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OBLIQUE MULTIWAVELETS IN HILBERT SPACES
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(Communicated by David R. Larson)

ABSTRACT. In this paper, we elucidate the relationship between two consecu-
tive levels of a multiresolution in the general setting of a Hilbert space. We first
prove a result on an extendability problem and then derive, as a consequence,
characterizations of oblique multiwavelets in a Hilbert space.

1. INTRODUCTION

This is a sequel to our earlier papers [4, [7, B, 10, 8]. Here, we again consider
wavelet-type problems in a general Hilbert space setting, rather than in the usual
concrete case of L2(R%), the Hilbert space of square integrable complex-valued
functions on R,

It is well known that one of the major issues in the study of a multiresolution
{V} of L?*(R%) (see e.g. [3] 6]) is the relationship between any two consecutive
multiresolution spaces V;, and V,,41 (between only V and V4 in the stationary case).
This paper elucidates this relationship in the setting of a Hilbert space.

In [1], wavelet-type objects called obliqgue multiwavelets in L?(R) are introduced.
These are generalizations of biorthogonal multiwavelets and it is noted in [I] that
they have more flexible properties. Characterizations of oblique multiwavelets in
L?(R) are obtained in [1] and [2], using the machinery of the Fourier transform
on L?(R). This paper extends these characterizations to the general setting of
oblique multiwavelets in a Hilbert space H, where the Fourier transform is no
longer available and the roles of the translation operator and the dilation operator
on L?(R) are replaced by certain unitary operators on H. Indeed, we first prove
a result on a related extendability problem and then obtain, as a consequence, the
above results on oblique multiwavelets in a Hilbert space.

Throughout this paper, H denotes a complex Hilbert space. A sequence {v,} in
H is a Riesz basis for its closed linear span span{v,,} if there exist positive constants
A and B such that

(1.1) A anl> < 1D anval? < BY lanl?, V{an} € 2.

Two sequences {v,} and {0,} in H are biorthogonal if

(1.2) (Uny Om) = O Yn,m,

where (x,y) denotes the inner product of two vectors z and y in H. (See [I1].)
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Let U = (Uy,...,Uy) be an ordered d-tuple of distinct unitary operators on a
Hilbert space H such that UpU; = U;Uyg, k,j = 1,... ,d. We shall use the multi-
index notation U™ = U™ ---UJ* for m = (ma, ...,mq) € Z%, with the convention
that UjQ is the identity operator on H, j = 1,...,d. We also assume that U™ is the
identity operator only if m = 0.

For a subset S of H, let (S) denote the closed linear span of S, and

Uzd(S) ={U"s:necZscS}.

IfV ={v1,...,v.} and W = {wy, ..., wp} are finite subsets of H such that

(1.3) {(r, UMwj)}, cga € (29, k=1,....r, j=1,...,p,

then the function ®y s defined almost everywhere on R¢ by

P— n wm-u
(1.4) Dy (u) == (Z (v, Umwj)e )1§k§r,1§j§p
nezd

is in L2(T%)"?, the space of all r x p matrices with entries in L2(T%) (often
identified with L2(T%, C"*P), where C"*? is the space of all 7 x p complex matrices
equipped with the operator norm, or depending on the context, with the Frobenius
norm). For simplicity, we write L?(T%)" for L? (Td)lxl).

If V and W are closed linear subspaces of H such that V N W = {0} and the
vector sum Vi = V + W is closed, then we write Vi =V @& W and call this a direct

sum. In this case, we define the maps Py, /w and Py, v from Vi to Vi by
(1.5) Pyywv+w)=v, Pyyv+w)=w, veViweW,

and call Py, the (oblique) projection of Vi on V along W and Py, v the
(oblique) projection of V3 on W along V. For the special case when W = V; N V4,
the orthogonal complement of V' in V;, we write V), =V @+ W for the orthogonal
direct sum.

We now give a summary of the contents of this paper. In section 2, we obtain
necessary and sufficient conditions for the existence of solutions to an extendability
problem in a Hilbert space that is related to multiresolution. Section 3 summa-
rizes some useful results on the connection between L?(T?) and dilation matri-
ces. The final section elucidates the relationship between two consecutive levels
of a multiresolution-type structure and derives characterizations of oblique multi-
wavelets in a Hilbert space.

2. AN EXTENDABILITY PROBLEM

Throughout this section, let Y = {y1,...,ys} and Yy = {#1,..,Js} be finite
subsets of H such that UZ’ (Y) and Uz (Y) are biorthogonal Riesz bases for
= (Uzd(Y)> = (Uzd(Y)>. Moreover, let X = {x1,...,2,} be a finite subset
of H, where r < s, let Uzd(X) be a Riesz basis for its closed linear span V, and let
(2.1) Vo C V1.

In this case, we have the biorthogonal expansions

22)  f=3 SR U Uy =S S LU U, fe

j=1neczd j=1nczd
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(2.3) (I)Y,f/ = (I)T/,Y = IS a.e.,

where I is the s x s identity matrix, and the entries of the matrix functions ®vy
and @,  are L2-functions for any finite subset V of H.

Theorem 2.1. LetT' = {z1,...,z5_r} be a subset of V1 \ Vo and let S = X UT'. The
following conditions are equivalent:
(i) Uzd(S) is a Riesz basis for Vi.
i) U% (T) is a Riesz basis for Wy := (Uzd(F)) and Vo @ Wy = V4.
(iii)  There exist positive constants C1 and Cy such that
Cr <Oy 5(u)Pgp(u) <0y ae.

(iv)  The matrices ® 4 (u) are invertible for almost all u, and the functions u —
[®g 5 (uw)| and v — ||<I>S’}~,(u)*1|\ are essentially bounded.
(v)  The operator Ry : L*(T4)" & L*(T%)*~" — L?(T?)* defined by

(2.4) Ro(A,B)(u) = (A(u) B(u))( Zx&(@)

IN% u)
= Aw) Py y(u) + Bu) P 5 (u)

18 bounded and invertible.

Proof. (1)==(iii) follows from [10, Proposition 3.4].

(iii)=(ii): Again by [10} Proposition 3.4], Uz (S) is a Riesz basis for <Uzd (9)),
which is a subset of V4. In particular, the set S is linearly independent, U Zd(l“) is
a Riesz basis for Wy := <Uzd (")) and

Vo & Wo = (UZ'(S)) ¢ Vy = (UZ' (V).

Since #(S) = s = #(Y), by [5, Theorem 2.4], (UZ"(S)) = V.

By [10, Theorem 2.1], we have (ii)==-(i). Finally, (iii)<=(iv) follows from
standard arguments in operator theory, and (iv)<=(v) follows from [J] pp. 351-
352]. O

It is shown in [5, Theorem 2.5] ([, Corollary 3.4] for the case d = 1) that there
exist 21, ..., zs—, in Vi N V5" such that condition (ii) in Theorem 2] holds. In the
more general setting of a pair of biorthogonal multiresolutions, [I0, Theorem 3.6]
shows that again there exist 21, ..., 25—, satisfying Theorem 211 (ii) and some other
conditions.

Proposition 2.2. Suppose that the conditions in Theorem [Z1] hold. Let S be a
subset of Vi such, that U%" (S) is a Riesz basis for Vi biorthogonal to Uz (S). Write
S = X'UT’ such that #(X ) =r, #(I") =s—r, Uzd(X’) biorthogonal to Uzd(X),
UZ"(I") biorthogonal to U%"(T"), U ( )LUZd( T) and Uzd(F’)LUZd(X). Then
Ry AT — L2(T9)" @ L%(T9)*™" is given by
(&

(2.5) Ry H(O)(u) = (C(u)@x v (u)*, C(u)Pr,y (u)").

Proof. By [Bl Theorem 2.4], ®¢ 5 (u)™! = ®g sy = (®x ,y(u)" Pr y(u)*). By

S)Y
Theorem 2T Ry (C)(u) = Cu)g5(u)™" = (Clu)@xry(u)* C(u)Pry(u)*).
O
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Remark 2.3. (i) Under the assumptions of Proposition L2 let V{ = (UZ*(X')) and
W§ = <Uzd (I')). Then we arrive at the biorthogonal setting

%@WOZVM V(),@W(S:V17 VOLW(;) ‘/E),J—WO

Note that V may not necessarily equal V5 and W/ may not necessarily equal Wj.
(ii) If moreover Uzd(X) 1Luz (I'), then Vy§ = Vo and W§ = Wy, and we arrive
at the semiorthogonal setting Vo &+ Wy = V7.

Theorem 2.4. Suppose that the conditions in Theorem [21 hold. Let

Aj(u) = Z aj(n)e™®, a; € (}(Z2%), j=1,..,m
nezd

Bi(u) = Z bp(n)e™ ™, by € (3(Z%), k=1,..,5—r,
nezd

Co(u) = Z ce(n)e™™, ¢y € (32, L=1,..,s,
nezd

and
A=(4 ... A), B=(B1 ... Bs—y), C=(Cy ... Cs).

The following conditions are equivalent'

(1) Z Z ce(n)UMyy = Z Z a;(n)U"x; +Z Z bi(n)U" 2.

=1 nez? j=1neZzZd k=1nezd
(ii)  (Reconstruction algorithm)
(2.6) Clu) = Ro(A,B)(u)

= AWy ¢ (u) + B(u)®r 3 (u).

(iil)  (Decomposition algorithm)

(2.7) (Aw), Bw)) = Ry'(C)(u), ie.,
Alw) = Clu)Px y(u)",
B(u) = C(U)(I)p/’y(u)*.

Proof. (1)=(ii): Suppose that (i) holds. Write (i)
Vi, x € Vo and z € Wy. Then by [10, Proposition 3.3],

Clu) = ‘I’{y}?(u) = {y}s(u)q) s(u)”
= (P (W) Ppyyr(w) g5 (u)
= (Ppay,xr(u) Py r(u) Py (u)
= (A(u) B(u)) 45 (u),

since z L UZ(X’) and = L UZ"(I"). Hence (ii) holds.
The proof of (ii)<=>(iii) is obvious. Suppose that (ii) holds. Let

x = Z Z a;(n)U"z; and z= z_: Z b (n)U" 2.

j=1nczd k=1nezd

as y = x + z such that y €

Let y = 2 + z be expressed as Y ;_; > cz4 ¢;(n)U"ye, where ¢, € (*(Z%), ( =
L...,s. C)(u) = >, cza cj(n)e™®, £ =1,...,s, then by the implication (i)==(ii)
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established above and (i), (Ci(u) ... Ci(u)) = (A(u) B(u) ¢45(u) = C(u).
Hence ¢, = ¢, £=1,...,s, and so (i) holds. O

Corollary 2.5. Suppose that the conditions in Theorem [Z1] hold. If

1= ity

£=1neZd
and
C(u) = Z c1(n)e™™ ... Z cs(n)e™™ |,
neZd nezd
then
T s—r
Pyyypwo() =Y > aj(n)U"z;  and Py (y) = > Y be(n)U"z,
J=1nezd k=1nezd
where
Z ay(n)e™ ... Z ar(n)e™ ™ | = C(u) ®x/ y(u)*
neZd neZzd
and

Z bi(n)e™™ ... Z bs—r(n)e™® | = C(u) sy (u)*.

nezd nezd

3. SOME CONNECTIONS BETWEEN L?(T%) AND DILATION MATRICES

For the rest of this paper, let M be a d X d matrix with integer entries such
that m = |det(M)| > 2. Such a matrix is often called a dilation matrix. Let
M7 be the transpose of M. Let Car = {70,71,--- ,¥m—1} (respectively Cpir =
{M0,M1,--- yMm—1}) be a full set of coset representatives of Z¢/MZ? (respectively
Z/MTZ?), where 79 = 19 = 0. Then Z? is the disjoint union of the cosets
MZ* +7;,j=0,1,... ,m — 1 (respectively MTZ? +n;,j =0,1,... ,m —1).

It is well known that the following orthogonality relations hold:

m—1

(3.1) 2= M7 — s, G 0=0,1,... ,m—1,
k=0

and
m—1 L

(3.2) 2 M=) — gy, ki 0=0,1,... ,m— 1.
=0

Let

(33) Q(u) = % (ei“/k~u ei27rnz-M_1’YkIT)m_1 , ue Rd,

m =

where I, is the r x r identity matrix. By (B) and 2)), Q(u) is a unitary mr x mr
matrix (indeed the product of two unitary matrices).
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Let ¢ be a fixed positive integer and let the map
J: L2(Td)q><r ... L2(Td)q><r _ LQ(Td)qxr

m times
be defined by

(3.4) J(Goy ., Ge1)(w) = (Go(MTu) ... Ger (MTw)) Q(u)

= GO(MTu) + G, (MTu)ei“'“ + o+ G (M y)efrm—re

= z_:l Z Mn+'YJ) ,
j=0 nezd

where Gj( Z i(n)e™™, g; € (297", j=0,1,...,m—1, and
€zd
I
einug
(3.5) Qu) = , , ucR%
ei’ym_.yulr

Theorem 3.1. The map J is a unitary operator, and its inverse

J* . LQ(Td)qX’I" SN LQ(Td)qXT EB o @ LQ(Td)qXT

m times
is given by J*(G)(u) = (Fo(u) vy Fr—1(uw)), where
(3.6) G(u) = Z g(n)e™ ™, Fj(u) Z g(Mn +~;)e™™, j=0,1,...m—1.

neZd €z

Proof. Since

1(Go, ..., Gn-1)|* = Z > lgi))? = Z IG;11%,

j=0 neZd

the map J is isometric. For any G in L?(T%)7*",

m—1

G(u) — Z m~u Z Z Mn—l—’y z(Mn+'y‘7')~u
neZzd

Jj=

%%

1
= Fj(MTu)e,

<.
I
o

where Fj;, j =0,1,...,m — 1, are given by B6). By B4), G = J(Fv,... , Fn-1).
Therefore J is surjective, and the inverse of J has the desired form. |

For any G in L?(T9)7*"  define a function Gpeq in L*(T?)7*™" by

1 _ _
(3.7) Goa(u) = —= (G(u) Glu+2r(M") " 'n1) ... Glu+2r(MT) " 'np_r)) .
NGD

Remark 3.2. Q(u) = Qmoa(u), where Q(u) is given by (B3).

We summarize below some properties of (G,,0,4 which will be needed in the next
section. We omit their proofs.
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Proposition 3.3. For any G in L?(T%)2*",

(1) Gmoa(u) = (J*G)(MTu) Q(u),
(i) JHG)(w) = Gmoa((MT) 1) Q((MT) ™ ),

m—1

1 .
(iii) p” Z Glu+2n(MT)™1n;) = Z g(Mn)e™M™v where
j=0 nezd

G(u) = Z g(n)e™.

neZd

Consider next the special case ¢ = mr.

Proposition 3.4. Let G € L*(TY)™*". Suppose that the mr x mr matrices
Gmod(u) are invertible for almost all u in R? and G}, is in L2(T4)™>™" . Let

(3.8) G(u) = Vm (Groa(u) )" | . , ueR%
Or mrXr

Then G is in L2(TH™™>" and Goa(u)™t = émod(u)*.

4. CHARACTERIZATIONS OF OBLIQUE MULTIWAVELETS

We shall follow the same notations as in sections 1 and 3. As before, let U =
(U1, ...,Uq) be an ordered d-tuple of distinct commuting unitary operators on a
Hilbert space H. Let D be another unitary operator on H such that

(4.1) U"D =DUM" neZ?,

where M is a d x d matrix as in section 3. Then for every n in Z%, there exist a
unique £ in {0,1,... ,m — 1} and a unique p in Z? such that n = Mp + v,. Hence

(4.2) DU™ =UPDU™.
Let X = {x1,...,x,} be a finite subset of H such that
(4.3) {(;, Utai)}yega € C(2Y), jk=1,....r

Let L={({,5): £=0,1,... ,m—1, j =1,...,r} with lezicographical ordering in
(£7j)7

(4.4) ye; = DU z;, (L,j) €L,
and let Y = {ys,; : (¢,7) € L}. Let
(4.5) Vo = (UZ(X)) and Vi = (UZ'(V)).

For the time being, we do not assume that Vp C V.
By (@3), the function

(46) @X’X(u) = Z <xj; U’ﬂxk>eznu

neZzad
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is in L2(T%)"™" and the function

(4.7) Oyy(u) = | Y (e Ulypr)e™™

d
nez (L.)EL, (pk)EL

is in L2(T4)™™"

(4.8)

ol (u)

Dx x(u) 0, .. 0,
0, Dx x(u+2n(MT) "1y :

. Define a function (I)[)T(r,l]x in LQ(Td)mrxrmn by

: . . 0,
0, 0, Oxx(u+2r(MT) " nm,_1)
Theorem 4.1. We have the following relations between X and Y .
G) V=D
(i) @yy(MTu) = Qu) @Yk (w)Q(u)".
(iil) Uz (X) is a Riesz basis for Vy if and only if Uz (Y) is a Riesz basis for V.
Proof. (i) and (iii) follow easily from ([€.2)) and the assumption that D is unitary.
By (1) and (#4), for t,p=0,1,...,m—1, 5 k=1,...,r
(Y1, UMyp i) = (DU a;, DUM ™ gy = (2, UM =Ygy ),
Hence the (¢, p)-block of @y y (MTu) is

T

. T .
Z <yt,j7 Unyp7k>em~M u _ Z (<xj7 UMnJr“/pf“/txk»;?k:l etMn-u
nezd Jk=1 nezd

Using (B3)), the (¢, p)-block of Q(u) ‘b[)r(n]x (u) Q(u)* is

m—1
(*) = i ei(%~u4r27rm~M‘1%) Dy x(u+ Zﬂ(MT)*lm) e*i(7p~u+27rmz-M‘lvp)
ma30
1 m—1
= G(u+2n(MT) 1y,
£=0
where
K
Gu) = @xx(e T = | 37 fay, Uyl
nezd k=1
= Z (<33j, Un+’)’p—’w,xk>);7k=1 einu

nezd
Hence by Proposition B.3]
(*) = Z (<xj7UMn+"/p*"/txk>);,k:1 iMnu,
nezd

which is the (¢, p)-block of ®y.y (MTwu). Hence (ii) holds. O
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Henceforth, assume that UZ (X) is a Riesz basis for V5 so that Uz (Y) is a Riesz
basis for V; = D(Vy). Let X = {1, ..., #,} be a subset of V; such that Uzd()?) is
a Riesz basis for 1} biorthogonal to Uzd(X). Since D is unitary, {DU"z; : n €
Z%j=1,..,r}and {DU"Z; : n € Z%,j = 1,...,r} are biorthogonal Riesz bases
for V4. Let

(49) gé,j = DU’Wi‘ja (67]) € L7

and let Y = {Ge,; + (¢,7) € L}. It is not difficult to show that Uzd(Y) and Uzd(f/’)
are biorthogonal Riesz bases for V.
Let W = {wy, ...,wq} be a subset of Vi, for some positive integer ¢q. Then

T

(4.10) wy, = Z Z 9r,;(n) DU z;, k=1,..,4q,

j=1nezd

where gy, ;j € (2(Z%), k=1,...,q, j =1,...,r. Let

(4.11) 9(n) = (9r,j(N)1<p<g1<j<r> ME z.
Then g is in £2(Z%)7*" and @I0) can be written in matrix form as

w1 LHJ”xl
(4.12) =3 e

wy nezd DUz,
Define a function G in L?(T%)?*" by

(4.13) G(u) = Z g(n)e™™, ueRY

neZzd

Theorem 4.2. The function G associated with W has the following properties.

(i) Py (u) = J(G)(w).

(11) Gmod(u) = Q)W’?(MTU) Q(u)

(iil) Uzd(W) is a Riesz basis for (UZJ(W)> if and only if there exist positive
constants C1 and Cy such that

Cl é Gmod(u) Gmod(u)* é CZ a.e.
Proof. (i): By (&10), (A32), (1) and @4), for k =1, ..., ¢,

m—1
YD gri(Mn ) DUM g,
j=1nezZd =0
m—1 r
= > gk (Mn+3)Umye; .
(=0 j=1necZd

3

Wk

Therefore for £ =0,1,....m—1and j=1,...,7,

5 (i = 5 a0
neZzZd nezd
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Hence by Theorem [3.1],

Dy 5 (u) = Z g(Mn)e™" Z g(Mn+~p)e™™ ... Z g(Mn 4 yp_q)e™"
neZzd neZzd neZd

= J(G)(w).
(ii) follows from (i) and Proposition [3.3l
By [10} Proposition 3.4], Uzd(W) is a Riesz basis for <Uzd(W)> if and only if
there exist positive constants C; and Cs such that

C; < ‘I)W,f/(“) ‘IJWy(u)* <Cy a.e.
Then (iii) follows from the relation
(4.14) Gmod(u) Gmod(u)" = Py, 5 (u) Py (w)
which is obvious from (ii). O
We shall now see the effect of the change of bases for 1.

Corollary 4.3. Let a vector y in V) be expressed as

T m—1 r
y= Z Z aj(n)DU"z; = Z Z Z ce,j (MU ye 5,
Jj=1nezd =1 j=1necZzd

where aj and c; j are in (*(Z%), j=1,..,r, £=0,1,...,m— 1. Let

A.](u) = Z a](n)eznu7 j = 1’ "'7T7
Coji(u) = Z coj(n)e™™ £=0,1,..m—1,j5=1,..,r

and
A=(A1 ... A), C=Coj)j=1,... -+ (Con=14)j=1,...r)-
Then C = J*(A).
Proof. By Theorem E.2(i), C(u) = ey v (u) = J*(A)(u). O
Corollary 4.4. Let W = {w1,...,wq} and I' = {z1,..., 2y} be subsets of V1 such
that {(wk, U"2j)}, cqa € (2, k=1,...,q,j=1,...,p, and
w1 DU"J)l z1 DU"J)l

=" gn) : , =D ) : ,

Wy nezd DU™z, Zp nezd DU"z,
where g is in (2(Z4)9" and f is in (2(Z4)P*". Define

Glu)= Y g(n)e™", Flu)= Y f(n)e™", ueR".

nezd nezd
Then
(4.15) Oy (MTu) = Goa(u) @ (1) Fnoa(u)”
1 = T\—1 T\—1 Ty—1 *
= 2 G(u+2m(M") " ;) ®x x (u+2m(M™)" ;) Flu+2x(M7) ;)"
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If moreover Uzd(X) is orthonormal, then

(1) (I)W,F(MTU') = Gmod(u) Fmod(u)*; )

(i)  assuming {(wg, U"wj)}, cpa € (2%, k,j =1,...,q, then UZ (W) is
orthonormal if and only if Gmed(t) Gmoea(u)* = I, a.e.

Proof. By [10, Proposition 3.3], Theorem E1l and Theorem [£2]
Dwr(MTu) = @ 5(MTu) Oy,y (MTu) Bp 5 (M u)*
= Oy 5 (MT0)Q() B (w) Quw)* p (M7 w)*
= Guoa(u) O (u) Fnoa(u)".

The rest of the assertions are straightforward. O

We now apply our previous results to the special case when V, C Vj. The
next theorem, which is a consequence of Theorem 1] and Theorem [4.2] gives
characterizations of oblique multiwavelets in the general setting of a Hilbert space.

Theorem 4.5. Assume that
(4.16) Vo C V1.
Letp=mr —r, T ={z1,...,2,} C Vi \ Vb,
1 DUz, 21 DU"x,

= > h(n) : : =)0 9(n) : :
Ty nez? DUz, Zp nezd DUz,
where h is in (2(ZY)"™<" and g is in £*(Z%)P*". Define

H(u) = Z h(n)e™™, G(u) = Z g(n)e™®, ue R4

nezd nezd
Let S =X UT and

The following conditions are equivalent:

(i) UZ"(S) is a Riesz basis for Vi.

i) UZ (T) is a Riesz basis for Wy := (Uzd(F)) and Vo @ Wy = V4.
(iii)  There exist positive constants C1 and Cy such that

¢ < Fmod(u) Fmod(u)* <Cy a.e.

(iv)  The matrices Fpoq(u) are invertible for almost all u, and the functions u —
| Frnoa(w)|| and w — || Fpoa(u) || are essentially bounded.
(v)  The operator R: L*(T%)" @ L?(T¢)? — L*(T?)" defined by

(4.17) R(A,B)(w) = (A(MTu) B(MTu)) ( g&ﬁ) >

= AM"uw)H(u) + B(M"u)G(u)

18 bounded and invertible.
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Proof. By Theorem HE2,

(4.18) O g (u) = J*(F)(u),

(4.19) Froa(u) = ®g (M"u) Q(u),

and

(4.20) Frnod() Frnod(u)* = @45 (MTu) &g 5 (MTu)*.

Next, by composing the operator Ry : L*(T%)" @ L?(T?)? — L2?(T9)™" defined
in (2.4) with the unitary operator J : L?(T4)™" — L2(T9)" defined in ([B.4) with
q =1, and using (@IJ),

J Ry (A, B)(u)

(A(M"u) B(MTu))(

= (AM"u) B(MTu))F(u) = R(A,B)(u).

Hence

(4.21) R = J Ry,

By (@20), @I9) and (£21)), the equivalence of (i) to (v) in this theorem then
follows easily from that in Theorem 2.1l O

Remark 4.6. Suppose that U2’ (X) is orthonormal. Then Uzd(S) is orthonormal
if and only if Fy,0q(u) are unitary for almost all u € R9.

The next two results are analogues of Proposition and Theorem 2.4] respec-
tively.

Proposition 4.7. Suppose that the conditions in Theorem[4.5|hold and p = mr—r.
Let F € L*(T%)™™*" be given as in Proposition [3.4) such that

(4.22) Froa(u)" = Foa(u)™t.
(i) Then R~ : L3(T%)" — L2(T?%)" @ L2(T%)P = L2(T%)™" is given by
(4.23) R C)YMTu) = Croa(w)Fmoa(u)*
_ % S Clu+2m(MT) ") Fu + 27(MT) )"
=0
(ii) Write
F(u) = (g((z)) > , where H(u)= Z h(n)e™®, G(u)= Z g(n)e™™, ue R

neZzd neZzd

hois in C2(ZD<" and § is in (2(Z)P*7. Let X' = {z},...,2.} and T' = {2}, e Zp}
be subsets of V1 defined by

x} DU™z, 2] DU™z;
x, nezd DUz, Z;) nezd DUz,

and let S = X' UT'. Then Uzd(g) is a Riesz basis for Vi biorthogonal to UZJ(S),
Uz (X') biorthogonal to Uzd(X), Uzd(f") biorthogonal to UZ’ (T), Uzd(X’)
LUZYT) and UZ(I") LUZ(X).
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Proof. (i): Since R = JRy, by Proposition B3, (Z19) and (Z22),
RTYC)(w) = Ry'(J*C)(u)
= Cinoa(M") ™ u) Q(MT) " u)* @ g 5 (u) ™
= Crmoa((MT) ") Frioa((MT) ™ u) ™!
= Cmoa((MT)"'u) mod((MT) tu)*.

(ii): By Theorem [£2] and Theorem 5] (with X and Y there replaced by X and }7,
respectively), Uz’ (S) is a Riesz basis for V] and

(4.24) Froa(u) = @5 (MTu) Q(u).
By [10, Proposition 3.3], (£19), (£24)) and ([£22),

Py 5(u) = g5 (u) Py (u)" = Froa((MTY ') Fpoa(MT) 1) = Iy ace.
Hence UZ" (S) is biorthogonal to U Z"(S). The rest of the assertions are obvious. [

Theorem 4.8. Suppose that the conditions in Theorem [{.9 hold. Let p =mr —r,

Aj(u) = Z aj(n)e™", a; € (3(Z%), j=1,..,7
neZzd

Bk(u) = Z bk(n)ein.uv bk € KZ(Zd)’ k= ]-7 Ry 2
neZzd

Pj(u) = Z pj(n)ei”'“, pj € (ZY, j=1,..,r
neZzd

and
A=(A ... A), B=(B1 ... By), P=(P ... B).

The followmg conditions are equivalent'

(1) ZZp] n)DU"x; = ZZ% ij—l—zz:bk YU 2.

j=1nezd j=1nezd k=1nezd
(ii)  (Reconstruction algorithm)
(4.25) P(u) = R(A, B)(u)

= AMTu)H(u) + B(MTu)G(u).
(iil)  (Decomposition algorithm)

(4.26) (A(u), B(u)) = R™H(P)(u)

;-.

m—

P((MT) ™ (u+ 2mn; ) ) F(MT) ™" (u + 2m5))"
7=0

1
m
where F is given in ([EZF).

Proof. Write

m—1 r

Z Z pj(n)DU"x; = Z cej(n)U"ye 4,

j=1nezd =1 j=1 nezd
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where ¢y ; are in (2(Z4), j=1,...,7, £=0,1,....,m — 1. Let
Crj(u) = Z coj(n)e™ , £=0,1,...m—1, j=1,..,r

nezd
and C = ((Coj)j=1,....r --- (Cm=1,j)j=1,....r) . By Corollary @3] C = J*(P). Then
by Theorem P4,

(1) C = Ry(A, B)
J*(P) = Ro(A, B)
P=JRy(A,B)=R(A,B)
(A,B) = RY(P).

I

O

Note that we can also obtain formulae for the projections Py, ,,w, and Py, /v,
as in Corollary X5, We omit the details here.

Remark 4.9. (i) The results in this paper can be applied to the special case when
H = LARY), (Upf)(@) = f(x —ex), k = 1,....,d, and (Df)(z) = m2 f(Mz), for
r in R? and f in L?(RY), where e} = (Okj)j=1,...d, k=1,...,d, Misadxd
dilation matrix considered in section 3 and m = |det(M)| > 2. In this case,

(DU f)(z) = m? f(Mz —n), neZ",
and if V = {f1, ..., fr} and W = {g1, ..., g, } are subsets of L2(R%), then

Syw(w) = | Y fu(u+2mn)g;(u+2mn) ,

d
nez 1<k<r1<j<p

where f is the Fourier transform of a function f in L2(R%).
(ii) If d = 1, and U and D are unitary operators on a Hilbert space H such that
UD = DU?, using the notations in Theorem 5] then

L H@) H@+n
Fmoa(u) = ﬁ( Glu) Glu+m) )

In particular, Theorem [ 5lgeneralizes the characterizations of oblique multiwavelets
given in [I, Theorem 3.1] and 2| Proposition 3.1, Theorem 3.2, Corollary 3.4], where
the setting H = L2(R), (Uf)(z) = f(x—1) and (Df)(z) = v/2f(2x) is considered.
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