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BIVARIATE VERSION OF THE HAHN-SONINE THEOREM

JEONGKEUN LEE

(Communicated by Hal L. Smith)

Abstract. We consider orthogonal polynomials in two variables whose deriva-
tives with respect to x are orthogonal. We show that they satisfy a system of
partial differential equations of the form

α(x, y)∂2
x
−→
Un + β(x, y)∂x

−→
Un = Λn

−→
Un,

where degα ≤ 2, deg β ≤ 1,
−→
U n = (Un0, Un−1,1, · · · , U0n) is a vector of

polynomials in x and y for n ≥ 0, and Λn is an eigenvalue matrix of order
(n+ 1)× (n+ 1) for n ≥ 0. Also we obtain several characterizations for these
polynomials. Finally, we point out that our results are able to cover more
examples than Bertran’s.

1. Introduction

We are concerned with the problem of characterizing orthogonal polynomials
in two variables whose partial derivatives with respect to x are also orthogonal.
W. Hahn [5] solved the univariate version of this problem partially. He showed
that the only positive-definite orthogonal polynomials whose derivatives also form
positive-definite orthogonal polynomials are Jacobi, Laguerre or Hermite polyno-
mials. Later H. L. Krall [10] extended Hahn’s results to the quasi-definite case
and showed that the only orthogonal polynomials whose derivatives also form or-
thogonal polynomials are the classical orthogonal polynomials of Jacobi, Laguerre,
Hermite and Bessel. In addition to the work of Bochner and Krall (see also [14]),
there are many characterizations for the classical orthogonal polynomials (see [1],
[3], [13], [17]). For example, the following statements are equivalent:

Let {Pn(x)}∞n=0 be an orthogonal polynomial set (i.e., degPn = n for all n ≥ 0).
(i) For each n ≥ 0, y = Pn(x) satisfies a second order ordinary differential equa-

tion

α(x)y′′(x) + β(x)y′(x) = λny(x),(1.1)

for some α(x) = ax2 + bx+ c 6= 0 and β(x) = dx+ e, where λn = an(n− 1) +
dn 6= 0 if n ≥ 1.

(ii) Up to a complex linear change of variable, {Pn(x)}∞n=0 is one of the following
sets of orthogonal polynomials:
(a) Jacobi polynomials {P (α,β)

n (x)}∞n=0 for some α,β,α+β+1 /∈ {−1,−2, · · · },
(b) Laguerre polynomials {L(α)

n (x)}∞n=0 for some α /∈ {−1,−2, · · · },
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(c) Hermite polynomials {Hn(x)}∞n=0 ,

(d) Bessel polynomials {B(α,β)
n (x)}∞n=0 for some α /∈ {0,−1,−2, · · · } and

β 6= 0.
(iii) There exists a nonzero orthogonalizing moment functional σ for {Pn(x)}∞n=0

such that

(α(x)σ)′ = β(x)σ(1.2)

for some polynomial α(x) of degree ≤ 2 and β(x) of degree ≤ 1.
(iv) {P ′n(x)}∞n=1 is weakly orthogonal; i.e., there exists a nonzero moment func-

tional τ such that

〈τ, P ′n(x)P ′m(x)〉 = 0 if n 6= m.(1.3)

(v) {Pn(x)}∞n=0 satisfies a difference-differential equation of the form

α(x)P ′n(x) = (rnx+ sn)Pn(x) + tnPn−1(x)(1.4)

for some nonzero polynomial α(x) of degree ≤ 2 and constants rn, sn and tn.
The study of classical orthogonal polynomials in one variable leads us to consider

the relationship between orthogonal polynomials in two variables and a second order
partial differential equation of the form

Auxx + 2Buxy + Cuyy +Dux + Euy = λnu,(1.5)

where A(x, y), B(x, y) and C(x, y) are polynomials of degree ≤ 2, D(x, y) and
E(x, y) are polynomials of degree ≤ 1, and λn is the eigenvalue parameter. The
important work in this direction was done by Krall and Sheffer in 1967 [11]. But
there have been only a few results in this area since Krall and Sheffer. One of the
possible reasons lies in the fact that the general theory of multivariate orthogonal
polynomials was developed only very recently. The matrix-vector notation has
played an essential role in the recent development of the general theory. It was
introduced by Kowalski ([8], [9]). He characterized the orthogonality of polynomials
in several variables by the recurrence relations with matrix coefficients. Xu [18]
gave another formulation of the recurrence relations and gave a simple proof of
Kowalski’s theorem.

Owing to the three term recurrence relations with matrix coefficients, we [6]
obtained a characterization for orthogonal polynomials in two variables which sat-
isfy the partial differential equation of the form (1.5). In fact, we generalized the
property (v) to orthogonal polynomials in two variables.

In this paper, we generalize the Hahn-Sonine theorem to bivariate orthogonal
polynomials and obtain characterizations analogous to the classical orthogonal poly-
nomials. In particular, we show that a generalization of (iv) does not produce a
second order partial differential equation of the form (1.5) but does produce a sec-
ond order partial differential equation with two-parameter eigenvalues. Finally,
we show that our results can cover more examples which cannot be covered by
Bertran’s (see Examples 3.1 and 3.3).

2. Main contents

The set of all polynomials in two variables will be denoted by P . By a polyno-
mial system (PS), we mean a sequence of polynomials {φmn(x, y)}∞m,n=0 such that
degφmn = m+ n for all m,n ≥ 0 and {φn−j,j}nj=0 is linearly independent modulo
polynomials of degree ≤ n−1. For brevity, we denote {φn−j,j}nj=0 by an (n+1)×1
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matrix Φn and a PS {φmn(x, y)}∞m,n=0 by {Φn}∞n=0. A PS {Φn}∞n=0 is said to be
monic if φmn(x, y) = xmyn+ lower degree terms.

We call any linear functional on P a moment functional. We denote the action of
a moment functional σ on polynomial π by 〈σ, π〉. Similarly, for a matrix Q = (Qi,j)
with Qi,j being a polynomial, 〈σ,Q〉 is defined to be the matrix (〈σ,Qi,j〉). We see
that

〈
σ,ABT

〉
=
〈
σ,BAT

〉T for any column vectors A and B of polynomials.
For a moment functional σ, we define the partial derivatives of σ by the formulas

〈∂xσ, φ〉 = −〈σ, ∂xφ〉, 〈∂yσ, φ〉 = −〈σ, ∂yφ〉, φ ∈ P
and define the multiplication on σ by a polynomial ψ through the formula

〈ψσ, φ〉 = 〈σ, ψφ〉, φ ∈ P .

Definition 2.1. A PS {Φn}∞n=0 is called an orthogonal basis (OB) relative to σ if
there is a nonzero moment functional σ such that

〈σ, φmnφkl〉 = 0 if m+ n 6= k + l.

We say that {Φn}∞n=0 is a weak orthogonal polynomial system (WOPS) relative to
σ if

〈σ, φmnφkl〉 = Kmnδmkδnl.

If Kmn 6= 0 for each m,n ≥ 0, then we say that {Φn}∞n=0 is an orthogonal polyno-
mial set (OPS) relative to σ.

It is obvious that there is an OB relative to σ if and only if there is a WOPS
relative to σ.

Definition 2.2. A moment functional σ is quasi-definite (resp., weakly quasi-
definite) if there is an OPS (resp., a WOPS) relative to σ.

From Definition 2.1, we see that a PS {Φn}∞n=0 is a WOPS (resp., an OPS)
relative to σ if and only if 〈σ,ΦmΦTn 〉 = Hnδmn and Hn := 〈σ,ΦnΦTn 〉 is a diagonal
(resp., a nonsingular diagonal) matrix.

For any PS {Φn}∞n=0, there is a unique moment functional σ, which is called the
canonical moment functional of {Φn}∞n=0, defined by the conditions

〈σ, 1〉 = 1, 〈σ, φmn〉 = 0, m+ n ≥ 1.

Note that if a PS {Φn}∞n=0 is an OB relative to σ, then σ is a constant multiple
of canonical moment functional of {Φn}∞n=0.

Theorem 2.1 ([6], [11]). For any moment functional σ, the following statements
are equivalent :

(i) σ is quasi-definite.
(ii) There is a unique monic OB relative to σ.
(iii) There is a monic OB {Pn}∞n=0 such that Hn := 〈σ,PnPTn 〉 is nonsingular for

all n ≥ 0.

Lemma 2.2 ([6]). Let σ and τ be moment functionals and φ be a polynomial. Then
(i) σ = 0 if and only if ∂xσ = ∂yσ = 0.
(ii) Let {Φn}∞n=0 be an OB relative to a quasi-definite moment functional σ. Then

(a) φσ = 0 if and only if φ ≡ 0;
(b) 〈τ,Φn〉 = 0 for n > k if and only if τ = ψσ for some polynomial ψ of

degree ≤ k.
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Theorem 2.3 (Favard’s Theorem [18]). Let {Φn}∞n=0 be a PS. Then the following
statements are equivalent :

(i) {Φn}∞n=0 is an OB relative to a quasi-definite moment functional σ.
(ii) For n ≥ 0 and i = 1, 2, there are matrices Ani of order (n+ 1)× (n+ 2), Bni

of order (n+ 1)× (n+ 1), and Cni of order (n+ 1)× n such that
(a) xiΦn = AniΦn+1 +BniΦn + CniΦn−1;
(b) rankCn = n+ 1, where Cn = (Cn1, Cn2).

Now we are ready to state our main results.

Theorem 2.4. Let {Pn}∞n=0 be a monic OB relative to a quasi-definite moment
functional σ. Assume that ∂xP0n ≡ 0 (resp., ∂yPn0 ≡ 0) for all n ≥ 0. Then the
following statements are equivalent :

(i) σ satisfies the functional equation of the form

(α(x, y)σ)x = β(x, y)σ (resp., (ᾱ(x, y)σ)y = β̄(x, y)σ),(2.1)

where α(x, y) (resp., ᾱ(x, y)) is a polynomial of degree ≤ 2 and β(x, y) (resp.,
β̄(x, y)) is a polynomial of degree ≤ 1.

(ii) {Pn}∞n=0 satisfy a system of equations of the form

α(x, y)∂2
x

−→
Un + β(x, y)∂x

−→
Un=Λn

−→
Un (resp., ᾱ(x, y)∂2

y

−→
Un + β̄(x, y)∂y

−→
Un=Γn

−→
Un),

(2.2)

where α(x, y) (resp., ᾱ(x, y)) is a polynomial of degree ≤ 2 and β(x, y) (resp.,
β̄(x, y)) is a polynomial of degree ≤ 1, Λn (resp., Γn) is a constant matrix
of order (n + 1) × (n + 1) and

−→
Un = (Un0, Un−1,1, · · · , U0n)T is a vector of

polynomials for each n ≥ 0.
(iii) {P(x)

n }∞n=0 (resp., {P(y)
n }∞n=0) is a monic OB, where

P(x)
n = (P (x)

n0 , P
(x)
n−1,1, · · · , P

(x)
0n )T , P (x)

n−k,k =
1

n+ 1− k∂xPn+1−k,k for 0 ≤ k ≤ n,

P(y)
n = (P (y)

n0 , P
(y)
n−1,1, · · · , P

(y)
0n )T , P (y)

n−k,k =
1

k + 1
∂yPn−k,k+1 for 0 ≤ k ≤ n.

Proof. We prove the case that ∂xP0n ≡ 0 only since the other case can be proved
similarly.

(i) =⇒ (ii): Since α(x, y)∂2
xPn+β(x, y)∂xPn is a vector of polynomials of degree

≤ n, there are matrices Anj of order (n+ 1)× (j + 1) (j = 0, 1, · · · , n) such that

α(x, y)∂2
xPn + β(x, y)∂xPn =

n∑
j=0

Anj Pj .(2.3)

Then we have for 0 ≤ k ≤ n− 1

AnkHk = Ank
〈
σ,PkPTk

〉
=
〈
σ,
∑n

j=0 A
n
j PjPTk

〉
=
〈
σ,
(
α∂2

xPn + β∂xPn
)
PTk
〉

=
〈
ασ, ∂x(∂xPnPTk )− ∂xPn∂xPTk

〉
+
〈
βσ, ∂xPnPTk

〉
= −

〈
ασ, ∂xPn∂xPTk

〉
= −

〈
ασ, ∂x(PnPTk )− Pn∂2

xPTk
〉

=
〈
σ,Pn

(
α∂2

xPk + β∂xPk
)T〉 = 0

since deg
(
α∂2

xPk + β∂xPk
)
≤ 2. Hence we have Ank = 0 for all 0 ≤ k ≤ n − 1.

By comparing the coefficients of the highest degree terms in both sides in (2.3), we
obtain (ii).
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(ii) =⇒ (iii): Let P(x)
n = (∂xPn+1,0, ∂xPn,1, · · · , ∂xP1,n)T . Then for m 6= n, we

have
〈ασ, ∂xPn+1∂xPTm+1〉 = 〈ασ, ∂x(Pn+1∂xPTm+1)− Pn+1∂

2
xPTm+1〉

= −
〈
σ,Pn+1

(
α∂2

xPm + β∂xPm
)T〉 = −〈σ,Pn+1PTm+1〉ΛTm+1 = 0

since {Pn}∞n=0 is an OB σ. Thus {P(x)
n }∞n=0 is a monic OB relative to ασ) since

〈ασ, ∂xPn+1∂xPm+1〉 = 0 implies 〈ασ,P(x)
n P(x)T

m 〉 = 0.
(iii) =⇒ (i): Let τ be the canonical moment functional of {P(x)

n }∞n=0. Note that〈
τ,P(x)

m P(x)T
n

〉
= 0 implies that

〈
τ, ∂xPm+1∂xPTn+1

〉
= 0.

If we take m = 0, then for n > 0 we have

〈τ, ∂xPn+1〉 = −〈τx,Pn+1〉 = 0.

Hence by Lemma 2.2, there is a polynomial β of degree ≤ 1 such that

τx = βσ.

If we take m = 1, then we have for n > 1

〈τ, ∂xP20∂xPTn+1〉 = 0, 〈τ, ∂xP11∂xPTn+1〉 = 0.

Hence by Lemma 2.2, there are polynomials α0(x, y), α1(x, y) of degree ≤ 2 such
that

(∂xP20τ)x = α0σ, (∂xP11τ)x = α1σ.

Thus we have τ = 1
2 (α0 − β∂xP20)σ and 1

2 [(α0 − β∂xP20)σ]x = βσ. Since α0 −
β∂xP20 is a nonzero polynomial of degree ≤ 2, (i) is proved.

Remark 2.1. The condition that ∂xP0n = 0 for all n ≥ 0 is not too restrictive. In
fact, all weak orthogonal polynomials found by Krall and Sheffer [11] satisfy this
condition.

Theorem 2.5. If Λn (resp., Γn) in (2.2) is diagonalizable for all n ≥ 0, there is an
OB {Φn}∞n=0 relative to σ such that {Φn}∞n=0 satisfy a partial differential equation
with two-parameter eigenvalues

α(x, y)∂2
xu+ β(x, y)∂xu = λn−k,ku, (resp., ᾱ(x, y)∂2

yu+ β̄(x, y)∂yu = γn−k,ku),
(2.4)

where λn−k,k (resp., γn−k,k) are the eigenvalues of Λn (resp., Γn) for 0 ≤ k ≤ n.

Proof. Let An be a nonsingular matrix of order (n+ 1)× (n+ 1) such that

A−1
n ΛnAn = Dn,

where Dn is a diagonal matrix Dn = Diag(λn0, λn−1,1, · · · , λ0n). Define a PS
{Φn}∞n=0 by Φn = A−1

n Pn. Then {Φn}∞n=0 satisfy a partial differential equation
(2.4). Thus the theorem is proved.

We can obtain similar results for Γn.

Theorem 2.6. Let {Pn}∞n=0 be a monic OB relative to a quasi-definite moment
functional σ. Suppose that ∂yPn0 = ∂xP0n = 0 for all n ≥ 0. If {P(x)

n }∞n=0 and
{P(y)

n }∞n=0 are OB’s relative to quasi-definite moment functionals, then {Pn}∞n=0

satisfies a second order partial differential equation of the form

A(x, y)∂2
x

−→
Un + C(x, y)∂2

y

−→
Un +D(x, y)∂x

−→
Un + E(x, y)∂y

−→
Un = Ωn

−→
Un,(2.5)
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where degA, degB ≤ 2 and degD, degE ≤ 1 and Ωn are eigenvalue matrices of
order of (n+ 1)× (n+ 1).

Proof. The theorem is proved by applying Theorem 2.4 repeatedly.

Theorem 2.7. If each Ωn in (2.5) is diagonalizable for each n ≥ 0, then there
is an OB {Φn}∞n=0 satisfying a second order partial differential equation with two-
parameter eigenvalues

A(x, y)uxx + C(x, y)uyy +D(x, y)ux + E(x, y)uy = ωn−k,ku,

where ωn−k,k (0 ≤ k ≤ n) are eigenvalues of Ωn.

Proof. The theorem is proved in the same way as in Theorem 2.5.

Remark 2.2. 1. The conditions that ∂yPn0 = ∂xP0n = 0 for all n ≥ 0 hold for
many OPS’s. For OPS’s satisfying a second order partial differential equation
of the form (1.5), these conditions are equivalent to Ay = Cx = 0. See [6] for
the details and their properties.

2. In fact, Ωn = Λn + Γn, where Λn and Γn are given in (2.2).

3. Examples and Bertran’s work

Let {Φn}∞n=0 be an OB relative to a quasi-definite moment functional σ satisfying
a second order partial differential equation of the form

Auxx + 2Buxy + Cuyy +Dux + Euy = λnu.(3.1)

If we write {Φn}∞n=0 by

φn−j,j(x, y) =
∑n

k=0
anjkx

n−kyk + lower terms (j = 0, 1, · · · , n),

then the monic PS {Pn}∞n=0, defined by

Pn = A−1
n Φn, where An =

(
anjk
)n
j,k=0

(n ≥ 0),

also satisfies the partial differential equation (3.1). We call this PS {Pn}∞n=0 the
normalization of {Φn}∞n=0. From now on, {Pn}∞n=0 will denote the normalization of
an OB {Φn}∞n=0 relative to a quasi-definite moment functional σ.

The partial differential equation (3.1) was introduced and investigated by Krall
and Sheffer. Then it is well known (see [6], [11]) that σ satisfies the following
functional equations, called the moment equations,{

(Aσ)x + (Bσ)y −Dσ = 0,
(Bσ)x + (Cσ)y − Eσ = 0.

(3.2)

Solving the moment equations (3.2) for σx and σy, we have

{
((B2 −AC)σ)x = [(B2 −AC)x + (Ax +By −D)C − (Bx + Cy − E)B]σ,
((B2 −AC)σ)y = [(B2 −AC)y − (Ax +By −D)B + (Bx + Cy − E)A]σ.

(3.3)

Note that deg(AC −B2) ≤ 3 and the coefficients in (3.3) is of degree ≤ 2.
Bertran [2] studied some properties of orthogonal polynomials in ν-variables

obtained by orthogonalizing an ordered basis of monomials. He derived a system
of partial differential equations of the form (2.4) for these orthogonal polynomials
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under the strong conditions that the weight function w(x) satisfies the system of
first order partial differential equations with boundary conditions

αi∂xiw = βiw, αiw = 0 on ∂R (i = 1, 2, · · · , ν),

where degαi ≤ 2, deg βi ≤ 1 and R is the region of the orthogonality. Also,
he gave some examples of orthogonal polynomials in ν-variables satisfying a second
order partial differential equation with two-parameter eigenvalues of the form (2.4).
However, Bertran’s results are not applicable if we do not know the orthogonalizing
weight function and the region of orthogonality. We recall that there are many
OPS’s whose weight function is not known ([11], [15]).

Below, we show that our theorems can be applied to more examples which cannot
be covered by Bertran’s results.

Example 3.1. Consider the following partial differential equation:

(x2 − 1)uxx + 2xyuxy + (y2 − 1)uyy + gxux + gyuy = n(n+ g − 1)u.(3.4)

The polynomial solutions are called the circle polynomials. Recently [12], we showed
that the differential equation (3.4) has an OPS as solutions if g 6= 1, 0,−1, · · · . Let
σ(g) be the orthogonalizing moment functional of the circle polynomials. Solving
the equation (3.2) for σ(g)

x and σ(g)
y , we have{ (

(1 − x2 − y2)σ(g)
)
x

= (1− g)xσ(g),

((1 − x2 − y2)σ(g))y = (1− g)yσ(g).

Thus by Theorem 2.4 and 2.6, {Pn}∞n=0 will satisfy three partial differential equa-
tions:

(1− x2 − y2)∂2
xPn + (1− g)x∂xPn = ΛnPn,(3.5)

(1− x2 − y2)∂2
yPn + (1− g)y∂yPn = ΓnPn,(3.6)

(1 − x2 − y2)∂2
xPn + (1 − x2 − y2)∂2

yPn
+ (1− g) [x∂xPn + y∂yPn] = (Λn + Γn)Pn,

(3.7)

where Λn and Γn are constant matrices of order (n+ 1)× (n+ 1) given by

Λn =



an 0 bn
0 an−1 0

. . .
a2 0 b2
0 a1 0
0 0 0


,

Γn =



0 0 0
0 a1 0
b2 0 a2

. . .
0 an−1 0
bn 0 an


,



2388 JEONGKEUN LEE

where ak = −k(k + g − 2) and bk = −k(k − 1). Since the eigenvalues of Λn and
Γn are all distinct, Λn and Γn are diagonalizable matrices. Thus by Theorem 2.5,
there is an OB {Φn}∞n=0 (which in general is not monic) such that

(1− x2 − y2)∂2
xφn−k,k + (1− g)x∂xφn−k,k = an−kφn−k,k (0 ≤ k ≤ n).

Similarly, there is an OB {Ψn}∞n=0 (which in general is not monic) such that

(1 − x2 − y2)∂2
yψn−k,k + (1− g)y∂yψn−k,k = akψn−k,k (0 ≤ k ≤ n).

Furthermore, the partial derivatives {P(x)
n }∞n=0 and {P(y)

n }∞n=0 of {Pn}∞n=0 with
respect to x and y are OB’s relative to a moment functional (1 − x2 − y2)σ(g)(see
[6]). In fact, we have

(1− x2 − y2)σ(g) = σ(g+2).

Thus {P(x)
n }∞n=0 or {P(y)

n }∞n=0 is orthogonal relative to the moment functional σ(g+2)

and satisfies the partial differential equation

(x2 − 1)uxx + 2xyuxy + (y2 − 1)uyy + (g + 2)xux + (g + 2)yuy = n(n+ g + 1)u.

Bertran dealt with the circle polynomials only for g = 3. But he did not give
the eigenvalues explicitly and did not notice that partial derivatives of {Pn}∞n=0

with respect to x or y are OB’s relative to the weight function w(x, y) =
H(1 − x2 − y2) dxdy. We emphasize that our theorem has an advantage of be-
ing able to apply to the circle polynomials (with g 6= 1, 0,−1, · · · ) and to prove the
orthogonality of partial derivatives with respect to x and y of the normalization of
the circle polynomials.

Remark 3.1. The matrix Ωn = Λn + Γn in (3.7) has complex eigenvalues for some
n ≥ 0. Thus there is no real PS satisfying the partial differential equation with
two-parameter eigenvalues

(1− x2 − y2)∂2
xv + (1 − x2 − y2)∂2

yv + (1− g) [x∂xv + y∂yv] = ωn−k,kv.

Remark 3.2. Schwartz (see [4] [16]) derived a pair of partial differential operators
which have the circle polynomials as joint eigenfunctions. One of his partial differ-
ential operators is (3.7) with g = 2γ+ 3. He showed that the circle polynomials for
γ > −1 are the unique solutions to the generalized Bochner problem [16]: Find all
triples (L1, L2,P) where P is a family of polynomials, and Li(i = 1, 2) are second
order linear partial differential operators such that φ1,0(x, y) := x+ iy ∈ P , and for
every φ ∈ P

φ(1) = 1, φ ∈ P , φ(z̄) = φ̄(z),
L1φ = φx(1)φ, L2φ = φy(1)φ.

Example 3.2. Consider the partial differential equation for the triangle polyno-
mials

(x2 − x)uxx + 2xyuxy + (y2 − y)uyy + [(α+ β + γ + 3)x− (α+ 1)]ux
+ [(α+ β + γ + 3)y − (β + 1)]uy = λnu.

(3.8)

The partial differential equation (3.8) has an OPS if α+ 1 +n, β+ 1 +n, γ+ 1 +n,
α+ γ + 2 + n, β + γ + 2 + n, α+ β + γ + 3 + n 6= 0 for all n ≥ 0 (see [12]) . Then σ
satisfies the moment equations{

xy(x + y − 1)σx = y [(α+ γ)x+ αy − α]σ,
xy(x + y − 1)σy = x [βx+ (β + γ)y − β]σ.(3.9)
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It is shown [7] that the common factors in (3.9) can be cancelled out and σ satisfies{
[x(x+ y − 1)σ]x = [(α+ γ + 2)x+ (α+ 1)y − (α+ 1)]σ,
[y(x+ y − 1)σ]y = [(β + 1)x+ (β + γ + 2)y − (β + 1)]σ.

Then by Theorem 2.4, the monic triangle polynomials satisfy the partial differential
equations{

x(x+ y − 1)∂2
xPn + [(α+ γ + 2)x+ (α+ 1)y − (α+ 1)] ∂xPn = ΛnPn,

y(x+ y − 1)∂2
yPn + [(β + 1)x+ (β + γ + 2)y − (β + 1)] ∂yPn = ΓnPn,

where Λn and Γn are constant matrices of order (n+ 1)× (n+ 1) given by

Λn =


αn βn
0 αn−1

. . .
α1 β1

0 0

 ,Γn =


0 0
δ1 γ1

. . .
γn−1 0
δn γn

 ,

where αk = k(k+α+γ+1), βk = k(k+α), γk = k(k+β+γ+1) and δk = k(k+β). By
Theorem 2.5, there is an OB {Φn}∞n=0 satisfying a second order partial differential
equation with two-parameter eigenvalues for n ≥ 0 and 0 ≤ k ≤ n

x(x + y − 1)∂2
xφn−k,k + [(α+ γ + 2)x+ (α+ 1)y

− (α+ 1)]∂xφn−k,k = αn−kφn−k,k,

since Λn is diagonalizable if α+ γ + 2 + n 6= 0 for n ≥ 0. Similarly, there is an OB
{Ψn}∞n=0 satisfying a second order partial differential equation with two-parameter
eigenvalues for n ≥ 0 and 0 ≤ k ≤ n

y(x+ y − 1)∂2
yψn−k,k + [(β + 1)x+ (β + γ + 2)y

−(β + 1)]∂yψn−k,k = γkψn−k,k,

since Γn is also diagonalizable if β + γ + 2 + n 6= 0 for n ≥ 0.

The following example shows that our theorem improves Bertran’s statement in
the sense that our theorem can apply to an OPS relative to a moment functional
σ which satisfies a single equation of the form (2.1).

Example 3.3. Consider an OPS relative to a quasi-definite moment functional σ
satisfying the partial differential equation ([11], [15])

3yuxx + 2uxy − xux − yuy + nu = 0.(3.10)

Then σ satisfies {
(3yσ)x + σy = −xσ,
σx = −yσ.(3.11)

Solving (3.11) for σx and σy, we have

σx = −yσ, σy = (−x+ 3y2)σ.(3.12)

Note that (3.12) are neither of type considered by Bertran nor equations for a weight
function. σ is nothing but a moment functional and its integral representation is



2390 JEONGKEUN LEE

not known. Nevertheless, by Theorem 2.4, {Pn}∞n=0 satisfy a system of partial
differential equations

∂2
xPn − y∂xPn = ΛnPn,(3.13)

where Λn is a matrix of order (n+ 1)× (n+ 1) given by

Λn =



0 −n 0
0 0 −n+ 1
0 0 0

. . .
0 −2 0
0 0 −1
0 0 0


.

However, Λn is not diagonalizable since the eigenvalues of Λn are all 0 and the
number of linearly independent eigenvectors is 1. Thus there is no OB which
satisfies the partial differential equation (3.10) and a partial differential equation
of the form (2.4) simultaneously.
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