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THE LENGTH OF C∗-ALGEBRAS
OF b-PSEUDODIFFERENTIAL OPERATORS

ROBERT LAUTER

(Communicated by David R. Larson)

Abstract. We compute the length of the C∗-algebra generated by the algebra
of b-pseudodifferential operators of order 0 on compact manifolds with corners.

1. Introduction and statement of the main result

The calculus of totally characteristic or briefly b-pseudodifferential operators on
manifolds with boundary was introduced by Melrose [8] in 1981; it turned out that
the definition of b-pseudodifferential operators naturally extends to more singular
manifolds, namely manifolds with corners, i.e. manifolds that roughly speaking lo-
cally are of the form Rk+×Rn−k. The corresponding calculus of b-pseudodifferential
operators on manifolds with corners was considered, for instance, by Melrose [7],
Melrose and Piazza [11], Melrose and Nistor [10], and Loya [6].

By taking the norm closure of the algebra Ψ0
b,cl(Z,

bΩ
1
2 ) of b-pseudodifferential

operators of order 0 in the C∗-algebra L(L2(Z, bΩ
1
2 )) of all bounded operators on

the Hilbert space L2(Z, bΩ
1
2 ) of all square integrable b-half densities on a compact

manifold with corners Z, we attach a C∗-algebra B(Z, bΩ
1
2 ) to Z, and it is natural

to ask which invariants of the singular manifold Z could be recovered by simply
studying the C∗-algebra B(Z, bΩ

1
2 ).

Certainly, a first measure of how singular the manifold Z is, is the codimension
of Z, i.e. the largest k necessarily occurring in the local product decompositions
Rk+ ×Rn−k of Z, or, more precisely, the largest codimension of a boundary face of
Z. Clearly, the codimension of a manifold with boundary is 1, and by considering
appropriate products of manifolds with boundary and closed manifolds we can
construct compact manifolds with corners of arbitrary dimension n and codimension
k ≤ n.

On the other hand, recall that a C∗-algebra B is said to be solvable if there exists
a finite sequence

B = J`+2 ⊇ J`+1 ⊇ · · · ⊇ J1 = {0}(1.1)
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of closed ideals such that Jk+1/Jk ∼= C0(Tk,K(Hk)) for some locally compact Haus-
dorff space Tk and some separable Hilbert space Hk [2]. Moreover, the composition
series (1.1) is said to be solving of length `, and the smallest length of a solving
composition series is by definition the length of B.

In case of a manifold Z with boundary the C∗-algebra B(Z, bΩ
1
2 ) was shown to

be solvable of length 2 = codimZ + 1 [4, Corollary 4.2.2], whereas for manifolds
with corners of arbitrary codimension the C∗-algebra B(Z, bΩ

1
2 ) is known to be

solvable of length at most dimZ + 1 [10].
In this note we use the Jacobson topology on the spectrum of the Calkin algebra

B(Z, bΩ
1
2 )/K(L2(Z, bΩ

1
2 )) to determine the length of B(Z, bΩ

1
2 ) exactly, and show

that the length of B(Z, bΩ
1
2 ) is closely related to the codimension of the manifold.

Theorem 1.1. Let n := dimZ and k0 := codimZ. Then we have

length B(Z, bΩ
1
2 ) =

{
k0 + 1, k0 < n,
n, k0 = n.

Furthermore, for an arbitrary C∗-algebra B let

m(B) :=
⋂
{J ⊆ B : Jmaximal, two-sided ideal in B}

be the maximal radical of B.

Proposition 1.2. The maximal radical series

B(Z, bΩ
1
2 ) ⊇ m(B(Z, bΩ

1
2 )) ⊇ m(m(B(Z, bΩ

1
2 ))) ⊇ · · ·

is solving of minimal length.

We emphasize that the smooth part of the manifold Z is invisible for the C∗-
algebra B(Z, bΩ

1
2 ). To cover also C∞-phenomena instead of B(Z, bΩ

1
2 ) we could

consider dense subalgebras A(Z, bΩ
1
2 ) ⊆ B(Z, bΩ

1
2 ) stable under holomorphic func-

tional calculus. In this connection the concept of Ψ∗-algebras due to Gramsch [3]
can effectively be used. For a compact manifold X with boundary we constructed
and investigated in [4] such a Ψ∗-algebra of b-pseudodifferential operators closely
related to the smooth structure of X . A similar construction for manifolds with
corners will be presented elsewhere.

Let us mention that similar results for pseudodifferential operators with disconti-
nuities in the symbols have been obtained by Plamenevskij and Senichkin—see, for
instance, [12], [13], or [14]. Recently they extended their approach also to algebras
of pseudodifferential operators on manifolds with intersecting edges [15].

As pointed out by J. Cuntz at the workshop Symplectic Geometry and Microlo-
cal Analysis (April 24–26, 1998) at State College, PA, alternatively, the length of
B(Z, bΩ

1
2 ) could also be computed by localizing near the boundary faces, where

the algebra has the structure of a crossed product, using (well-known) results for
crossed products, and, finally, which is the tricky part, gluing these local informa-
tion together.

2. Review on the C∗-algebra B(Z, bΩ
1
2 )

For the convenience of the reader, we present the relevant material from [5]
and [10] without proofs, thus making our exposition self-contained. However, the
reader is expected to be familar with the calculus of b-pseudodifferential operators
on manifolds with corners—see for instance [6], [8], [9], [10, Appendix], or [11].
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In the sequel, Z denotes a compact manifold with corners of dimension n; we
write Fk(Z), k = 1, . . . , n, for the set of boundary faces of codimension k, and
F(Z) :=

⋃n
k=1 Fk(Z) for the family of all (true) boundary faces. For F ∈ Fk(Z)

let E(F ) := {H ∈ F1(Z) : F ⊆ H}, and ME(F ) := {(xH)H∈E(F ) : xH ∈ M}.
Let B(Z, bΩ

1
2 ) be the closure of the algebra Ψ0

b,cl(Z,
bΩ

1
2 ) of b-pseudodifferential

operators of order 0 in the C∗-algebra L(L2(Z, bΩ
1
2 )) of all bounded operators

on the Hilbert space L2(Z, bΩ
1
2 ) of square-integrable b-half-densities. Then the

homogeneous principal symbol map bσ
(0)
ψ as well as for each F ∈ F(Z) the indicial

operator IFZ extends to (continuous) ∗-homomorphisms

bσ
(0)
B : B(Z, bΩ

1
2 ) −→ C(bS∗Z) and

IBFZ : B(Z, bΩ
1
2 ) −→ B(F, bΩ

1
2 ;RE(F ))

characterizing the Fredholm property of b ∈ B(Z, bΩ
1
2 ) ⊆ L(L2(Z, bΩ

1
2 )) by means

of their invertibility. Here, B(F, bΩ
1
2 ;RE(F )) denotes the closure of the algebra

Ψ0
b,cl(F,

bΩ
1
2 ;RE(F )) of parameter-dependent b-pseudodifferential operators on the

manifold with corners F in the C∗-algebra Cb(RE(F ),L(L2(F, bΩ
1
2 ))) of bounded

continuous functions RE(F ) −→ L(L2(F, bΩ
1
2 )) [5, Definition 2.1]. Moreover, the

joint symbol map τB := bσ
(0)
B ⊕

⊕
F∈F(Z) I

B
FZ induces a short exact sequence

0 −→ K(L2(Z, bΩ
1
2 )) −→ B(Z, bΩ

1
2 ) τB−→ QB(Z) −→ 0

where the algebra QB(Z) of continuous joint symbols consists of all

(f, (hF )F∈F(Z)) ∈ C(bS∗Z)⊕
⊕

F∈F(Z)

B(F, bΩ
1
2 ;RE(F ))

satisfying the compatibility conditions

bσ̃
(0)
B (hF ) = f |bS∗Z|F for all F ∈ F(Z), and(2.1)

hG(λ) = IBGF
(
hF
(
(λH)H∈E(F )

)) (
(λH)H∈E(G)\E(F )

)
(2.2)

for all λ ∈ RE(G) and all boundary faces F,G ∈ F(Z) with G ⊆ F . For the defi-
nition of the map bσ̃

(0)
B : B(F, bΩ

1
2 ;RE(F )) −→ C(bS∗Z|F ), the so-called parameter-

dependent, homogeneous principal symbol, see [5, Section 3] or [10, Eq. (12)].
The nested family QB(Z) ⊇ Jn+1 ⊇ · · · ⊇ J1 of closed ideals of QB(Z) defined

by

Jn+1 := {(f, (hF )F∈F(Z)) ∈ QB(Z) : f = 0} , and
Jk := {(f, (hF )F∈F(Z)) ∈ Jk+1 : hF = 0 for all F ∈ Fk(Z)}(2.3)

for k = n, n−1, . . . , 1 leads to a solving composition series of QB(Z) with J1 = {0},
and subquotients

QB(Z)/Jn+1
∼= C(bS∗Z) resp.,

Jk+1/Jk ∼=
⊕

F∈Fk(Z)

C0(RE(F ),K(L2(F, bΩ
1
2 ))) for k = 1, . . . , n .

Let Q̂B(Z) be the spectrum of the C∗-algebra QB(Z), i.e. the set of all non-zero
irreducible representations of QB(Z). Using [1, Proposition 2.11.2] we obtain a



1958 ROBERT LAUTER

bijective map

Φ : Q̂B(Z) −→ T := bS∗Z ]
⊎

F∈F(Z)

RE(F ) : [πt] 7−→ t

where for ζ ∈ bS∗Z and λ ∈ RE(F0), F0 ∈ F(Z) we have

πζ : QB(Z) −→ C : (f, (hF )F∈F(Z)) 7−→ f(ζ) ,
πF0,λ : QB(Z) −→ L(L2(F0,

bΩ
1
2 )) : (f, (hF )F∈F(Z)) 7−→ hF0(λ) .

(2.4)

Now let p : bS∗Z −→ Z be the canonical projection, and denote for a bounded,
nonvoid set D ⊆ R` and γ0 ≥ 0 by V∧γ0

(D,R`) := {γd : γ > γ0, d ∈ D} the γ0-
conical subset generated by D in R`. We are going to describe a topology T on T
by characterizing local bases U(t) at the points t ∈ T .

In case ζ ∈ bS∗Z with p(ζ) /∈ ∂Z let U(ζ) be the family of all open sets U ⊆ bS∗Z
with ζ ∈ U and p(U) ∩ ∂Z = ∅. For ζ0 ∈ bS∗Z with p(ζ0) ∈ G ∈ Fk(Z) and k
maximal, let ζ = ((xH)H∈E(G), y, (ξH)H∈E(G), η) be local coordinates near ζ0 with
ζ0 = (0, y(0), (ξ(0)

H )H∈E(G), η
(0)). Then U(ζ0) consists of all sets of the form

U ]
⊎

G⊆F∈F(Z)

V∧γF (DF ,RE(F ))

where U ⊆ bS∗Z is an open set with ζ0 ∈ U and p(U) ∩ H 6= ∅, H ∈ F1(Z)
holds only for H ∈ E(G), γF ≥ 0 and DF ⊆ RE(F ) is open and bounded with
(ξ(0)
H )H∈E(F ) ∈ DF .
Finally, for λ = (λH)H∈E(G) ∈ RE(G) let

U(G, λ) :=
{ ⊎
G⊆F∈F(Z)

∏
H∈E(F )

VH : VH ⊆ R open with λH ∈ VH
}
.(2.5)

The following result was proved in [5, Theorem 5.4].

Theorem 2.1. The canonical map Φ : Q̂B(Z) −→ T is a homeomorphism provided
Q̂B(Z) is endowed with the Jacobson topology, and T with the topology T described
above.

3. Proof of the main results

In a first step we are going to show that we can restrict ourselves to the algebra
of joint continuous symbols.

Lemma 3.1. Let H be a Hilbert space, B ⊆ L(H) be a C∗-algebra with K(H) ⊆ B,
and let Q := B/K(H) be solvable of length `− 1. Then B is solvable of length `.

Proof. Let τ : B −→ Q be the canonical projection, and Q ⊇ J` ⊇ · · · ⊇ J1 = {0}
be a solving composition series of length ` − 1. Then I1 = {0}, Ik+1 := τ−1(Jk),
k = 1, . . . , `, is a nested sequence of closed ideals of B with I2/I1 = K(H) and
Ik+1/Ik ∼= Jk/Jk−1, k = 2, . . . , `, i.e. B is solvable of length at most `.

On the other hand, let B ⊇ Im+1 ⊇ · · · ⊇ I1 = {0} be a solving composition
series of B of length m. Because of K(H) ⊆ B the identity representation id of B on
H is irreducible. Moreover, the set B̂K(H) = {[id]} ⊆ B̂ is dense by the definition
of the Jacobson topology, hence B̂K(H) ⊆ B̂I2 ≈ Î2 because B̂I2 ⊆ B̂ is open. Since
the composition series is solving, Î2 = Î2/I1 is a locally compact Hausdorff space,
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thus, the set B̂K(H) ⊆ B̂I2 is dense and relatively closed, and therefore B̂K(H) = B̂I2

which gives K(H) = I2 by [1, Proposition 3.2.2].
It is straightforward to check that Jk := Ik+1/I2, k = 1, . . . ,m, is a solving

composition series of Q = B/I2 of length m−1, i.e. the length of B is at least `.

Lemma 3.2. Let k0 := codimZ := max{k : Fk(Z) 6= ∅}. Then we have
1. length (QB(Z)) ≤ k0 if k0 < n, and
2. length (QB(Z)) ≤ k0 − 1 = n− 1 if k0 = n.

Proof. Consider the composition series QB(Z) ⊇ Jn+1 ⊇ · · · ⊇ J1 = {0} of Section
2. By the definition of k0, we have Jn+1 = Jn = · · · = Jk0+1, i.e. the length of this
series is k0 which gives (1). In case k0 = n, note that

Jn =
⋂
{N(π) : [π] ∈ Q̂B(Z), dim[π] = 1} = com(QB(Z)) ,

where com(QB(Z)) denotes the commutator ideal. Thus, the C∗-algebraQB(Z)/Jn
is commutative and unital, i.e. of the form C(M) for some compact Hausdorff space
M, and the series QB(Z) ⊇ Jn ⊇ · · · ⊇ J1 = {0} is solving of length n− 1.

Remark 3.3. It is straightforward to check that M ≈ bS∗Z]
⊎
F∈Fn(Z) RE(F ) where

the compact Hausdorff topology on the latter space is the topology induced by the
inclusion bS∗Z ]

⊎
F∈Fn(Z) RE(F ) ↪→ (T, T ).

Let Q be a C∗-algebra, and J1,J2 ⊆ Q be two closed ideals of Q with J1 ⊆ J2.
For simplicity, let us write

(Q̂J2)J1 :=
{

[π] ∈ Q̂ : π(J1) = {0} and π(J2) 6= {0}
}

= Q̂J2 ∩ Q̂J1 = Q̂J2 \ Q̂J1 .

Since [π|J2 ] ∈ Ĵ2 for all [π] ∈ Q̂J2 , we obtain a map

ϕ : (Q̂J2)J1 −→ Ĵ2/J1 : [π] 7−→ [J2/J1 3 x+ J1 7−→ π(x)] .

Lemma 3.4. The map ϕ : (Q̂J2)J1 −→ Ĵ2/J1 is a homeomorphism provided
(Q̂J2)J1 is endowed with the topology induced by the inclusion (Q̂J2)J1 ↪→ Q̂.

Proof. By [1, Proposition 3.2.1] restriction to the ideal J2 induces a homeomor-
phism ψ : Q̂J2 −→ Ĵ2 with ψ((Q̂J2)J1) = Ĵ2J1 ≈ Ĵ2/J1. Since ϕ = ψ|(Q̂J2 )J1

,
this completes the proof.

Lemma 3.5. Let k0 := codimZ be as above. Then we have
1. length (QB(Z)) ≥ k0 if k0 < n, and
2. length (QB(Z)) ≥ k0 − 1 = n− 1 if k0 = n.

Proof. Let QB(Z) =: I`+2 ⊇ I`+1 ⊇ · · · ⊇ I1 = {0} be a solving composition series
of length ` with subquotients Ij+1/Ij ∼= C0(Tj ,K(Hj)), j = 1, . . . , `+ 1. Then

∅ = Q̂B(Z)
I1

⊆ Q̂B(Z)
I2

⊆ . . . ⊆ Q̂B(Z)
I`+2

= Q̂B(Z)

is an increasing sequence of open subsets of Q̂B(Z) [1, Proposition 3.2.2], and we
have a canonical bijective map ψ : Q̂B(Z) −→

⊎`+1
j=1 Tj .

Let G ∈ Fk0(Z) be arbitrary. Suppose E(G) = {H1, . . . , Hk0} = {1, . . . , k0},
and fix λ = (λ1, . . . , λk0) ∈ RE(G). Because of µ1 := λ1 ∈ Q̂B(Z) there exists
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j1 ∈ {2, . . . , `+ 2} with µ1 ∈ (Q̂B(Z)
Ij1

)Ij1−1 . Similar, to µ2 := (λ1, λ2) ∈ Q̂B(Z),

there exists j2 ∈ {2, . . . , `+ 2} with µ2 ∈ (Q̂B(Z)
Ij2

)Ij2−1 .

Suppose j2 < j1. Since Q̂B(Z)
Ij2

is open, by (2.5) there exist open sets Vk ⊆ RHk

with λk ∈ Vk, k = 1, 2, such that V1×V2]V1]V2 ⊆ Q̂B(Z)
Ij2 ⊆ Q̂B(Z)

Ij1−1
which

contradicts our choice of j1.

Now suppose j1 = j2, i.e. µ1, µ2 ∈ (Q̂B(Z)
Ij1

)Ij1−1 . By Lemma 3.4 the space

(Q̂B(Z)
Ij1

)Ij1−1 is Hausdorff in its relative topology, which is impossible because
we have µ1 ∈ W2 ∩W1 for any choice of open sets Wk ⊆ QB(Z) with µk ∈ Wk.
Consequently, we have j1 < j2, and iterating this procedure leads to a sequence
2 ≤ j1 < · · · < jk0 ≤ ` + 2 which gives ` ≥ k0 − 1, and completes the proof in the
case k0 = n. On the other hand, if k0 < n note that by Lemma 3.4 we have

ψ
( k0⊎
k=1

(
Q̂B(Z)

Ijk )
Ijk−1

)
=

k0⊎
k=1

Tjk−1 ⊆
`+1⊎
j=1

Tj

where each Tjk corresponds to a µk, i.e. to an infinite-dimensional irreducible rep-
resentation. Since Q̂B(Z) also has one-dimensional irreducible representations by
Theorem 2.1 and (2.4), we have k0 + 1 ≤ `+ 1, i.e. the length of QB(Z) is at least
k0.

Of course, a combination of Lemma 3.1, Lemma 3.2, and Lemma 3.5 completes
the proof of Theorem 1.1.

It remains to prove Proposition 1.2. Recall that the composition series (1.1) is
called stratified if for any irreducible representation π of B with π(Jk) 6= {0} we have
π(Jk+1) 6= π(Jk) [13, Definition 0.3]. Moreover, a solving, stratified composition
series coincides with the maximal radical series by [13, Proposition 0.4]. If we
abbreviate ` := lengthQB(Z), then the series

QB(Z) ⊇ J`+1 ⊇ J` ⊇ · · · ⊇ J1 = {0}(3.1)

with Jk given by (2.3) is solving of minimal length by Theorem 1.1 and the proof of
Lemma 3.2. Using the description (2.4) of the irreducible representations of QB(Z)
and the compatibility conditions (2.1) and (2.2), it is straightforward to check that
the series (3.1) is stratified. Thus, it is the maximal radical series for QB(Z), hence,
an application of Lemma 3.1 completes the proof of Proposition 1.2.
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