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JOINT MEAN OSCILLATION AND LOCAL IDEALS
IN THE TOEPLITZ ALGEBRA

JINGBO XIA

(Communicated by David R. Larson)

ABSTRACT. We introduce the joint local mean oscillation LMO(f, g)(7) and
discuss to what extent this function-theoretical quantity serves as a C*-alge-
braic invariant in the full Toeplitz algebra 7 = 7 (L°°).

1. INTRODUCTION

Throughout the paper, T' denotes the unit circle and dm the Lebesgue measure
on T normalized so that m(T) = 1. We write L? for LP(T,dm) and H? for the
Hardy subspace of LP, 1 < p < co. Let P : L? — H? be the orthogonal projection.
Given f € L, the Toeplitz operator Ty and the Hankel operator Hy are defined
by the formulas Trp = Pfp and Hrp = (1 — P)f¢ respectively, ¢ € H?. We
have Tyr — T5Ty = HyHy. Let T denote the full Toeplitz algebra. That is, 7 is
the C*-algebra generated by {Ty : f € L>}. Let K be the collection of compact
operators on H2. Tt is well known that K C 7.

Recall that, if f € L™ is a real-valued function, then the well-known theorem of
Sarason [5] tells us that the operator H is compact (equivalently, T’ —TJ? = HiHy
is compact) if and only if f € VMO. Using the localization in 7, this result was
quantitatively refined and extended in [4] to cover H; which is only “partially”
compact or not compact at all.

For each 7 € T, let K; denote the ideal in 7 generated by K and {T;, : € C(T),
n(t) = 0}. Let &, : T — T /K, be the quotient homomorphism. Recall that the
usual localization in 7T is simply the fact that (.., K; = K [2]. Equivalently, for
any A € 7, we have inf{||A + K|| : K € K} = sup,¢r [|2-(A4)|. Thus |®-(A)] is
the local distance of A from K. In [4], this was determined in terms of function-
theoretical data in the case A = T> — TJ? = HjHy. For f € BMO and 7 € T', the
local mean oscillation of f at T is

LMO()() = limsup(rr [ 1f = fildm s =7/ <6 for all A€ 1)
I

Here and in what follows, I always denotes an arc in T with |I| = m(I) > 0, and
fr = J; fdm/|I|. The following is the refinement of Sarason’s theorem mentioned
earlier.
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Theorem 1 ([4, Theorems 5.4 and 5.5)). (i) There exist absolute constants C >
¢ > 0 such that cLMO(f)(7) < ||<I>T(I1TJH1T]«)H1/2 < CLOM(f)(7) for all real-valued
feL>®andallTeT.

(ii) Consequently, for real-valued f € L>, HiHy € K+ if and only if LMO(f)(7)
=0.

This makes LMO(f)(7) a useful invariant in the study of certain automorphisms
of T []. Obviously one would like to generalize the above to the case where there
are two symbol functions involved, i.e., to operators Hj Hy. By the works of Axler,
Chang, Sarason [I] and Volberg [7], H;H; € K if and only if H>[f] N H*>[g] C
H> +C(T). (Also see [§], [10], [II].) But it is still important to have a description
of the local distance || (H;Hy)|| in terms of local oscillation. The purpose of this
note is to report that, somewhat to our surprise, the case of two symbols turns out
to be different. That is, while the analogue of Theorem 1(ii) still holds true, that
of Theorem 1(i) does not.

Given f, g € BMO and 7 € T, define

1 1
LMO(f, =1 — — frldm— —grldm :
() = timsupl [ 17 = rlime [lo = grlam
[A—7| <6 for all A eI},

which we call the joint local mean oscillation of f and g at 7.

Recall that if f € BMO, then there are u,v € L* such that f = v + Pv. This
implies that HyHy € T if f,g € BMO. Throughout the paper, we let Q@ =1 — P.
Theorem 2. (a) Let 7 € T and f, g € BMO. Then H;Hy € K; if and only if

LMO(QF,Qg)(r) = 0.
(b) For 7 € T and real-valued f, g € BMO, H;Hy € K, if and only if

LMO(f,g)(7) = 0.
Because K = .. K7, an immediate by-product of this theorem is
Corollary 3. (a) For any f, g € BMO, H;Hy € K if and only if

1 1
lim —_— — dm— i dm _ 0'
tim - 105 = @lamer; [ 100 Qo)
(b) For any real-valued f, g € BMO, H;Hy € K if and only if

1 1
lim—/ — dm—/ — grldm = 0.
|I|l0|[| I|f f]| |I| I|g gI|

Compare this with the existing results on the compactness of Hj Hy.

Proposition 4. LMO(f, g)(t) fails to dominate ||®,(H;Hy)||. More specifically,
given any € > 0, there are real-valued f, g € L™ such that 0 < LMO(f,g)(1) <
el|@1(HgHy)|-

Even though LMO(f, g)(7) does not in general dominate ||®,(H;Hy)l|, there is
an upper bound for this local distance in terms of a joint oscillation involving the
Poisson kernel. Denote P, (1) = (1 — |2|?)/|T — 2|?, |z] < 1l and 7 € T For f € L',
we let f(z) = [, fP.dm. For 1 <p < oo, f, g€ BMO and 7 € T, define

P.gim) = limsup{( | |f = FP Pedim [ 19 = alz)Podm) 7

|Z| < 1) |Z_T| §5}7
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My(1.g:7) =il [ 1 = sy [ la = gupimy
[A=7] <6 for all A e I}.

Thus LMO(f, )(7) = My (f, g; 7).

Theorem 5. For each 2 < p < oo, there is a constant C(p) > 0 such that
|®. (HyHy)|| < C(p)Py(f,g;7) for all f,g € BMO and 7 € T

The construction in Section 3 shows that, given 1 < p’ < p < oo and 7 € T, the
set {M,(f,g;7)/ My (f,g;7) : f, g € L™, My(f,g;7) > 0} becomes unbounded as
a result of the collaboration between dissimilar f and g, which is in sharp contrast
with [4, Theorem 5.5]. The reason for this is that the John-Nirenberg theorem
cannot be applied to the joint oscillation of two BMO functions. In other words,
the quantities M, (f, g;7) and My (f, g;T) are generally not comparable. Therefore
it is not a trivial fact that they vanish simultaneously.

Theorem 6. Given f,g € BMO and T € T, the following are equivalent:
(a) Mi(f,g;7) =0.
(b) Mp(f,g:7) =0 for every p € [1,00).
(c) Pr(f,g;7) =0.
(d) Py(f,g;7) =0 for every p € [1,00).

The rest of the paper consists of the proofs of these results; Theorems 2, 5 and 6
will be proved in Section 2 and the proof of Proposition 4 will be given in Section
3.

2. LOCAL ESTIMATES

The proof of Theorem 5 relies on a number of ideas and results from [4], [9], [10],
which we will now recall. Denote the unit disc {z € C : |z| < 1} by D. For each
TeT,letl'r ={ze€D:|r—z <2(1—lz2|), 3/4 < |z| < 1}. In what follows F' and
G will always be L2-valued functions on D which are continuous with respect to
the norm topology. To avoid confusion with complex-valued functions, the values
of F' and G at z € D will be denoted by F, and G, respectively. In other words,
for any z € D, F, and G, are themselves functions on T'. Recall from [9] that, for
any ¢, ¥ € L?, the rigged non-tangential mazimal function Mg g(p,) is defined
as

Mrpa(p, ) (1) = sup / |F.o|P, dm/ |G | Pdm, T €T.
zel',

Proof of Theorem 5. For each 0 < r < 1, let u, (1) = (1 —r)/(1 —r7). Then
up € H®, up(1) = 1, |Jurlloo = 1, and |Jur]l2 = /(1 —7)/(1 + 7). We first show
that there are C; > 0 and Cy > 0 such that for any f, g € BMO, ¢, ¥ € H? and
0<r<i,

(2.1) [(Hyurp, Hyupp)| < Crl|[Mpa(ure, urth)lly + Col| fllallgllavT = rllll2[¢]l2,

where F' and G are such that F, = f — f(z) and G, = g — g(2), z € D.
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Since the harmonic extensions of Hyu,¢ and Hgyu, vanish at z = 0, it follows
from the Littlewood-Paley formula (see, e.g., page 236 of [3]) that

[(H purp, Hgurtp)| < %/D |<V(Hfur50)(z)aV(ngrw)(z)>c2|10gid‘4(z)

|2
S t5
T Jr/8<|z|<1 T J|2z|<7/8

It was shown in the proof of [9) Proposition 2.2] that there is a C; > 0 such that

= / |V (H ur0) (), V (Hyuy ) (2)) o2 log - dA(z)
7/8<|z|<1

T |2]
< Cil|Mp G (urg, urt)) |-

To estimate + f‘z‘<7/8, note that sup|.|<7/s sup,cp |0, P, ()| = 64 since 9, P, (1) =

(1—- ZT)_QT.7r Since 8, (Huqp)(2) = 0 and 0,(Hpu,¢)(2) = 0.(furp)(z), when
2] <7/8,

IV (H ur0) ()] = V216, / furpPedm| < 64v2 fur 2@
T

< 64v2|f[|la(1 = )" *]|¢o]lo-

And a similar estimate holds for |V(Hyu,1)(z)|. To complete the proof of (2.1), it
now suffices to remark that log|z| 'dA(z) is a finite measure on {z : 2| < 7/8}.

We next show that, for each p > 2, there is a C3(p) > 0 such that the following
holds true: For any € > 0, there is a p = p(e, p, f, g) € (0, 1) such that

(2.2) 1Mr.c(urp, ur)|1 < C3({ B (£, 95 1) + etllellal[¢ll2,

if p<r <1and ¢, € H%. For each t € [1,00), there is a B; > 0 such that

(2.3) sug(/ \h — h(2)|'P.dm)"t < By||h||lgmo, h € BMO.
ze T

See, e.g., [3, Chapter VI]. Let 0 < a < 1 be such that a+(20)"/? B3 || f|lsmollg Bmo
< e. It follows from the definition of P,(f, g;1) that thereis a 6 = §(p, f,g) € (0,1)
such that

(/T |Fz|pPzdm/T |G.[PP.dm)'/? < a+ P,(f,g;1) if 1 —2| <§ and z € D.

Let J be the open arc in T' whose center is 1 with |J| = «d?/8. It is easy to
see that there is a p = p(d,a) € (0,1) such that sup,epy ;s [u-(7)| < aif p <
r <1 Thusifp<r <1, [1—-2 >6andz € D, then ([|F,u,[PP.dm)'/? <
(f || Podm)'/?P By flBvo and

/ |ty | Pydm = / || P.dm —|—/ |u,|P.dm < a+ |J|sup |T — 2|2
T T\J J reJ

<a+ (ad?/8)(|1 - z| — n|J]) 2 < 20
Hence, if we write W (z,7) = ([, |[Fou,|PP.dm [ |G.u,|PP.dm)"/?, then

W (z,r) < max{a+ Py(f, 1), (20)"/?B3, | fllzmollgllzmo} < Pp(f,gi1) + €
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for every z€ D if p<r < 1. Let ¢ =p/(p—1). Now, if p <r < 1, then

Mp.6(urp, ur)(r) < sup Wz, ) / |pl7P.dm / ]2 P, dm) /1
zel' - T T

< AP(f,.951) + €} (Mue (Il ) (7) Mue (|9 ) ()9,

where M, denotes the non-tangential maximal operator. Since 1 < ¢ < 2 and
ol € L9, [ {Mu(||)}* %dm < Cs(p) [{]#|7}*/9dm = Cs(p)|||3 by the well-
known properties of My, where Cs(p) > 0 depends only on p (see [3, page 24]).
This proves (2.2).

By the obvious circular symmetry, it suffices to prove the theorem for the point
7=1inT. By (2.1) and (2.2), there is a C(p) > 0 which depends only on p > 2 such
that the following holds true: For any n > 0, there is an ro = ro(p, f,9,7) € (0,1)
such that

[(H purp, Hyurth)] < C(0){Pp(f,9:1) + n}llell2ll¥ll2 if ro <7 <1 and ¢,9 € H?.

That is, ||Ta, HyH Ty, || < C(p)(Pp(f,9;1) +n) if 1o < r < 1. Since u, € C(T
and u,(1) = 1, we have ®y(Ty, HyHfT,,) = ®1(H;Hy). Thus ||[®1(H;Hy)|
C(p)(Py(f,g;1) +n). Because n > 0 is arbitrary, this concludes the proof.

~

O IA

For each z € D, define the inner function &,(7) = (z — 7)/(1 — z7).
Lemma 7. Foranyto € T and A € Kr,, we have lim,_, ;1< ||A—T£*ZAT52 || =0.
Proof. Lemma 2 of [10] tells us that

(2.4) lim [|K 77 KTe. || =0 it K € K.
z|T1

By the structure of IC;,, therefore, it suffices to prove the lemma in the case where
A=TT,.T,., g1, ..., gn € L, and n € C(T) with n = 0 in a neighborhood
of 79. We can write n = 7;...17,,, where every 7; is continuous on 7" and vanishes
in a neighborhood of 7. (For example, let ny = ... = 1, = |[n|*/™ and 7, (1) =
In(T)|A=/7n(7) when n(r) # 0 and 7;(7) = 0 when () = 0.) Thus, if we set
B="T,4-Th.g., then A— B € K. By (2.4), the proof of the lemma is reduced to
that of

(2.5) lim || B~ T¢ BTe.|| = 0.
|z|<1

We use induction on n. Since Tg TyTe, = Tye, )2 = T}, (2.5) certainly holds when
n=1. Write B =1T,,,, B’. We have

(2.6)

B - ngBsz - {ngl B~ Tg*szngsznglTiz} - Tg*szgl (1 - TEZTg*z)BITEZ-
By the induction hypothesis, the norm of the term {...} above tends to 0 as z — 7
in D.

Now 1 —T¢ T¢ = k. ® k., where k(1) = (1 — |2|2)Y/2 /(1 — zr) [10, page 480).
Thus

(2.7) |TE. Topgr (1 = Te. TE ) B'Te. || < || B'Te || TE Ty g ez l2-
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Suppose that ¢ > 0 is such that n(7) =01if |7t — 7| < 6. Forz€e Dand 7€ T
such that |z — 79| < /2 and |7 — 19| > J, we have

_ 2 _ 2
ke (7)] = V1- L < ViZlPF 2 ATE

TN —-Fr+(Fo—2)7 " |ro—T|—|T0o—2] ¢

Therefore ||n1g1k.|]2 — 0 as z — 79 in D. Thus (2.5) follows from (2.6) and
(2.7). O

Proposition 8. 2||®,(H Hy)|| > P2(Qf,Qg;7) for all f, g€ BMO and T €T

Proof. We know that ||HyHy — T HyHyTe || = ([Hgk.|]2[|Hk: |2 [10, page 480].
It is well known that Hek, = (1 — P)fk, = (Qf — (Qf)(2))k.. Let A € K,. Since
|kZ|2 =P,

2HgHy + All > |[(HgHy + A) = T¢ (HgHy + AT, ||

> ([ 16 - @DEPP.dn [ 09~ Qo)) Pdm)?
T T
— A= T AT ||
By Lemma 7, as z — 7 in D, the limit superior of the above is Po(Qf,Qg;7). O

Lemma 9. There is a C > 0 such that LMO(f,g)(7) < CPi(f,g;7), f,9 € BMO,
Tel.

Proof. Given 7 € T, f, g € BMO and € > 0, there is a § > 0 such that

Pl(f,g;T)—l—eZ/|f—f(z)|Pzdm/ lg — g(2)|P.dm if z € D and |z — 7] < 4.
T T

For each arc I = {e : c—a <t < c+a} with 0 < a < 1/4, define z; = (1 — a)e™.
Then

1-(1-a)? S 2—a @ S a™t
1-2(1—a)cos(c—t) +(1—a)?2 ~ 21 —a) S(c—t)?4+a%2 " 1485
if [t—c| < o, where S = supg < v=2(1—cosv). Thatis, P,, > (7(1+S)|I])~ xs
Note that [} |f — frldm/|I| <2 [, |f — f(z1)|dm/|I|. Clearly, there is a o > 0 such

that if I has the property that |\ — 7| < o for every A € I, then |z; — 7| <. Thus,
for such an I, since |z; — 7| < 4, we have

PU(f,gi7) + €2 {n(1+ 8)} |I|/|f fCen) |dm|1|/|g oe1)ldm

P, (eit) =

> {27(1+ 9)} /f frldm /Ig grldm.
et iy
Since € > 0 is arbitrary, this implies {27(1 + S)}2Pi(f,g;7) > LMO(f,g)(r). O
Lemma 10. Let f € BMO. If {I,,} is a sequence of arcs in T such that

1
lim —/ -1
n— oo |In| I,

then, for every p € [1,00), we have

lim / -1

dm =0,

Pdm = 0.
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Proof. The John-Nirenberg theorem [3] page 230] tells us that

Hr e L:[f(r) = fil > M/ < Aexp(=BA/| flBmo)

if |[I] > 0 and A > 0, where A > 0 and B > 0 are absolute constants. Let K € N be
given. Writing I, = E, g U (Usz Fop) with B, g ={r €L, : |f(r)— fi| < K}
and Fp={r€l,: k<|f(r)— f1| < k+ 1}, we have

1
m/jn If — f1.

Kp-1 /
< — |f = fr.
|I”| E, Kk

The assumption lim, . [, [f — fr,|dm/|I,| = 0 now yields

=1
pdm—FZm/F‘ |f—f1n|pdm
=K n .

ok

1
Pdm = - / s
TAN /PR

oo

dm+ A (k+ 1) exp(—Bk/|| f||Bmo)-
k=K

n—00

) 1 =
imsup 7 / 1 = frlPdm < A'Y (k+ 1) exp(—BE/||fllsao)-
s k=K

Since K € N is arbitrary, this completes the proof. O

Proof of Theorem 6. We first prove that (b) implies (d). By the circular symmetry,
it suffices to consider the case 7 = 1. Let f,g € BMO be such that M,(f,g;1) = 0.
Let 0 < a < 1/64 and N = N(a) € N be such that a'/* <27V < 2a'/%. For each
z =r,e% with r, € [0,1) and 0, € (—n, 7|, define J, = {e : t € (0, — 7,0, + 7],
[t —0,] <2N(1—r,)}. There is an 5 € (0,1/2) such that

1 1
m/J |f—sz|pdmm/J lg—gs.|Pdm < a if |1 —z| <nand z € D.
z . - :

Hence for any z € D with |1 —z| <1, one of the factors on the left must not exceed

Ja.

Let w € D with |1 —w| < 7 be given. Without loss of generality, let us assume
Sy |f = fr,lPdm/|Jy| < V/a. Define Iy, = {e™ : t € (0 — 7,00 + 7, [t — O] <
2"(1—ry)} and Jy nt1 = L nt1\lwn, n > N. Because |a+b[P < 2P~1(|alP + |b|P),
we have

27 [\ = p) Pudm < 5 [ 17 = 1P Pudm + 3172~ f)P

_ p
é/Tlf f|P Pudm
(2.8)

S [ A= apRdn =t 3

— [ 17 o Pudm +
Jw n=N+1 w,n n=N+1

Now | Palloe = (1=12) /(1= 1)? < 2/(1=1y) = 2841 /2N (1=1) = 2841 |, | <

2a~Y/* /| J,| by the definition of N. Therefore

—1/4
(2.9) p< 2

< — pdmga*/‘*\/&:al/“.
7T|Jw| Jw

If = f1.
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Let s = info<|p|<r v 2(1 — cosv). Then P, (e) < (1 —12)/s(t — 0,,)? since 1/2 <
7w < 1. Thus, if [t — 0,] > 2" 1(1 —7r,,), then P, (e¥) < 4(1—7r2)/22"s(1 —1,)? <
237142 5(1 — 1)} 1. Since |1y | < 27(1 — 1y) /7, we have

23771

R . — fy|Pd
2n(l_ms/‘]ﬁf fr. Pdm

22 n+p
/ 0F = fru P+ Vo — fr[Pydm,

w n

- s7r|Iwn|

There is an absolute constant C' > 0 such that |f;, — f1,, .| < (n—N)C| f|lBmo for
all n > N + 1 [3, Lemma VIL1.1]. Hence ¢, < (22~ "*p/sw){Ag + (Cn)PH fI%mos
where A, depends only on p [3, page 233]. Combining this with (2.8), (2.9) and
(2.3), we obtain

15 5@l Padm [ 19~ gt Pudm < Byt + S 2wy

n=N+1

if |1 —w| <nand w € D, where B(p) depends only on p and U = max{| f|/zmo,
lgllBmol. Since 27N < 2a!/4, this shows that P,(f,g;1) = 0. Hence (b) implies

(d).
Next we prove that (a) implies (b). Assuming the contrary, we would have a
p € (1,00) and a sequence {I,,} of arcs such that lim,,_,ccsup{lc — 7| : 0 € I,} =0

and such that
lg — g1,
i,

Now [;|h — hr[Pdm/|I| < (Ap||h|lBMo)?, where A, > 0 depends only on p [3, page
233]. And the condition M;(f,g;7) = 0 implies

L
7|In| I g 91,

Thus (2.10) contradicts Lemma 10. This proves that (a) implies (b).
It is trivial that (d) implies (c). Lemma 9 tells us that (c) implies (a). This
completes the proof. O

(210)  lim ﬁ/} |f = fr.|Pd Pdm = (Mp(f, g;7))" > 0.

n—oo

1
lim min{—/ |f — fr,|dm dm} = 0.
n— oo |In| I, "

Proof of Theorem 2. (a): Suppose that HyHy € K;. Then Proposition 8 tells us
that P(Qf,Qg;7) = 0. Thus P (Qf,Qg;7) = 0 by Holder’s inequality. It then
follows from Lemma 9 that M1(Qf,Qg;7) = 0. Now assume that M1(Qf, Qg;7) =
0. By Theorem 6, we have P,(Qf,Qg;7) = 0 for every p > 2. Hence H;H; =
H4,Hoy € K7 by Theorem 5.

(b): If LMO(f, g)(7) = 0, then Theorem 6 yields P,(f, g;7) = 0 for every p > 2,
which imples H;H; € K; (Theorem 5). On the other hand, if HyH; € K,
then P2(Qf,Qg;7) = 0 by Proposition 8. For a real-valued h € L2 we have
h — h(z) = 2Re{Qh — (Qh)(z)}. Since f, g are now assumed to be real valued,
Py (Qf,Qg;7) = 0implies Po(f, g;7) = 0. Thus P;(f, g;7) = 0 by Holder’s inequal-
ity and M;(f,g;7) = 0 by Lemma 9. O
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3. EXPONENTS AND JOINT OSCILLATION

We will now prove Proposition 4. We start by picking an R > 16. For each
integer n > 100, let I,, denote the interval (27" — 27"R~2,27") in R. Define

ey =R Y x1,(t) and g(e") = X(_r/2,0)(1),
n=100
where —1 < t < 7. Consider the arc J = {e : a < t < b}, where |a| < 272 and
b| <2729 Now f and g are designed so that [, |f — fs|dm [, |g — gsldm = 0 if
either @ > 0 or b < 0. Assume that a < 0 and b > 0. Then there is a £ > 100 such
that

27kl _9-k-lRp=2 <p<o27k _o7Fp2

We have f; < RY >, .  R7227"/(b—a) < RT12KF2570° 1 27" < 4R~ because
b>2""2and a <0. Thus |J|7! [, |f — fsldm < 2f; < 8R™'. Thus, because
[;1g—gsldm/|J| <1, when |a] < 27200 [p] <2729 and a < b, we always have

1 1 _
m[]|f—fJ|dmm/J|g—gJ|dmss3 1

regardless of the signs of a and b. Consequently LMO(f, g)(1) < 8R™L.
Let J, = {e® : [t| < 27"}, n > 200. We next show that

1
(3.1) € / = frPdm— / 9 — g7,
|Jn| Jn |J| In

First of all, gy, = 1/2. Therefore fJ lg — g7, 12dm/|J,| = 1/4. We know from
the last paragraph that f; < 4R~! < R/2. Hence 2 > R?/4 on the arc
= {e' : t € I,}. Since |I,| = (2rR?2")~" and |J | — 9. 27" /27, we have

fJﬂ |f — fs.[2dm/|J,| > 1/8. This verifies (3.1).
Let z, =1—27" n > 200. We showed P,, > (7(1+ S)|J,,|) " xy, in the proof
of Lemma 9, where S = supg|,j<. v~ >(1 = cosv). Let ¢ = {m(145)}~". By (3.1),

2dm > i
32

/T|f—f(zn)|2PZ,Ldm/T|g—g(zn)|2Pz”dm
2
|f : / £ = S / 9~ gCe0) P
2

> & 24 24 <

Since z, — 1 as n — oo, this implies P (f,g; 1) > ¢/16y/2. Proposition 8 now
tells us that || @1 (H; Hy)l| > P2(Qf,Qg;1)/2 > Pa(f,9;1)/8 > ¢/128+/2, where the
second > holds because f and g are real-valued functions. Since LMO(f, g)(1) <
8R! and R > 16 is otherwise arbitrary, this completes the proof of Proposition 4.

Remark. Given 1 < p’ < p < oo and € > 0, one can easily modify the above
construction to obtain a pair of f, g € L* such that

]. / ]_ / /
0<sup(—/|f—f1|” dm—/lg—gzlp dm)'?" < eM,(f, g;1).
r ] Jr 1l Jr
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In fact one can keep the same g and simply let

(o)
f(elt) =R Z X(277L7277LR7;)727H)(t), —m<t< T,
n=100

with a sufficiently large R.
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