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ON THE DIOPHANTINE EQUATION 2a? + 22" = py?

ZHENFU CAO

(Communicated by David E. Rohrlich)

ABSTRACT. Let p be an odd prime. In this paper, using some theorems of
Adachi and the author, we prove that if p = 1(mod 4) and p { B(,_1)/2, then
the equation P + 1 = py?, y # 0, and the equation zP + 22 = py?, m €
N, ged(z,y) =1, p| y, have no integral solutions respectively. Here B(,_1)/2
is (p — 1)/2th Bernoulli number.

§1. INTRODUCTION

Let Z,N,Q be the sets of integers, positive integers and rational numbers re-
spectively, and let p be an odd prime. In [I], Nagell proved that if D € N with
D > 2 square-free, and p { h(—D), where h(—D) is the class number of Q(v/—D),
then the equation

xp_lsz27 z,y € Z, Iy#oa

has no solutions with 2 1 z. In [2], we proved that if p > 3, D € N is a square-free
integer which is not divisible by primes of the form 2mp + 1, then the equation

P +C =Dy Cec{-1,1}, 2,y €Z, xy #0,

has no solutions with 2p {y, except 17 +1 =2 (£1)? and 35 — 1 =2 - (£11)%. In
1995, Le [3] proved that if p > 3, then the equation

P — 2" =py?, x,y,n €N, ged(z,y) =1,
has no solutions. Rabinowitz [4] found all solutions of the equations
23 4+2" =32 x,y,n€Z.
Now, from [1] and [2] we have that the equation
2P —1=py? z,ycl,

has no solutions since the class number h(—p) of Q(v/—p) is less than p.
In this paper, we will discuss the solvability of the equations

(1) o +1=py?, 2,y €L, y#0,
and
(2) o + 22" = py?, .y € Z, meN, ged(z,y) =1,
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by using a theorem of Adachi [5] and a result of the author [6], [7] on Pell’s equation.

Let B,, denote nth Bernoulli number. We prove the following:

Theorem. If p = 1(mod 4) and p{ B(,_1)/2, then we have that
(A) equation (1) has no solutions;
(B) equation (2) has no solutions with p | y.

§2. PRELIMINARIES
We use the following lemmas to prove our theorem.

Lemma 1 (Adachi [5]). If p=1(mod 4), pt Bp—1y/2 and p |y, then all solutions
of the equation

2 —py? =2P, x,y,2 €7, ged(x,y) =1, 212+,
are given by z = a® — pb?,
z+yyp = (a+byp)’,
where a,b € Z, ged(a,b) = 1.

Lemma 2 (Cao [6], [7]). Let a,b € N with ab not a square. If ¢ € {1,2,4},1 <
a # ¢ and there exist x,y € N such that

ar? —by* =c, " aory|*b

where symbol x |* a means that each prime factor of x divides a, then

1 3, _
56 0T 5€E fore=1,

2 b 2
ar o _2‘_ i +ayvab=1{ ¢ or ‘3, forc=2,
Q  or Q for c =4,

m (SIS

except (a,b,c,z,y) = (5,1,4,5,11). Here e = ug+voVab and Q = Ug+VyVab is the
least positive integer solution of Pell’s equation u? — abv? =1 and U? — abV? = 4,
respectively.

Lemma 3. Let p = 1(mod 4), and Dy, Dy € Z. If m € N and 2 { D1z* — Day?,
then the equation

(3) 2™\ /Dy = (/D1 +y\/D2)? + (x/Dy — y\/D2)?, x,y € Z,
has no solutions.

Proof. From the binomial formula and (3), we obtain that

w1y =3 (1) eV BBy + 3 (7)o D ooy

(p—1)/2

23 (4) VD2 /Do

=20VDy ) (Z) (D12?) P~ D/273 (Dyy?).
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Hence, we have x = £2™, 24 Dyy?, and

(p—1)/2 »
4 +1= 92m ) \(P=1)/2=3 (D, ,2)I
@ S (1)@ i)
7=0
(p—1)/2 »
— 922m ) Vi (Doq2)P—1)/2—]
§:<p4—%y (Do)
7=0
(p—1)/2 »
_ 92m 1) I (Doq2)P—1)/2—3
> (o) @00
7=0
Let 2¢||p — 1. Then a > 2 since p = 1(mod 4). Since 2t Dyy?, we have
(5) (Day?) P07 = (Day?) P~ D) =1 (mod 2°7).
Also, let 2°||24, b > 1. Then we have 25 > b+ 1 for j > 1. So if j > 1, then
(©) ( p )22mj: p(p—1) (p_2>22mj
25 +1 25+ 1)(25)\25 -1

=0 (mod 2°1).
Thus, from (4), (5) and (6) we have
1= p(Day?) /2
+ (p—zl:)ﬂ < p )(22mij)(D 2)(1)—1)/2—3'
Jj=1 2j+1 ' *
=p=2"+1 (mod2**1),

which is impossible since a > 2.
This completes the proof of Lemma 3.

§3. PROOF OF THE THEOREM

Proof of (A). Suppose (z,y,p) is a solution of equation (1). Then

(7) L—py* = (-2)", 2,y € Z, y #0.
From [2] and (1), we see that 2p | y. Hence, by Lemma 1, we get from (7) that
(8) 1+yyp = (a+by/p)’, —z=a®—pb?,

where a,b € Z, ged(a,b) =1 and 2 { a? — pb%. Clearly, (8) gives a|l and so a = +1.
So —x =1 — pb?, and from (7) we have

(9) py* — (pb* — 1) ((pb2 - 1)(’“)/2)2 =1L
If b =0, then y = 0 by (9). If b # 0, by Lemma 2, then we have from (9) that
(10)

py® + (pb* — 1) ((Pb2 - 1)(p71)/2)2 + 2y (pb? — 1)PV/2 /p(ph? —1) =€ or €%,
where € = ug —H)o\/}m is the least positive integer solution of Pell’s equation
(11) u? — p(pb® — 1)v? = 1.
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Clearly, (u,v) = (2pb%® —1,2|b|) is a positive integer solution of Pell’s equation (11).
It is well known [8] that if (u1,v1) is a positive integer solution of equation (11)
and u; > %v% — 1, then uy + v14/p(pb? — 1) is the least positive integer solution of

equation (11). So & = 2pb® — 1 + 2|b|/p(pb? — 1). Since
e =(2pb® — 1) ((2pb*> — 1)* + 12pb*(pb* — 1))
+2[b] (3(2pb® — 1) + 4pb(pb?® — 1)) /p(pb? — 1),

we get from (10) that

2
(12) py? + (pb? = 1) (902 = )P D/2) " = 2p? 1,
y(pb? —1)@=D2 = |,
or
(13)
2
py? + (o6 = 1) (b2 = PD2)" = (2ph? — 1) (208 — 1) + 12p62(pb* — 1)) ,
y(pb? —1)P=D/2 = p| (3(2pb* — 1)% + 4pb*(pb* — 1)) .
Clearly, (12) is impossible. For (13), by (9) we have

2(pb? — 1) ((pb2 - 1)<P*1>/2)2 +1=(2pb? — 1) (16pb*(pb* — 1) + 1),
ie.
(pb® — 1)~ D/2 = dpp® — 1,
which also is impossible. (A) of the Theorem is proved.

Proof of (B). Suppose (z,y,p,m) is a solution of equation (2) with p | y. By
Lemma 1, we get from (2) that

(14) 2" +yy/p = (a + by/p)?, —z = a% — pb°,

where a,b € Z, ged(a,b) =1 and 21 a? — pb%. By Lemma 3, (14) is impossible since
(14) implies that

2t — (a + by/p)? + (a — by\/p)P.
Hence, (B) of the Theorem is proved.
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