊗ a∗i )f(x1, . . . , xk)(aj ⊗ · · · ⊗ aj)
)k
i,j=1

.

(1.9)

This is for k = 2 the generalization of Jensen’s operator inequality to functions of
two variables obtained in [5], except that in the reference it was obtained only for
unitary rows of a certain type.

It appears that the inequality (1.9) is too weak to imply operator convexity of
f except in the cases k = 1, 2 which were already settled in the literature [7, 5].

2. Preliminaries

Lemma 2.1. A contraction row (a1, . . . , al) of length l on a Hilbert space H can
for any m > l be extended to a unitary row of length m. More specifically, the row
(a1, . . . , al, a), where

a =

(
1−

l∑
i=1

aia
∗
i

)1/2

,

as well as (a1, . . . , al, a, 0, . . . , 0) for any number of zeros are unitary rows.

Proof. The block matrix with operators on H as its elements

A =


a1 . . . al
0 0
...

...
0 . . . 0


l×l

is by the assumption a contraction on H⊗Cl. Indeed, the norm ‖AA∗‖ = ‖
∑
aia
∗
i ‖

≤ 1. The 2l × 2l block matrix

U =
(

A (1−AA∗)1/2

−(1−A∗A)1/2 A∗

)
is unitary [3, Solution 177]. When explicitly written out, this block matrix splits
as a direct sum of two unitary maps (a block matrix of size l + 1 and the identity
matrix of size l − 1), one of which has the first row (a1, . . . , al, a). QED
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In fact, the unitary matrix corresponding to a unitary row of length l + 1 ap-
pearing in the proof of Lemma 2.1 can be computed explicitly as

a1 · · · al a
a∗1

−(1−A∗A)1/2
...
a∗l

 =


a1 · · · al a
v11 · · · v1l a∗1
...

...
...

vl1 · · · vll a∗l

 ,

where vij = a∗i (1 + a)−1aj − δij for i, j = 1, . . . , l.

Corollary 2.2. Let (a1, . . . , al) be a contraction row and suppose that dim ker ai =
dim ker a∗i for at least one i = 1, . . . , l. Then the row is a unitary row, if and only
if (1.3) holds.

Proof. The necessity of (1.3) is immediate as mentioned earlier. To prove the
sufficiency of (1.3) we may without loss of generality assume that dim ker al =
dim ker a∗l . Let al = u|al| be the polar decomposition of al. Then u is a partial isom-
etry with u∗u and uu∗ being the selfadjoint projections on (ker al)⊥ and (ker a∗l )

⊥.
By assumption, there exists a partial isometry v with v∗v and vv∗ being the self-
adjoint projections on ker al and kera∗l . Therefore w = u+v is unitary, and since the
support of |al| is (ker al)⊥ we obtain al = w|al|. Set bj = w∗aj for j = 1, . . . , k− 1.
Then by (1.3)

1−
l−1∑
j=1

bjb
∗
j = w∗

1−
l−1∑
j=1

aja
∗
j

w = w∗ala
∗
lw = |al|2.

Hence (b1, . . . , bl−1, |al|) is a unitary row by Lemma 2.1, thus being the first row
of a unitary block matrix V. Finally, (a1, . . . , al−1, al) = (wb1, . . . , wbl−1, w|al|) is
the first row of the unitary block matrix (w ⊗ El)V, where El denotes the identity
matrix of order l. QED

Remark 2.3. If one of the operators in a contraction row is normal and (1.3) is
satisfied, then the contraction row is a unitary row. This follows from Corollary 2.2,
because the kernel of a normal operator coincides with the kernel of its adjoint.

The root of unity β = e2πi/l is a simple root of the polynomial X l − 1. In the
following we make repeated use of the identities βl = 1, β̄ = β−1, and 1 + βj +
β2j + · · ·+ β(l−1)j = 0 for j = 1, . . . , l− 1. We consider the operator Ri on Hi⊗Cl

given by the diagonal block matrix representation

Ri = diag(βp)p=1,...,l.

For i = 1, . . . , k and any unitary row ai = (a1i, . . . , ali) acting on a Hilbert space
Hi with associated unitary Ui on Hi ⊗Cl we set

Umi = UiR
m
i = Ui · diag(βpm)p=1,...,l

which defines a unitary operator on Hi ⊗ Cl. Relative to these unitary operators
we define the average ∆Ui(Xi) of an operator Xi acting on Hi ⊗Cl by setting

∆Ui(Xi) =
1
l

l∑
m=1

U∗miXiUmi.
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Lemma 2.4. For any bounded operator xi on Hi, consider the block matrix

Dl(xi) =


xi 0 · · · 0
0 0 · · · 0
...

...
...

0 0 · · · 0


l×l

as an operator on Hi ⊗Cl. Then for i = 1, . . . , k we have

∆Ui (Dl(xi)) = diag
(
a∗pixiapi

)l
p=1

for any unitary row ai = (a1i, . . . , ali) on Hi with associated unitary Ui.

Proof. The entry at the pth row and qth column of Y Rmi is just βmqypq for any
operator Y acting on Hi ⊗Cl with block matrix representation Y = (ypq)p,q=1,...,l.
Likewise, the entry

[(Rmi )∗Y Rmi ]pq = β(q−p)mypq

and consequently

1
l

l∑
m=1

(Rmi )∗Y Rmi

is a diagonal block matrix composed of the diagonal of Y. Since the diagonal of
U∗i Dl(xi)Ui is given by (a∗1ixia1i, . . . , a

∗
lixiali), the statement follows. QED

3. Proof of Jensen’s operator inequality

Proof of Theorem 1.2. (i) ⇒ (ii): We consider unitary rows ai = (a1i, . . . , ali) for
i = 1, . . . , k with associated unitaries U1, . . . , Uk. The lk × lk block matrix

diag
(
f(a∗s11x1as11, . . . , a

∗
skkxkaskk)

)l
s1,...,sk=1

is naturally identified with

f


 a∗11x1a11

. . .

a∗l1x1al1

 , . . . ,

 a∗1kxka1k

. . .

a∗lkxkalk




under the block matrix representation of tensor products. Applying Lemma 2.4
and the convexity of f, we thus obtain

diag
(
f(a∗s11x1as11, . . . , a

∗
skk
xkaskk)

)l
s1,...,sk=1

= f
(

∆U1(Dl(x1)), . . . ,∆Uk(Dl(xk))
)

≤ 1
l

l∑
m=1

f
(
U∗m1Dl(x1)Um1, . . . , U

∗
mkDl(xk)Umk

)
=

1
l

l∑
m=1

(Um1 ⊗ · · · ⊗ Umk)∗f
(
Dl(x1), . . . , Dl(xk)

)
(Um1 ⊗ · · · ⊗ Umk)

≤ 1
l

l∑
m=1

(Um1 ⊗ · · · ⊗ Umk)∗Dlk

(
f(x1, . . . , xk)

)
(Um1 ⊗ · · · ⊗ Umk).
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The last inequality is a consequence of the assumption that f(r1, . . . , rk) ≤ 0 when-
ever ri = 0 for some i = 1, . . . , k. The matrix elements of each term of the last sum
are calculated as[

(Um1 ⊗ · · · ⊗ Umk)∗Dlk

(
f(x1, . . . , xk)

)
(Um1 ⊗ · · · ⊗ Umk)

]
ts

= βm(|s|−|t|)
[
(U1 ⊗ · · · ⊗ Uk)∗Dlk

(
f(x1, . . . , xk)

)
(U1 ⊗ · · · ⊗ Uk)

]
ts
.

The average over m gives rise to

1
l

l∑
m=1

βm(|s|−|t|) = δ|s||t|

and this automatically splits the above inequality into l parts. Take j = 0, 1, . . . , l−1
and let Qj denote the projection on the subspace corresponding to the indices
s = (s1, . . . , sk) of a fixed weight |s| = s1 + · · ·+ sk = j (mod l). It follows that

Qj diag
(
f(a∗s11x1as11, . . . , a

∗
skk
xkaskk)

)l
s1,...,sk=1

Qj

≤ Qj(U1 ⊗ · · · ⊗ Uk)∗Dlk

(
f(x1, . . . , xk)

)
(U1 ⊗ · · · ⊗ Uk)Qj .

The left-hand side is a diagonal matrix with non-trivial diagonal entries for |s| =
j (mod l) and Dlk(f(x1, . . . , xk)) is a diagonal matrix which has its only non-trivial
element at 1(k) = (1, . . . , 1). Because

[(U1 ⊗ · · · ⊗ Uk)Qj ]1(k)s = as11 ⊗ · · · ⊗ askk,

we conclude that the above inequality, when restricted to the image subspace of
Qj, is Jensen’s operator inequality (1.5).

(ii)⇒ (iii)l: Obvious specialization.
(iii)l ⇒ (i): We shall only use (iii)l for j = 0. The operator V defined by the

block matrix

V = (vpq)
l
p,q=1 = l−1/2


1 β β2 · · · βl−1

1 β2 β4 · · · β2(l−1)

...
...

...
...

1 βl−1 β2(l−1) · · · β(l−1)(l−1)

1 1 1 · · · 1

 ,

where vpq = l−1/2βp(q−1), is unitary. We introduce the following block matrices
with operator elements

Xi = diag(xji)j=1,...,l and Zi = V ∗XiV

for 1 = 1, . . . , k. The diagonal elements of Zi are given by

[Zi]jj =
l∑

s=1

v̄sjvsjxsi =
x1i + · · ·+ xli

l

and consequently we obtain

PjZiPj =
x1i + · · ·+ xli

l
Pj
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for i = 1, . . . , k and j = 1, . . . , l, where Pi is the projection given by the block
matrix Pi = diag(δji)j=1,...,l and δ is Kronecker’s symbol. The statement (iii)l of
Theorem 1.2 now entails the inequality

diag
(
f(Ps1Z1Ps1 , . . . , PskZkPsk)

)
|s|=0 (mod l)

≤
(

(Pt1 ⊗ · · · ⊗ Ptk)f(Z1, . . . , Zk)(Ps1 ⊗ · · · ⊗ Psk)
)
|t|=|s|=0

=
(

(Pt1V
∗ ⊗ · · · ⊗ PtkV ∗)f(X1, . . . , Xk)(V Ps1 ⊗ · · · ⊗ V Psk)

)
|t|=|s|=0 (mod l)

(3.1)

which we shall examine in more detail. The block matrix V Pj has vanishing matrix
elements except for the jth column which is equal to the jth column of V. We can
therefore calculate the matrix elements

[V Ps1 ⊗ · · · ⊗ V Psk ]pq
= [V Ps1 ]p1q1

· · · [V Psk ]pkqk
= δq1s1 l

−1/2βp1(s1−1) · · · δqksk l−1/2βpk(sk−1)

= l−k/2δqsβ
p·s−|p|

for p = (p1, . . . , pk), q = (q1, . . . , qk) and p1, . . . , pk, q1, . . . , qk = 1, . . . , l. We observe
in particular that the only nonzero column in V Ps1 ⊗ · · ·⊗V Psk is the sth column.
The right hand side of (3.1) is a lk−1 × lk−1 block matrix where each block is a
lk × lk block matrix of operators. Let us calculate the (p, q) entry of this lk × lk
block matrix.[(

Pt1V
∗ ⊗ · · · ⊗ PtkV ∗

)
f(X1, . . . , Xk)

(
V Ps1 ⊗ · · · ⊗ V Psk

)]
pq

=
l∑

u1,...,uk=1

[(
Pt1V

∗ ⊗ · · · ⊗ PtkV ∗
)
f(X1, . . . , Xk)

]
pu
l−k/2δqsβ

u·s−|u|

= l−k
l∑

u1,...,uk=1

δptβ
|u|−u·tf(xu11, . . . , xukk)δqsβu·s−|u|

= l−kδptδqs

l∑
u1,...,uk=1

f(xu11, . . . , xukk)βu·(s−t)

where the calculation was facilitated because f(X1, . . . , Xk) is a diagonal matrix
with uth diagonal entry f(xu11, . . . , xukk). We discard all rows and columns with
indices different from t and s in each block in (3.1). Since this operation preserves
the inequality, we obtain

f

(
x11 + · · ·+ xl1

l
, . . . ,

x1k + · · ·+ xlk
l

)
Elk−1

≤ l−k
l∑

u1,...,uk=1

f(xu11, . . . , xukk)
(
βu·(s−t)

)
|t|=|s|=0 (mod l)

where Elk−1 denotes the identity matrix of order lk−1. If we set

Πu = l−(k−1)
(
βu·(s−t)

)
|t|=|s|=0 (mod l)

,
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then the inequality can be written as

f

(
x11 + · · ·+ xl1

l
, . . . ,

x1k + · · ·+ xlk
l

)
Elk−1

≤ 1
l

l∑
u1,...,uk=1

f(xu11, . . . , xukk)Πu.

It is an easy calculation to show that the matrices Πu are selfadjoint projections.
Because of

l∑
u1,...,uk=1

βu·(s−t) = lkδts,

it follows that
l∑

u1,··· ,uk=1

Πu = lElk−1 .

Due to |t| = |s| we note that Πu = Πu+j(k) (mod l) for j = 0, 1, . . . , l−1 where j(k) =
(j, . . . , j) and u+ j(k) (mod l) are different indices for different j. We introduce an
equivalence relation u ∼ v by setting u ∼ v, if u− v = j(k) (mod l) for any natural
number j and denote the equivalence class of u by 〈u〉. Each equivalence class
contains exactly l distinct members of the form u+ j(k) for j = 0, 1, . . . , l − 1. We
denote the common projection corresponding to each equivalence class 〈u〉 by Π〈u〉
and obtain ∑

〈u〉
Π〈u〉 = Elk−1 .

Hence the projections Π〈u〉 are mutually orthogonal, and setting u = 1(k) we obtain
in particular

f

(
x11 + · · ·+ xl1

l
, . . . ,

x1k + · · ·+ xlk
l

)
Π1(k)

≤ 1
l

(
f(x11, . . . , x1k) + · · ·+ f(xl1, . . . , xlk)

)
Π1(k).

Therefore f is operator convex. The rest of statement (i) follows by examining
diagonal elements in (3.1), which at t for |t| = 0 (mod l) gives

f(Pt1Z1Pt1 , . . . , PtkZkPtk)

≤ (Pt1 ⊗ · · · ⊗ Ptk)f(Z1, . . . , Zk)(Pt1 ⊗ · · · ⊗ Ptk).

If we look at the sth diagonal entry of this inequality for s 6= t, then

f
(x11 + · · ·+ xl1

l
δt1s1 , . . . ,

x1k + · · ·+ xlk
l

δtksk

)
≤ 0

and we conclude that f(r1, . . . , rk) ≤ 0 if ri = 0 for at least one i = 1, . . . , k. QED
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