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JOINT MEAN OSCILLATION AND LOCAL IDEALS
IN THE TOEPLITZ ALGEBRA

JINGBO XIA

(Communicated by David R. Larson)

Abstract. We introduce the joint local mean oscillation LMO(f, g)(τ) and
discuss to what extent this function-theoretical quantity serves as a C∗-alge-
braic invariant in the full Toeplitz algebra T = T (L∞).

1. Introduction

Throughout the paper, T denotes the unit circle and dm the Lebesgue measure
on T normalized so that m(T ) = 1. We write Lp for Lp(T, dm) and Hp for the
Hardy subspace of Lp, 1 ≤ p ≤ ∞. Let P : L2 → H2 be the orthogonal projection.
Given f ∈ L∞, the Toeplitz operator Tf and the Hankel operator Hf are defined
by the formulas Tfϕ = Pfϕ and Hfϕ = (1 − P )fϕ respectively, ϕ ∈ H2. We
have Tḡf − TḡTf = H∗gHf . Let T denote the full Toeplitz algebra. That is, T is
the C∗-algebra generated by {Tf : f ∈ L∞}. Let K be the collection of compact
operators on H2. It is well known that K ⊂ T .

Recall that, if f ∈ L∞ is a real-valued function, then the well-known theorem of
Sarason [5] tells us that the operator Hf is compact (equivalently, Tf2−T 2

f = H∗fHf

is compact) if and only if f ∈ VMO. Using the localization in T , this result was
quantitatively refined and extended in [4] to cover Hf which is only “partially”
compact or not compact at all.

For each τ ∈ T , let Kτ denote the ideal in T generated by K and {Tη : η ∈ C(T ),
η(τ) = 0}. Let Φτ : T → T /Kτ be the quotient homomorphism. Recall that the
usual localization in T is simply the fact that

⋂
τ∈T Kτ = K [2]. Equivalently, for

any A ∈ T , we have inf{‖A + K‖ : K ∈ K} = supτ∈T ‖Φτ (A)‖. Thus ‖Φτ (A)‖ is
the local distance of A from K. In [4], this was determined in terms of function-
theoretical data in the case A = Tf2 − T 2

f = H∗fHf . For f ∈ BMO and τ ∈ T , the
local mean oscillation of f at τ is

LMO(f)(τ) = lim
δ↓0

sup{ 1
|I|

∫
I

|f − fI |dm : |λ− τ | ≤ δ for all λ ∈ I}.

Here and in what follows, I always denotes an arc in T with |I| = m(I) > 0, and
fI =

∫
I
fdm/|I|. The following is the refinement of Sarason’s theorem mentioned

earlier.
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Theorem 1 ([4, Theorems 5.4 and 5.5]). (i) There exist absolute constants C >
c > 0 such that cLMO(f)(τ) ≤ ‖Φτ (H∗fHf )‖1/2 ≤ CLOM(f)(τ) for all real-valued
f ∈ L∞ and all τ ∈ T.

(ii) Consequently, for real-valued f ∈ L∞, H∗fHf ∈ Kτ if and only if LMO(f)(τ)
= 0.

This makes LMO(f)(τ) a useful invariant in the study of certain automorphisms
of T [4]. Obviously one would like to generalize the above to the case where there
are two symbol functions involved, i.e., to operators H∗gHf . By the works of Axler,
Chang, Sarason [1] and Volberg [7], H∗gHf ∈ K if and only if H∞[f ] ∩ H∞[g] ⊂
H∞+C(T ). (Also see [8], [10], [11].) But it is still important to have a description
of the local distance ‖Φτ (H∗gHf )‖ in terms of local oscillation. The purpose of this
note is to report that, somewhat to our surprise, the case of two symbols turns out
to be different. That is, while the analogue of Theorem 1(ii) still holds true, that
of Theorem 1(i) does not.

Given f , g ∈ BMO and τ ∈ T , define

LMO(f, g)(τ) = lim
δ↓0

sup{ 1
|I|

∫
I

|f − fI |dm
1
|I|

∫
I

|g − gI |dm :

|λ− τ | ≤ δ for all λ ∈ I},
which we call the joint local mean oscillation of f and g at τ .

Recall that if f ∈ BMO, then there are u, v ∈ L∞ such that f = u + Pv. This
implies that H∗gHf ∈ T if f, g ∈ BMO. Throughout the paper, we let Q = 1− P .

Theorem 2. (a) Let τ ∈ T and f , g ∈ BMO. Then H∗gHf ∈ Kτ if and only if
LMO(Qf,Qg)(τ) = 0.

(b) For τ ∈ T and real-valued f , g ∈ BMO, H∗gHf ∈ Kτ if and only if
LMO(f, g)(τ) = 0.

Because K =
⋂
τ∈T Kτ , an immediate by-product of this theorem is

Corollary 3. (a) For any f , g ∈ BMO, H∗gHf ∈ K if and only if

lim
|I|↓0

1
|I|

∫
I

|Qf − (Qf)I |dm
1
|I|

∫
I

|Qg − (Qg)I |dm = 0.

(b) For any real-valued f , g ∈ BMO, H∗gHf ∈ K if and only if

lim
|I|↓0

1
|I|

∫
I

|f − fI |dm
1
|I|

∫
I

|g − gI |dm = 0.

Compare this with the existing results on the compactness of H∗gHf .

Proposition 4. LMO(f, g)(τ) fails to dominate ‖Φτ (H∗gHf )‖. More specifically,
given any ε > 0, there are real-valued f , g ∈ L∞ such that 0 < LMO(f, g)(1) ≤
ε‖Φ1(H∗gHf )‖.

Even though LMO(f, g)(τ) does not in general dominate ‖Φτ (H∗gHf )‖, there is
an upper bound for this local distance in terms of a joint oscillation involving the
Poisson kernel. Denote Pz(τ) = (1 − |z|2)/|τ − z|2, |z| < 1 and τ ∈ T . For f ∈ L1,
we let f(z) =

∫
T fPzdm. For 1 ≤ p <∞, f , g ∈ BMO and τ ∈ T , define

Pp(f, g; τ) = lim
δ↓0

sup{(
∫
T

|f − f(z)|pPzdm
∫
T

|g − g(z)|pPzdm)1/p :

|z| < 1, |z − τ | ≤ δ},
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Mp(f, g; τ) = lim
δ↓0

sup{( 1
|I|

∫
I

|f − fI |pdm
1
|I|

∫
I

|g − gI |pdm)1/p :

|λ− τ | ≤ δ for all λ ∈ I}.

Thus LMO(f, g)(τ) = M1(f, g; τ).

Theorem 5. For each 2 < p < ∞, there is a constant C(p) > 0 such that
‖Φτ (H∗gHf )‖ ≤ C(p)Pp(f, g; τ) for all f, g ∈ BMO and τ ∈ T .

The construction in Section 3 shows that, given 1 ≤ p′ < p <∞ and τ ∈ T , the
set {Mp(f, g; τ)/Mp′(f, g; τ) : f , g ∈ L∞, Mp′(f, g; τ) > 0} becomes unbounded as
a result of the collaboration between dissimilar f and g, which is in sharp contrast
with [4, Theorem 5.5]. The reason for this is that the John-Nirenberg theorem
cannot be applied to the joint oscillation of two BMO functions. In other words,
the quantities Mp(f, g; τ) and Mp′(f, g; τ) are generally not comparable. Therefore
it is not a trivial fact that they vanish simultaneously.

Theorem 6. Given f, g ∈ BMO and τ ∈ T , the following are equivalent:
(a) M1(f, g; τ) = 0.
(b) Mp(f, g; τ) = 0 for every p ∈ [1,∞).
(c) P1(f, g; τ) = 0.
(d) Pp(f, g; τ) = 0 for every p ∈ [1,∞).

The rest of the paper consists of the proofs of these results; Theorems 2, 5 and 6
will be proved in Section 2 and the proof of Proposition 4 will be given in Section
3.

2. Local estimates

The proof of Theorem 5 relies on a number of ideas and results from [4], [9], [10],
which we will now recall. Denote the unit disc {z ∈ C : |z| < 1} by D. For each
τ ∈ T , let Γτ = {z ∈ D : |τ − z| < 2(1− |z|), 3/4 < |z| < 1}. In what follows F and
G will always be L2-valued functions on D which are continuous with respect to
the norm topology. To avoid confusion with complex-valued functions, the values
of F and G at z ∈ D will be denoted by Fz and Gz respectively. In other words,
for any z ∈ D, Fz and Gz are themselves functions on T . Recall from [9] that, for
any ϕ, ψ ∈ L2, the rigged non-tangential maximal function MF,G(ϕ, ψ) is defined
as

MF,G(ϕ, ψ)(τ) = sup
z∈Γτ

∫
T

|Fzϕ|Pzdm
∫
T

|Gzψ|Pzdm, τ ∈ T.

Proof of Theorem 5. For each 0 ≤ r < 1, let ur(τ) = (1 − r)/(1 − rτ). Then
ur ∈ H∞, ur(1) = 1, ‖ur‖∞ = 1, and ‖ur‖2 =

√
(1− r)/(1 + r). We first show

that there are C1 > 0 and C2 > 0 such that for any f , g ∈ BMO, ϕ, ψ ∈ H2 and
0 ≤ r < 1,

|〈Hfurϕ,Hgurψ〉| ≤ C1‖MF,G(urϕ, urψ)‖1 + C2‖f‖4‖g‖4
√

1− r‖ϕ‖2‖ψ‖2,(2.1)

where F and G are such that Fz = f − f(z) and Gz = g − g(z), z ∈ D.
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Since the harmonic extensions of Hfurϕ and Hgurψ vanish at z = 0, it follows
from the Littlewood-Paley formula (see, e.g., page 236 of [3]) that

|〈Hfurϕ,Hgurψ〉| ≤
1
π

∫
D

|〈∇(Hfurϕ)(z),∇(Hgurψ)(z)〉C2 | log
1
|z|dA(z)

=
1
π

∫
7/8<|z|<1

+
1
π

∫
|z|≤7/8

.

It was shown in the proof of [9, Proposition 2.2] that there is a C1 > 0 such that

1
π

∫
7/8<|z|<1

|〈∇(Hfurϕ)(z),∇(Hgurψ)(z)〉C2 | log
1
|z|dA(z)

≤ C1‖MF,G(urϕ, urψ)‖1.

To estimate 1
π

∫
|z|≤7/8, note that sup|z|≤7/8 supτ∈T |∂̄zPz(τ)| = 64 since ∂̄zPz(τ) =

(1 − z̄τ)−2τ . Since ∂z(Hfurϕ)(z) = 0 and ∂̄z(Hfurϕ)(z) = ∂̄z(furϕ)(z), when
|z| ≤ 7/8,

|∇(Hfurϕ)(z)| =
√

2|∂̄z
∫
T

furϕPzdm| ≤ 64
√

2‖fur‖2‖ϕ‖2

≤ 64
√

2‖f‖4(1 − r)1/4‖ϕ‖2.

And a similar estimate holds for |∇(Hgurψ)(z)|. To complete the proof of (2.1), it
now suffices to remark that log |z|−1dA(z) is a finite measure on {z : |z| ≤ 7/8}.

We next show that, for each p > 2, there is a C3(p) > 0 such that the following
holds true: For any ε > 0, there is a ρ = ρ(ε, p, f, g) ∈ (0, 1) such that

‖MF,G(urϕ, urψ)‖1 ≤ C3(p){Pp(f, g; 1) + ε}‖ϕ‖2‖ψ‖2,(2.2)

if ρ ≤ r < 1 and ϕ, ψ ∈ H2. For each t ∈ [1,∞), there is a Bt > 0 such that

sup
z∈D

(
∫
T

|h− h(z)|tPzdm)1/t ≤ Bt‖h‖BMO, h ∈ BMO.(2.3)

See, e.g., [3, Chapter VI]. Let 0 < α < 1 be such that α+(2α)1/pB2
2p‖f‖BMO‖g‖BMO

≤ ε. It follows from the definition of Pp(f, g; 1) that there is a δ = δ(p, f, g) ∈ (0, 1)
such that

(
∫
T

|Fz |pPzdm
∫
T

|Gz |pPzdm)1/p ≤ α+ Pp(f, g; 1) if |1− z| ≤ δ and z ∈ D.

Let J be the open arc in T whose center is 1 with |J | = αδ2/8. It is easy to
see that there is a ρ = ρ(δ, α) ∈ (0, 1) such that supτ∈T\J |ur(τ)| ≤ α if ρ ≤
r < 1. Thus if ρ ≤ r < 1, |1 − z| ≥ δ and z ∈ D, then (

∫
|Fzur|pPzdm)1/p ≤

(
∫
|ur|Pzdm)1/2pB2p‖f‖BMO and∫

T

|ur|Pzdm =
∫
T\J
|ur|Pzdm+

∫
J

|ur|Pzdm ≤ α+ |J | sup
τ∈J
|τ − z|−2

≤ α+ (αδ2/8)(|1− z| − π|J |)−2 ≤ 2α.

Hence, if we write W (z, r) = (
∫
T
|Fzur|pPzdm

∫
T
|Gzur|pPzdm)1/p, then

W (z, r) ≤ max{α+ Pp(f, g; 1), (2α)1/pB2
2p‖f‖BMO‖g‖BMO} ≤ Pp(f, g; 1) + ε
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for every z ∈ D if ρ ≤ r < 1. Let q = p/(p− 1). Now, if ρ ≤ r < 1, then

MF,G(urϕ, urψ)(τ) ≤ sup
z∈Γτ

W (z, r)(
∫
T

|ϕ|qPzdm
∫
T

|ψ|qPzdm)1/q

≤ {Pp(f, g; 1) + ε}(Mnt(|ϕ|q)(τ)Mnt(|ψ|q)(τ))1/q ,

where Mnt denotes the non-tangential maximal operator. Since 1 < q < 2 and
|ϕ|q ∈ L2/q,

∫
T {Mnt(|ϕ|q)}2/qdm ≤ C3(p)

∫
T {|ϕ|q}2/qdm = C3(p)‖ϕ‖22 by the well-

known properties of Mnt, where C3(p) > 0 depends only on p (see [3, page 24]).
This proves (2.2).

By the obvious circular symmetry, it suffices to prove the theorem for the point
τ = 1 in T . By (2.1) and (2.2), there is a C(p) > 0 which depends only on p > 2 such
that the following holds true: For any η > 0, there is an r0 = r0(p, f, g, η) ∈ (0, 1)
such that

|〈Hfurϕ,Hgurψ〉| ≤ C(p){Pp(f, g; 1) + η}‖ϕ‖2‖ψ‖2 if r0 ≤ r < 1 and ϕ, ψ ∈ H2.

That is, ‖TūrH∗gHfTur‖ ≤ C(p)(Pp(f, g; 1) + η) if r0 ≤ r < 1. Since ur ∈ C(T )
and ur(1) = 1, we have Φ1(TūrH∗gHfTur) = Φ1(H∗gHf ). Thus ‖Φ1(H∗gHf )‖ ≤
C(p)(Pp(f, g; 1) + η). Because η > 0 is arbitrary, this concludes the proof.

For each z ∈ D, define the inner function ξz(τ) = (z − τ)/(1 − z̄τ).

Lemma 7. For any τ0 ∈ T and A ∈ Kτ0 , we have limz→τ0,|z|<1 ‖A−T ∗ξzATξz‖ = 0.

Proof. Lemma 2 of [10] tells us that

lim
|z|↑1
‖K − T ∗ξzKTξz‖ = 0 if K ∈ K.(2.4)

By the structure of Kτ0 , therefore, it suffices to prove the lemma in the case where
A = TηTg1 ...Tgn , g1, ..., gn ∈ L∞, and η ∈ C(T ) with η = 0 in a neighborhood
of τ0. We can write η = η1...ηn, where every ηj is continuous on T and vanishes
in a neighborhood of τ0. (For example, let η2 = ... = ηn = |η|1/n and η1(τ) =
|η(τ)|(1−n)/nη(τ) when η(τ) 6= 0 and η1(τ) = 0 when η(τ) = 0.) Thus, if we set
B = Tη1g1 ...Tηngn , then A−B ∈ K. By (2.4), the proof of the lemma is reduced to
that of

lim
z→τ0
|z|<1

‖B − T ∗ξzBTξz‖ = 0.(2.5)

We use induction on n. Since T ∗ξzTfTξz = Tf |ξz|2 = Tf , (2.5) certainly holds when
n = 1. Write B = Tη1g1B

′. We have

B − T ∗ξzBTξz = {Tη1g1B
′ − T ∗ξzTη1g1TξzT

∗
ξzB

′Tξz} − T ∗ξzTη1g1(1− TξzT ∗ξz)B
′Tξz .

(2.6)

By the induction hypothesis, the norm of the term {...} above tends to 0 as z → τ0
in D.

Now 1 − TξzT ∗ξz = kz ⊗ kz, where kz(τ) = (1 − |z|2)1/2/(1 − z̄τ) [10, page 480].
Thus

‖T ∗ξzTη1g1(1− TξzT ∗ξz)B
′Tξz‖ ≤ ‖B′Tξz‖‖T ∗ξzTη1g1kz‖2.(2.7)
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Suppose that δ > 0 is such that η1(τ) = 0 if |τ − τ0| ≤ δ. For z ∈ D and τ ∈ T
such that |z − τ0| ≤ δ/2 and |τ − τ0| > δ, we have

|kz(τ)| =
√

1− |z|2
|1− τ̄0τ + (τ̄0 − z̄)τ |

≤
√

1− |z|2
|τ0 − τ | − |τ0 − z|

≤ 2
δ

√
1− |z|2.

Therefore ‖η1g1kz‖2 → 0 as z → τ0 in D. Thus (2.5) follows from (2.6) and
(2.7).

Proposition 8. 2‖Φτ(H∗gHf )‖ ≥ P2(Qf,Qg; τ) for all f , g ∈ BMO and τ ∈ T .

Proof. We know that ‖H∗gHf − T ∗ξzH
∗
gHfTξz‖ = ‖Hgkz‖2‖Hfkz‖2 [10, page 480].

It is well known that Hfkz = (1− P )fkz = (Qf − (Qf)(z))kz . Let A ∈ Kτ . Since
|kz|2 = Pz ,

2‖H∗gHf +A‖ ≥ ‖(H∗gHf +A)− T ∗ξz(H
∗
gHf +A)Tξz‖

≥ (
∫
T

|Qf − (Qf)(z)|2Pzdm
∫
T

|Qg − (Qg)(z)|2Pzdm)1/2

− ‖A− T ∗ξzATξz‖.
By Lemma 7, as z → τ in D, the limit superior of the above is P2(Qf,Qg; τ).

Lemma 9. There is a C > 0 such that LMO(f, g)(τ) ≤ CP1(f, g; τ), f, g ∈ BMO,
τ ∈ T .

Proof. Given τ ∈ T , f , g ∈ BMO and ε > 0, there is a δ > 0 such that

P1(f, g; τ) + ε ≥
∫
T

|f − f(z)|Pzdm
∫
T

|g − g(z)|Pzdm if z ∈ D and |z − τ | ≤ δ.

For each arc I = {eit : c−α ≤ t ≤ c+α} with 0 < α ≤ 1/4, define zI = (1−α)eic.
Then

PzI (e
it) =

1− (1 − α)2

1− 2(1− α) cos(c− t) + (1− α)2
≥ 2− α

2(1− α)
· α

S(c− t)2 + α2
≥ α−1

1 + S

if |t−c| ≤ α, where S = sup0<|v|≤π v
−2(1−cos v). That is, PzI ≥ (π(1+S)|I|)−1χI .

Note that
∫
I |f − fI |dm/|I| ≤ 2

∫
I |f − f(zI)|dm/|I|. Clearly, there is a σ > 0 such

that if I has the property that |λ− τ | ≤ σ for every λ ∈ I, then |zI − τ | ≤ δ. Thus,
for such an I, since |zI − τ | ≤ δ, we have

P1(f, g; τ) + ε ≥ {π(1 + S)}−2 · 1
|I|

∫
I

|f − f(zI)|dm
1
|I|

∫
I

|g − g(zI)|dm

≥ {2π(1 + S)}−2 · 1
|I|

∫
I

|f − fI |dm
1
|I|

∫
I

|g − gI |dm.

Since ε > 0 is arbitrary, this implies {2π(1 + S)}2P1(f, g; τ) ≥ LMO(f, g)(τ).

Lemma 10. Let f ∈ BMO. If {In} is a sequence of arcs in T such that

lim
n→∞

1
|In|

∫
In

|f − fIn |dm = 0,

then, for every p ∈ [1,∞), we have

lim
n→∞

1
|In|

∫
In

|f − fIn |pdm = 0.
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Proof. The John-Nirenberg theorem [3, page 230] tells us that

|{τ ∈ I : |f(τ)− fI | > λ}|/|I| ≤ A exp(−Bλ/‖f‖BMO)

if |I| > 0 and λ > 0, where A > 0 and B > 0 are absolute constants. Let K ∈ N be
given. Writing In = En,K ∪ (

⋃
k≥K Fn,k) with En,K = {τ ∈ In : |f(τ) − fI | ≤ K}

and Fn,k = {τ ∈ In : k < |f(τ) − fI | ≤ k + 1}, we have

1
|In|

∫
In

|f − fIn |pdm =
1
|In|

∫
En,K

|f − fIn |pdm+
∞∑
k=K

1
|In|

∫
Fn,k

|f − fIn |pdm

≤ Kp−1

|In|

∫
En,K

|f − fIn |dm+A

∞∑
k=K

(k + 1)p exp(−Bk/‖f‖BMO).

The assumption limn→∞
∫
In
|f − fIn |dm/|In| = 0 now yields

lim sup
n→∞

1
|In|

∫
In

|f − fIn |pdm ≤ A
∞∑
k=K

(k + 1)p exp(−Bk/‖f‖BMO).

Since K ∈ N is arbitrary, this completes the proof.

Proof of Theorem 6. We first prove that (b) implies (d). By the circular symmetry,
it suffices to consider the case τ = 1. Let f, g ∈ BMO be such that Mp(f, g; 1) = 0.
Let 0 < α < 1/64 and N = N(α) ∈ N be such that α1/4 ≤ 2−N < 2α1/4. For each
z = rze

iθz with rz ∈ [0, 1) and θz ∈ (−π, π], define Jz = {eit : t ∈ (θz − π, θz + π],
|t− θz| ≤ 2N (1− rz)}. There is an η ∈ (0, 1/2) such that

1
|Jz|

∫
Jz

|f − fJz |pdm
1
|Jz|

∫
Jz

|g − gJz |pdm ≤ α if |1− z| ≤ η and z ∈ D.

Hence for any z ∈ D with |1− z| ≤ η, one of the factors on the left must not exceed√
α.
Let w ∈ D with |1 − w| ≤ η be given. Without loss of generality, let us assume∫

Jw
|f − fJw |pdm/|Jw| ≤

√
α. Define Iw,n = {eit : t ∈ (θw − π, θw + π], |t − θw| ≤

2n(1− rw)} and Jw,n+1 = Iw,n+1\Iw,n, n ≥ N . Because |a+ b|p ≤ 2p−1(|a|p + |b|p),
we have

2−p
∫
T

|f − f(w)|pPwdm ≤
1
2

∫
T

|f − fJw |pPwdm+
1
2
|fJw − f(w)|p

≤
∫
T

|f − fJw |pPwdm

=
∫
Jw

|f − fJw |pPwdm+
∞∑

n=N+1

∫
Jw,n

|f − fJw |pPwdm = t+
∞∑

n=N+1

tn.

(2.8)

Now ‖Pw‖∞ = (1−r2
w)/(1−rw)2 ≤ 2/(1−rw) = 2N+1/2N(1−rw) = 2N+1/π|Jw| ≤

2α−1/4/π|Jw| by the definition of N . Therefore

t ≤ 2α−1/4

π|Jw|

∫
Jw

|f − fJw |pdm ≤ α−1/4√α = α1/4.(2.9)
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Let s = inf0<|v|≤π v
−2(1− cos v). Then Pw(eit) ≤ (1 − r2

w)/s(t− θw)2 since 1/2 ≤
rw < 1. Thus, if |t− θw| > 2n−1(1− rw), then Pw(eit) ≤ 4(1− r2

w)/22ns(1− rw)2 ≤
23−n{2ns(1− rw)}−1. Since |Iw,n| ≤ 2n(1− rw)/π, we have

tn ≤
23−n

2n(1 − rw)s

∫
Jw,n

|f − fJw |pdm

≤ 22−n+p

sπ|Iw,n|

∫
Iw,n

{|f − fIw,n |p + |fIw,n − fJw |p}dm.

There is an absolute constant C > 0 such that |fJw−fIw,n | ≤ (n−N)C‖f‖BMO for
all n ≥ N + 1 [3, Lemma VI.1.1]. Hence tn ≤ (22−n+p/sπ){App + (Cn)p}‖f‖pBMO,
where Ap depends only on p [3, page 233]. Combining this with (2.8), (2.9) and
(2.3), we obtain∫

T

|f − f(w)|pPwdm
∫
T

|g − g(w)|pPwdm ≤ B(p){α1/4 +
∞∑

n=N+1

2−nnpUp}Up

if |1 − w| ≤ η and w ∈ D, where B(p) depends only on p and U = max{‖f‖BMO,
‖g‖BMO}. Since 2−N ≤ 2α1/4, this shows that Pp(f, g; 1) = 0. Hence (b) implies
(d).

Next we prove that (a) implies (b). Assuming the contrary, we would have a
p ∈ (1,∞) and a sequence {In} of arcs such that limn→∞sup{|σ− τ | : σ ∈ In} = 0
and such that

lim
n→∞

1
|In|

∫
In

|f − fIn |pdm
1
|In|

∫
In

|g − gIn |pdm = (Mp(f, g; τ))p > 0.(2.10)

Now
∫
I
|h− hI |pdm/|I| ≤ (Ap‖h‖BMO)p, where Ap > 0 depends only on p [3, page

233]. And the condition M1(f, g; τ) = 0 implies

lim
n→∞

min{ 1
|In|

∫
In

|f − fIn |dm,
1
|In|

∫
In

|g − gIn |dm} = 0.

Thus (2.10) contradicts Lemma 10. This proves that (a) implies (b).
It is trivial that (d) implies (c). Lemma 9 tells us that (c) implies (a). This

completes the proof.

Proof of Theorem 2. (a): Suppose that H∗gHf ∈ Kτ . Then Proposition 8 tells us
that P2(Qf,Qg; τ) = 0. Thus P1(Qf,Qg; τ) = 0 by Hölder’s inequality. It then
follows from Lemma 9 that M1(Qf,Qg; τ) = 0. Now assume that M1(Qf,Qg; τ) =
0. By Theorem 6, we have Pp(Qf,Qg; τ) = 0 for every p > 2. Hence H∗gHf =
H∗QgHQf ∈ Kτ by Theorem 5.

(b): If LMO(f, g)(τ) = 0, then Theorem 6 yields Pp(f, g; τ) = 0 for every p > 2,
which imples H∗gHf ∈ Kτ (Theorem 5). On the other hand, if H∗gHf ∈ Kτ ,
then P2(Qf,Qg; τ) = 0 by Proposition 8. For a real-valued h ∈ L2, we have
h − h(z) = 2Re{Qh − (Qh)(z)}. Since f , g are now assumed to be real valued,
P2(Qf,Qg; τ) = 0 implies P2(f, g; τ) = 0. Thus P1(f, g; τ) = 0 by Hölder’s inequal-
ity and M1(f, g; τ) = 0 by Lemma 9.
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3. Exponents and joint oscillation

We will now prove Proposition 4. We start by picking an R > 16. For each
integer n ≥ 100, let In denote the interval (2−n − 2−nR−2, 2−n) in R. Define

f(eit) = R

∞∑
n=100

χIn(t) and g(eit) = χ(−π/2,0)(t),

where −π ≤ t < π. Consider the arc J = {eit : a < t < b}, where |a| ≤ 2−200 and
|b| ≤ 2−200. Now f and g are designed so that

∫
J |f − fJ |dm

∫
J |g − gJ |dm = 0 if

either a ≥ 0 or b ≤ 0. Assume that a < 0 and b > 0. Then there is a k > 100 such
that

2−k−1 − 2−k−1R−2 ≤ b < 2−k − 2−kR−2.

We have fJ ≤ R
∑∞

n=k+1 R
−22−n/(b−a) ≤ R−12k+2

∑∞
n=k+1 2−n ≤ 4R−1 because

b > 2−k−2 and a < 0. Thus |J |−1
∫
J
|f − fJ |dm ≤ 2fJ ≤ 8R−1. Thus, because∫

J |g − gJ |dm/|J | ≤ 1, when |a| ≤ 2−200, |b| ≤ 2−200 and a < b, we always have

1
|J |

∫
J

|f − fJ |dm
1
|J |

∫
J

|g − gJ |dm ≤ 8R−1

regardless of the signs of a and b. Consequently LMO(f, g)(1) ≤ 8R−1.
Let Jn = {eit : |t| < 2−n}, n ≥ 200. We next show that

1
|Jn|

∫
Jn

|f − fJn |2dm
1
|Jn|

∫
Jn

|g − gJn |2dm ≥
1
32
.(3.1)

First of all, gJn = 1/2. Therefore
∫
Jn
|g − gJn |2dm/|Jn| = 1/4. We know from

the last paragraph that fJn ≤ 4R−1 < R/2. Hence |f − fJn |2 ≥ R2/4 on the arc
Ĩn = {eit : t ∈ In}. Since |Ĩn| = (2πR22n)−1 and |Jn| = 2 · 2−n/2π, we have∫
Jn
|f − fJn |2dm/|Jn| ≥ 1/8. This verifies (3.1).

Let zn = 1− 2−n, n ≥ 200. We showed Pzn ≥ (π(1 + S)|Jn|)−1χJn in the proof
of Lemma 9, where S = sup0<|v|≤π v

−2(1− cos v). Let c = {π(1 +S)}−1. By (3.1),∫
T

|f − f(zn)|2Pzndm
∫
T

|g − g(zn)|2Pzndm

≥ c2

|Jn|2
∫
Jn

|f − f(zn)|2dm
∫
Jn

|g − g(zn)|2dm

≥ c2

16
· 1
|Jn|

∫
Jn

|f − fJn |2dm
1
|Jn|

∫
Jn

|g − gJn |2dm ≥
c2

512
.

Since zn → 1 as n → ∞, this implies P2(f, g; 1) ≥ c/16
√

2. Proposition 8 now
tells us that ‖Φ1(H∗gHf )‖ ≥ P2(Qf,Qg; 1)/2 ≥ P2(f, g; 1)/8 ≥ c/128

√
2, where the

second ≥ holds because f and g are real-valued functions. Since LMO(f, g)(1) ≤
8R−1 and R > 16 is otherwise arbitrary, this completes the proof of Proposition 4.

Remark. Given 1 ≤ p′ < p < ∞ and ε > 0, one can easily modify the above
construction to obtain a pair of f , g ∈ L∞ such that

0 < sup
I

(
1
|I|

∫
I

|f − fI |p
′
dm

1
|I|

∫
I

|g − gI |p
′
dm)1/p′ ≤ εMp(f, g; 1).



2042 JINGBO XIA

In fact one can keep the same g and simply let

f(eit) = R

∞∑
n=100

χ(2−n−2−nR−p,2−n)(t), −π ≤ t < π,

with a sufficiently large R.
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