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ABSTRACT. In this paper, we introduce the concept of sub-strongly maximal
triangular algebras which form a large class of maximal triangular algebras,
and prove that every algebraic isomorphism of sub-strongly maximal triangular
algebras is spatially implemented, which generalizes the result by Ringrose in
two respects.

1. INTRODUCTION AND PRELIMINARIES

Let H be a complex Hilbert space and B(H) the set of all bounded operators
on H. Following [5], a subalgebra S of B(H) is called a triangular algebra if
D = SN S* is a maximal abelian self-adjoint subalgebra (masa) of B(H), where
S§* ={8*| S € §}. D is then called the diagonal of S. A projection on H is said
to be a hull of S if it is invariant under S. Clearly each hull lies in the diagonal.
By Zorn’s Lemma, it is easily seen that every triangular algebra S is contained in
a maximal triangular algebra with the same diagonal as S. The set of hulls of a
maximal triangular algebra is a nest called the hull nest. A maximal triangular
algebra is said to be strongly reducible if its hull nest is maximal.

This paper is devoted to the isomorphisms between maximal triangular algebras.
In 1966, J. R. Ringrose [10] proved that if ® : 7 — S is an algebraic isomorphism
between strongly reducible maximal triangular algebras, which maps the diagonal
of 7 onto the diagonal of S, then ® is spatial, namely, there is an invertible operator
T such that ® = AdT. Naturally, one can propose the following questions:

1) Can one remove the condition of preserving diagonals?
2) Can one weaken the condition of strong reducibility?

For example, the spatiality of algebraic isomorphisms between nest algebras does
not depend on the condition of preserving diagonals. As to question 2), by the
definition of strong reducibility, a strongly reducible maximal triangular algebra
must have a lot of hulls. But there do exist many triangular algebras which do not
have many hulls. In fact, in this paper we introduce a new class of maximal tri-
angular algebras, called sub-strongly reducible maximal triangular algebras, which
properly contains the class of strongly reducible maximal triangular algebras, and
proved that an algebraical isomorphism between sub-strongly reducible maximal
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triangular algebras is spatial without the condition of preserving diagonals. Thus
we generalized Ringrose’s result in two respects.

This paper consists of three sections. In Section 2, we will introduce the concept
of sub-strong reducibility, and prove that if ® is an isomorphism from maximal
triangular algebra 7 onto S and S is sub-strongly reducible, then so is 7. In
Section Blwe will finally prove our main result.

In subsequent sections, isomorphisms always refer to algebraic isomorphisms.

2. SUB-STRONGLY REDUCIBLE MAXIMAL TRIANGULAR ALGEBRA

Let N be a nest. For N € N, we define N_ = \/{N' € N : N < N} and
Ny = V{N' €N :N'> N}.

Definition. Let A be the hull nest of a maximal triangular algebra S. S is a
sub-strongly reducible maximal triangular algebra if dim((0); & (0)) < 1 and
dim(HoH-) <1.

Recall that a nest NV is quasi-maximal if N©N_ has dimension 0, 1 or infinite for
every N € . Theorem 2 in [2] showed that given a quasi-maximal nest NV, one can
construct a maximal triangular algebra with hull nest A". Therefore sub-strongly
reducible maximal triangular algebras form a large class of maximal triangular
algebras.

Now we will give elementary properties of isomorphisms of the sub-strongly
reducible maximal triangular algebras which are useful for our main result.

Let x and y be non-zero vectors in a Hilbert space H. The rank one operator
x ®y is defined by (z ® y)z = (z,y)z for each z in H.

Lemma 2.1. Let E be a hull of a mazimal triangular T and x and y two non-zero
vectors.

(1) Ifr € E andy € E+, then x @y is in T.

(2) Ifre Eandy € EX anddim(E© E_) <1, thenx®y is in T.

Proof. (1) This is a consequence of Lemma 2.3.2 in [5].
(2) See the proof of Lemma 5.2 in [I0].

Lemma 2.2. Let T be a sub-strongly reducible maximal triangular algebra and T
an element of T. Then T is a rank one operator if and only if the following condition
is satisfied: if A and B are in T and ATB =0, then AT =0 or TB =0.

Proof. The necessity is obvious.

Sufficiency. The proof is a slight modification of the proof of Lemma 2.3 in [10].
We argue by contradiction. Let A/ be the hull nest of 7. Suppose that T in 7 has
rank at least two.

Case 1. (0)1 = (0) and H_ = H. Then there are N7 and N2 in N with
(0) < N; <'H (i = 1,2) such that T'|n, and 5™y, where S = T'|Ny, have rank at
least two. Pick z1 and zo in N7 such that NQLTml and NQLTJ:Q are orthonormal.
Take 0 # g € Ni- and 0 # h € Na. Let A = h® NiTx; and B = 2o ® g. By
Lemma[ZT] A and B belong to 7. But ATB =0 and ATz; # 0 and T Bg # 0.

Case 2. (0)4+ # (0) and H_ = H. Then there is N in N with (0) < N < H
such that dim[T'N] > 2. We choose vectors x and y in N such that Tz and Ty
are linearly independent. Let f be a vector in H satisfying that (Tx, f) # 0 and
(Ty,f) = 0. Let z be in (0)y and g in Nt. Define A = 2 ® f and B = y ® g.
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By Lemma [ZT and the sub-strongly reducibility of 7, A and B belong to 7. It is
easily verified that AT # 0 # T'B and ATB = 0.

Similarly, we can reach contradictions in the following two cases.

Case 3. (0)1 = (0) and H_ # H.

Case 4. (0)4 # (0) and H_ # H.

Thus we are done.

Theorem 2.3. Suppose that T and S are maximal triangular algebras and ® is an
isomorphism from T onto S. If S is sub-strongly reducible, then ® preserves rank
one operators.

Proof. Let @y € T; then ®(z®y) € S. Let A, B € S and A®(z ® y)B = 0; then
there exist C and D in 7 such that A = ®(C), B = ®(D). Thus ®(Cz® yD) =0
and hence C(x ® y)D = 0. Therefore C(x ® y) =0 or (z ® y)D = 0. Equivalently
AP(x ®y) =0 or ®(x ® y)B = 0. By the above lemma ®(z ® y) is rank one.

Lemma 2.4. Let 7, S be maximal triangular algebras and ® an isomorphism from
T onto S. For each A in T or S, let P(A) be the orthogonal projection from H
onto the closure of AH. Then

(1) For each hull E of T, P(®(E)) is a hull of S and P(®~'(P(®(E)))) = E;
(2) P(®(-)) is an order preserving map from the hulls of T onto the hulls of S;
(3) P(®(E))- = P(®(E-)), for every hull E in T .

Proof. (1) This follows from part 2 of Lemma 2.9 in [10].
(2) Let E < F; then

(2.1) O(E) = B(FE) = &(F)D(E).

If P(®(E)) > P(®(F)), then there is a vector y such that (1 — ®(F))P(E)y # 0.
Then

P(E)y = (1 - 2(F)2(E)y + 2(F)2(E)y # O(F)2(E)y,

contradicting (2.1)). Thus we obtain P(®(E)) < P(®(F)).

(3) We distinguish two cases.

Case 1. E_ < E. Then P(®(E_)) < P(®(E)), hence P(®(E))- > P(®(E-)).
If P(®(F))- # P(®(E_)), there is a hull F of S such that

P(®(E_)) < F < P(®(E)).
Then by (1) we have
E_<P@YF)<E

contradicting the definition of F_.
Case 2. E_ = FE. Then

P(®(E))- < P(®(E_)) = P(¥(E)).

If P(®(E))- < P(®(E_)), then by (1) there is a hull E; of T such that By < E
and P(® (El)) P(®(FE))—. Since E_ = E, there is a hull @ of 7 such that
E; <@ < E. Hence

P(2(E))- = P(®(E1)) < P(®(Q)) < P(®(E)),
which contradicts the definition of P(®(E))_. Thus we are done.
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Lemma 2.5. Let 7 and S be maximal triangular algebras and ® an isomorphism
from T onto S which preserves rank one operators. If E is a hull of T and x € E,
y € B+ with x®y € T, then there are vectors u and v in H such that u € P(®(E)),
vEP@®E)L and ®(z@y) =u®v.

Proof. Since ® preserves rank one operators, there is a rank one operator u®v € S
such that

(2.2) P(zRy)=u®w.
Now we will show that « and v are desired.
By (Z2) we have that
O(z ®y) = O((Ex) ® (B1y)) = (E)2(x ® y)2(E2) = (2(E)u) ® (2(E2))"0).
Set ' = P(®(E)); then F_ = P(®(F))- = P(®(E_)) and hence ®(E_)F_ = F_.
Thus for any z € F_, we have
(D(EL) 0, 2) = (1 = D(E_)")v, F_2)
— (0, (F- = ®(E_)F_)2) = (u, (F- — F_)2) = 0.
Thus ®(EL)*v € F~. Since v and ®(E~L)v are linearly dependent, v € F+. Simi-
larly u € F.

By a similar argument we can obtain

Lemma 2.6. Let 7 and S and ® be as in Lemmal[2:8. IF E is a hull of T and
v € E, y € E*, then there are vectors u and v in H such that u € P(®(E)),
veEP@®E): and (z@y) =u®v.

Theorem 2.7. Let T, S be mazximal triangular algebras and ® an isomorphism
from T onto S. If S is sub-strongly reducible, so is T .

Proof. Suppose that 7 is not sub-strongly reducible. Then dim((0)% & (0)7) > 2
or dim(H” ©H7) > 2, where EZ = A{F: Fis ahull of 7 and F > E}. Without
loss of generality, assume that dim((0)Z & (0)7) > 2. Take linearly independent
vectors z; (i = 1,2) in (0)7 and y in H7 &(0)Z. Then by Theorem 2.3 and Lemma
B8, there are vectors u; (i = 1,2) in (0)§ and v; in HS & (0)F such that

O(z; X y) = u; X v, 1=1,2.
Since z1 and x5 are linearly independent, u; and uy are also linearly independent

which contradicts the sub-strongly reducibility of S.

3. ISOMORPHISMS OF SUB-STRONGLY
REDUCIBLE MAXIMAL TRIANGULAR ALGEBRAS

Lemma 3.1. Let 7, S be maximal triangular algebras and ® an isomorphism from
T onto S which preserves rank one operators. Let E be a hull of T with dim(F ©
E_) < 1. Ifx; (i = 1,2) is a non-zero vector in E and y in E*, then there are
vectors u; and v such that ®(z; X y) =u; X v, i =1,2.

Proof. By Lemma 2.1l x; x y belongs to 7. Then there are vectors u; and v; such
that

(3.1) O(x; X y) = u; X vy, 1=1,2.

Now it suffices to prove that v; and vs are linearly dependent.
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Let D be the diagonal of 7. By Lemma 17.4 of [1], there are D; in D and x
in ‘H such that D;z = x;. We may assume x € E (if not, replace by Fz). Let
®(x x y) = uz X vs. Thus, we have equations

(3.2) O(z; xy) = P(Dix @y) = P(D;)ug X vs, 1=1,2.
Comparing () and (32), we are done.
By a similar argument as above, we can obtain

Lemma 3.2. Let 7, S be maximal triangular algebras and ® an isomorphism from
T onto S which preserves rank one operators. Let E be a hull of T. If z; (i = 1,2)
is a non-zero vector in E and y in E*, then there are vectors u; and v such that
D(x; xy) =u; Xxv, i=1,2.

Now our main result is in hand.

Theorem 3.3. Let T, S be mazximal triangular algebras and ® an isomorphism
from T onto S. If S is sub-strongly reducible, then ® is spatial.

Proof. By Theorem [2.7] 7 is also sub-strongly reducible. By Theorem P
preserves rank one operators. We distinguish two cases.

Case 1. HT = HZ. Then H® = S°.

Let € be the set of all hulls E of 7 such that E # (0) and E < H, and let F
be the set of those of S. Assume given E € £ and a non-zero vector y € E+. Set
F = P(®(E)). By Lemmas Z6land B2, we obtain a bijective map Ug from E onto
F and vector v in F* such that for any = € E

P(z@y)=Ugzr®v

(see the proof of Theorem 3.1, [10] for details). Furthermore, we also have a bijective
map Vg from E+ onto F* such that for any € E and y € E+

P(r®y)=Ugr® Vgy.

Now let E be arbitrary. For each E € &£, there are bijective maps Ug from FE
onto F and Vg from E+ onto F+ where F = P(®(FE)) such that

P(r®y) =Upr @ Vgy

for all z € E and y € E+. Suppose E; and F5 are in £ with E; < F. Then for
each x € E; and y € E5, we obtain

Up,z®@ Vg, y=Ug,x® Vg,y.
Thus there are non-zero scalars n and € with n¢é = 1 such that
UE2|E1 = nUEn VEI |E§_ = £VE2

Pick up Ep and replace Ug and Vg by scalar multiples so that they agree with Ug,
and Vg, on their intersection. It follows that there is a map U from |J{E : E € £}
into |J{F : F € F} defined by U|E = Ug for each E. Likewise, there is a map
V from J{E* : E € £} into Y{F* : F € F} defined by V|E+ = Vj for each E.
Furthermore,

Prey)=UzxVy

for every rank one operator in 7.
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Let K = |J{E : E € £}; then K is dense in H. Furthermore, for any x € K there
is a non-zero vector y such that z ® y € 7. Thus for any T' € 7 we have
MUz Vy=0Tzy)=UTz®Vy.
Hence
(3.3) o(T)U=UT

holds on K for every T' € 7.

Now it suffices to prove that U is bounded on K. To do this, we need two claims.

Claim 1. sup{||Uz|| : z € E and ||z|| < 1} = M; < 0.

It suffices to prove that U is a closed operator with domain F.

Let {z,} C F and z,, — = and Ux,, — y. For every rank one operator S € S,
SU € B(K,H) since U®~1(S) € B(K,H) and SU = U®~1(S). Thus SUz,, — Sy
and SUx, — SUx. Hence we have that SUx = Sy for every rank one operator
Ses.

(i) If (0)§ > (0), we can choose a non-zero vector u € (0)4. Then for any v in
‘H, by Lemma 21, v ® v € S. Therefore

(u@v)Uz = (u®v)y,

which implies that (Uz,v) = (y,v) for all v in H. Thus Uz = y. By the closed
graph theorem, U is bounded on FE.

(ii) If (0)§ = (0)%, then the span {Q* : Q € F and Q # (0)} is dense in H in
the norm-topology. For each v € H, there exists a sequence {vg € Qé} such that
vg — v in the norm-topology. Choose non-zero vectors ug € Q3. Then since

(ug @ vg)Uz = (ug @ vg)y,

we have (Uz,vg) = (y,vg) for each §, which implies that (Ux,v) = (y,v) for each
v in ‘H. Thus Uz = y and hence U is bounded on E.

Claim 2. sup{|(Uz,v)| : z € K, ||z]| < 1, v € (P(®(E)))* and ||v|| < 1} =
My < 0.

Fix u € P(®(E)) and v € (P(®(E)))*; then u® v € S. Since (u ® v)U =
U~ Hu®wv) and UP H(u ®@v) € B(K,H), we have that (u ® v)U € B(K,H).
Therefore {(u®@v)Ux : x € K, ||z|| < 1} is a bounded set; namely the set {(Uz, v)u :
x € K,||z|| £ 1} is bounded for each u € P(®(E)) and v € (P(®(E)))L. Hence by

the uniform boundedness principle, Claim 2 is established.
Now by Claim 1, we have

[UP(E)z|| < Myllz]  (x € K),

and hence by ([B3)

[®(E)Uz|| = |[UP(E)z| < Mi|z|  (z €K).
By Claim 2, since ®(I — P(E))*v € (P(®(P(E))))* for each v € H, we have
|®(I — P(E)Uz|| = sup{|(®(I — P(E))Uz,v)|: v € H and |v|] < 1}

=sup{|(Uz, (®(I — P(E)))"v)|:v € H and |v| < 1}
<@ = P(E)[[Mez]]  (x €K).

Thus for z € K we have

[Uz]| < [|@(P(E)Uz| + |91 — P(E))Uz|| < (M + (I = P(E))||Mz)]|«],
that is, U is bounded on K.
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Case 2. dim(H? © HT) = 1. Fix a non-zero vector y in HZ © H%Z. Then by
Lemmas 23] and BI] there are a bijective map on H and a non-zero vector v in
HS © HS such that

Pzy)=Uz®wv
for all z in H. Hence for all T' € 7 we have that
o(T)U =UT.

Note that Claim 1 above holds for £ = H in this case, therefore U is bounded.
Thus the proof is completed.

The theorem above is the result about a certain type of triangular algebras but
the triangularity of the algebra is not really used. The same proof can establish the
following theorem.

Theorem 3.4. Let N; (i = 1,2) be a nest of a Hilbert space H; and T; a subalgebra
of a nest algebra associated to N satisfying that
(1) H; © (Hi)— and (0;)+ © (0;) both have dimension < 1;
(2) 7; contains a masa containing N;;
(3) The invariant subspace lattice of T; is Ni;
(4) T; contains every rank one operator x @y such that v € E and y € E* for
some element E of Nj;

If ® is an isomorphism from 7T; onto T3, then ® is spatially implemented.

Sketch of the proof. (i) Operators as in (2) of Lemma [Z1] are in 7; since E — E_ is
in the masa and subtracting a scalar times ¥ — E_ yields a rank one operator as
in (4) above.

(ii) Let T be in 7;. The condition (1) asserts that the sufficient and necessary
condition in Lemma for T to be rank one holds.

(iii) ® preserves rank one operators by (ii).

(iv) P(®(-)) is an order isomorphism from N7 onto Ms since P(®(E)) is in No
by (3).

(v) Let E (with dim(EF & E_) < 1) be in M. If ; is a non-zero vector in
E and y in E+(EY), then there are vectors u; and v such that u; € P(®(E)),
v € P(®E)H(P(®(E))L) and ®(z; @ y) = u; @ v.

(vi) The rest is the same as that of Theorem B3

The authors wish to express their thanks to the referee for pointing out Theorem
B4 to them and some mistakes in the manuscripts.
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