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ABSTRACT. Let A = 2cos(w/5). Let (7) be an ideal of Z[\] and let (m0) be
the maximal ideal of Z[)] such that (r&) C (). Then N(Go(7)) < Go(m0). In
particular, if 7 is square free, then Go(7) is self-normalized in PSL2(R).

1. INTRODUCTION

In this paper, we continue our study into the extent to which properties of the
modular group hold for the Hecke groups; see [CLLT], [LLT1], [LLT2|, [LT1], [LT2]
for some previous results. We are in particular interested in the Hecke group Gj
which we denote by G and its congruence subgroups Go(7). Our main results are:

(i) Theorem 8. Let A\ = 2cos(7/5) = (1 ++/5)/2. Let (1) be an ideal of
Z[\] and let (79) be the maximal ideal of Z[)] such that (7&) C (7). Then
N(GQ(T)) < GQ(TQ).

(i) Main Theorem. Let (7) be an ideal of Z[A]. Suppose that 7 is square free.
Then Go(r) is self-normalized in PSLa(R).

This contrasts with the cases of the congruence subgroups of the modular group
I" which admit Atkin-Lehner involutions, so have strictly larger normalizers ([ALL,
[, [LN)).

We recall the following definitions, notation and results. For ¢ > 4, the Hecke
groups G, are the (discrete) subgroups (w, uq) of PSLy(Z[A,]), where Ay =2cos(7/q)

and
(0 -1 (1N,
=\ o) "m0 1)

When g = 3, we recover the modular group I' so the above can be thought of
as a natural generalization of I'. Alternatively, we can interpret the generalization
as G4 being maximal discrete subgroups whose entries are in some extension of Z.
Finally, we have the geometric interpretation: I' is a (2,3, 00) triangle group and
the Hecke group G is a (2, ¢, 00) triangle group.
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Let A be an ideal of Z[\;]. We define

Go(A) = {o = (‘; Z) €G,lce Al

Again, this is a natural generalization of the congruence subgroups I'g(n) of T.
It works because the elements of G, sit naturally in the ring Z[\,].

Recall that G, is commensurable with PSLy(Z) if and only if ¢ = 4 or 6. The
elements of such groups are completely known; see [P], for example.

Suppose Gy is not commensurable with PSLy(Z). By the results of Leutbecher,
IL1], [L2], Q(N\) U {oo} is the set of cusps of Gy if and only if ¢ = 5. Also, 5 is the
only ¢ other than 4, 6 for which Q()) is a quadratic field. For all other ¢’s, the
degree is > 2. As a consequence, ¢ = 5 is the next most workable and interesting q.
Some of the classical results on the modular group can be generalized to G = G5
([CLLTY, [LLT2]). From now on ¢ = 5, so A, = (1 ++/5)/2.

The main facts used in the proof of our main theorem are:

(a) Z[)] is a principal ideal domain.
(b) The set of cusps of G is Q(A) U {oco} ([L1], [L2]). Furthermore, if x € Q(A) is

a cusp, = has a unique reduced form x = ¢ ([R]). By definition, this means

that a,b € Z[A] with b > 0 and there exists ¢, d € Z[\] such that (Z ccl) eG.
Clearly, (a,b) = 1 so that if = ‘;—,/ with (a’,b') = 1, then a = pa’, b = pb/
where £ is a unit in Z[A].

(c) (Proposition 6 of [LLT1]) Suppose x;, z; are members in Q(A) U {oo} with
reduced form a;/b; and a;/b; respectively, and suppose that x; < x;. Then
the following statements are equivalent:

. aj G4 .
0 (bj bi) G
(i) (w;,x;) is an even line, that is, it is the image of the complete hyperbolic

geodesic with ends at 0 and oo under the action of some A € G;
(111) ajbi - aibj =1.

(d) The even lines give a tessellation of H (the upper half plane) into ideal
pentagons, that is, hyperbolic 5-gons whose vertex angles are all zero ([KI,

[LLT1)).
(e) <(1) l{) € G if and only if b = mA, m € Z (|R]). Similarly, <i (1)> c G if

and only if ¢ = nA, n € Z. (This result is well known, a proof of this result
can be found in Corollary 5 of [LLT1].)

The rest of the paper is organized as follows. In Sections 2 and 3, we study the
reduced forms of Q(\). Facts about reduced forms that are useful in the determina-
tion of N(Go(7)) are given in Corollary 3 and Lemma 4. The next two sections are
devoted to the reduction of the supergroups of N(Go(7)) (a group S is a supergroup
of N(Go(7)) if N(Go(7)) is a subgroup of S). In Section 6, we complete the proof
of our main theorem.

Throughout the paper, A = 2cos(7/5), (7) is an ideal of Z[\], and N(Go(7)) is
the normalizer of Go(7) in PSLy(R).



NORMALIZERS OF SUBGROUPS OF THE HECKE GROUP G5 II 2273

2. REDUCED FORMS

Recall first that a/b is a reduced form if
(i) a,b € Z[\] with b > 0,

(ii) there exist ¢,d € Z[\] such that ((Z ccl> eG.

Let z/y = (z1 + 22)\)/(y1 + y2A) > 0 be a reduced form. Since A2 = X\ + 1,
we may assume that x1, z2,y1, and yo are nonnegative rational integers ([LLTT]).
The following lemmas must be well known among the experts. For the reader’s
convenience, the proof is included.

Lemma 1. Let /y > 0 (y > 0) be a reduced form. Then y € N if and only if
y=1.

Proof. Let a/band ¢/d (0 < a/b < ¢/d) be reduced forms such that (a/b, c/d) is an
even line. The vertices of the ideal pentagon lying below (a/b, ¢/d) are given by

{a/b,(\a+¢)/(Ab+ d), Ma + ¢)/A(b+ d), (a+ Ac)/(b+ Ad), c/d} .

Since z/y is a reduced form, x/y is a vertex of an ideal pentagon I. Suppose
that I lies below (a/b,c/d). As x/y ¢ {0,000}, we may assume that

2/y € {(Aa+c)/(Ab+d), Ma+c) /b +d), (a+ Ae)/(b+ Ad)} .

Let a = a1 4+ asA, b =01 + b2\, c = c1 + c2\, and d = dy + d2 ). Note that we may
assume that aq,as, b1,ba, c1,c2, di, and ds are nonnegative rational integers.
Suppose that y € N.

Case 1. z/y = (Aa + ¢)/(Ab+ d). It follows that by + b +dy =0 and by + di = y.
Hence by = by = do = 0. As a consequence, b = 0 and d = y. This is a contradiction
(0<a/b<c/d).

Case 2. z/y = (a+ Ac)/(b+ Ad). Tt follows that by + di + do = 0 and by + d2 = y.
Hence by = di = do = 0. As a consequence, b = y, d = 0, and (a/b,c/d) =
(a/y,1/0). By Proposition 6 (iii) of [LLTI], y = 1.

Case 3. x/y = Ma+c)/A(b+d). It follows that by +be+d; +d2 = 0 and by +dy =y
is an integer. It follows that by = bs = d; = d2 = 0. This is a contradiction.

This completes the proof of the lemma. O

Lemma 2. Let m be a positive rational integer. Then the only reduced forms be-
tween 0 and \ with denominator mX are 1/mX and X\ — 1/mA = (mA\? —1)/m\ =
(mA+ (m —1))/mA.

Proof. Let 0 < z/mA < A be a reduced form. Similar to Lemma 1, we may assume
that

z/y € {(Ma+¢)/(Ab+ d), Ma + ) /A(b + d), (a+ Xe)/(b+ Ad)}

for some even line (a/b,c/d). Let a = a; + agA, b = b1 + b2\, ¢ = 1 + c2A, and
d = dy 4+ d2 ). Note that we may assume that ai,as, b1,b2, c1,c2, di, and ds are
nonnegative rational integers.

Suppose that x/mA = (Aa + ¢)/(Ab + d). Tt follows that by + by + d2 = m and
by + d; = 0. Hence bo = d; = 0. This implies that b = b; € N. Since a/b is a
reduced form, b = b3 = 1 (Lemma 1). By Corollary 5 of [LLT1], a = kA for some
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k€ Z. Since 0 < a/b < X, a = 0. It follows that d = (m — 1)A\. By Proposition 6
(iii) of [LLTI], ¢ = 1. Hence z/mA = (Aa+¢)/(Ab+d) = 1/mA.

Suppose that x/mA\ = (a + Ac)/(b+ Ad). It follows that by + di + d2 = m and
b1 +da = 0. Hence by = da = 0. This implies that d = d; € NU {0}. Since
¢/d is a reduced form, d = d; = 1 (Lemma 1). Applying Corollary 5 of [LLTT],
¢ =0 or kX, where k € Z. Since 0 < a/b < ¢/d < X\, ¢ = A. Since ¢/d = N/1,
b= by = (m — 1)A. By Proposition 6 (iii) of [LLT1], a = —1 + (m — 1)A\2. Hence
x/mA = (Aa+c)/(Ab+d) = (mA? —1)/mA.

Suppose that x/mA = A(a+c)/A(b+d). Tt follows that bo = da = 0. This implies
that b =061 € N, d =d; € NU{0}, and by +d; = m. By Lemma 1, b = b, =1
and d = dy = 0. It follows that m = 1. Since 1/A and A\/A = X\ — 1/X are the only
reduced forms between 0 and A with denominator A, the lemma holds.

In summary, the only reduced forms between 0 and A with denominator mA\ are
1/mX and (mA? — 1)/mA. O

Applying Lemma 2, we have the following.

Corollary 3. Let m be a positive rational integer. Then x/mX is a reduced form
if and only if v = kmA?> & 1, where k € Z. Further, if x/m\ and y/m\ are
reduced forms such that x/mA — y/mX\ = 2/mA, then x/mA = kX + 1/mA and
y/mA=kX—1/mA.

Proof. By Lemma 2, the reduced forms with denominator mA are given by kX +
(1/mA). This completes the proof of the corollary. O

3. PSEUDO-EUCLIDEAN ALGORITHM AND REDUCED FORMS

Let a,b € Z[A] \ {0}. There exists a unique rational integer ¢ such that
(i) a=(gA)b+r,
(ii) |r| = |a — (gA\)b] < |a — (xA)b] for all x € Z.
We call such a division algorithm pseudo-Euclidean (see [R] for more details). In
terms of matrices, the above can be written as

b )6)-6)

(1) 7f>\ € G. Let n € N. Applying the pseudo-Euclidean algorithm

repeatedly, one has,

Note that

n= (QIA)]- + 7 )
1= (@A\)r1 +72,
1= (@A)r2 + 73,

Tk = (Qr+1A)Th+1 + Tht2 5

Tht1 = (Qey2A)Trt2 + 0.
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The finiteness of the algorithm is governed by the fact that the set of cusps of G is
Q(X) U{oo}. Note that in terms of matrices, the above can be written as

ny _ Tk42
(3.1) (1>_A< | > ,
where A € G. It is clear that
ng(n) 1) = ng(la Tl) == ng(T'k+1,7“k+2) = TL42

is a unit. As

(i) [resel <1,
(ii) A is a primitive unit,
there exists e(n) € N such that
[Phgal = A7

Multiplying (3.1) by (™), one has

nem) +1
(o) =4 (%)

Since A € G and +1/0 is a reduced form, we conclude that nA*(™ /\¢(") is the
reduced form of n. Consequently, —A*"™) /n\¢(") is the reduced form of —1/n. Note
that since the reduced form is unique, e(n) is the unique rational integer such that

_/\e(n)/n/\e(n) and n/\e(n)/)\e(n)
are reduced forms.

Lemma 4. Let m > 1 and x > 1 be rational integers. Then there exists f € N
such that e(mx/*1) > e(ma’).

Proof. Let s,t € NU{0}. Applying the pseudo-Euclidean algorithm, one has
ma® = (gsA\)1 + 75
and
mat = (@A)l + 7.
Suppose that r; = ;. It follows that
ma® —ma' = (gs — q)\.

As ) is irrational, the above implies that maz® = ma!. Consequently, r, # r; if and
only if s # t. Therefore, mz® is not congruent to ma! modulo A if and only if s # ¢.
This implies that

Q = {mas A m=7) ) \eme®) (mod \) @ s € NU {0} }
is infinite. Let
mas \eme™) 2 ema®) — g X 4 mgs \emeT) / \emeT) (mod \),
where k; € Z. It follows that

1 —kA\ (masxeme?) mas Aeme?) — zelmeT) g )
(3'2) (0 1 ) ( )\e(mzs) ) = ( )\e(mzs) ) :
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As mas =) /2e(me%) §g in reduced form, (3.2) implies that
(mste(sz) . )\e(mzs)ksA)/Ae(mxs) _ mste(sz)/Ae(mxs) (mod )\)
is also in reduced form. Hence every member in {2 is in reduced form. Since
(i) Q is infinite,

(ii) there exist only finitely many cusps u/v (in reduced form) in [0, A] such that
v S Ae(m),

there exists some s such that

)\e(mxs) > )\e(m).
Hence there exists some f € N such that e(maz/*1) > e(ma/). O

4. FIRST REDUCTION

Throughout this section, (7) is a nontrivial ideal of Z[\] and m is the smallest
positive rational integer in (7). Let PGL] (Q(\)) = { A € PGL2(Q()\)) : det A >
0}. A matrix M in PGL$(Q())) is said to be primitive if

(i) all the entries of M are members of Z[A],
(ii) the greatest common divisor of the entries of M is 1.

Denote by N(Go(7)) the normalizer of Go(7) in PSLy(R). The purpose of
this section is to show that every element in N(Go(7)) is of the form wA’, where
TeQN2={2eR: 22cQ(\)} and A’ € PGL (Q()\)) is primitive.

For any

a b
A= (c d) € N(Go(1)),
we have
1
a b 1 A a b 1 — ach DY
(4.1) (c d) (O 1> <c d> - < —2\ 1+ac)\> € Go(7),
—1
a b 1 A\ (a b\ _ (1+dex d?X
(42) (c d) (0 1) (c d) = ( —e\ 1 —ch) € Go(m),
10\ (a b\ ' [l+bdmA —b*mA
(m)\ 1) (c d) - ( EmA 1 —bdmA) € Go(m),
-1
a b 1 0\ /a b 1—abmA —b*mA
(4.4) (c d) <m/\ 1> <c d> - ( a’mA 1 +abm)\> € Go(7)-

Case 1. Suppose ¢ = 0. By (4.1), we have a = +,/n3 and d = +1/,/n3 (ad = 1),
where ny € Z[A]. By (4.4), abm € Z[)\]. Hence b = £ns3/m./na, where ng € Z[\].
As a consequence,

0 1ym

It follows that A = 1A', where 7 € QA2 = {z € R : 22 € Q(\)} and A’ €
PGL3(Q())) is primitive.

e <\/n_2 n3/m\/n_2) .
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Case 2. Suppose ¢ # 0. By (4.1), ¢ = +,/7n1, where ny; € Z[\. Since 1 —
ac\ € Z[A|, a = £ng/\/Tn1, where ng € Z[\]. By (4.2), 1 — deA € Z[A]. Hence
d = +n4/\/Tn1, where ny € Z[)\]. Since the determinant of A is 1, we conclude
that

b= :I:(n3n4/7'n1 - 1)/«/’7’7L1 .
Similar to Case 1, A = 7A’, where 7 € Q\)Y/?2 = {z € R : 22 € Q(\)} and
A" € PGL3(Q(N)) is primitive.

Remark. Applying the proof we presented in this section, one can show that every
member of the normalizer of Go(7) of Gy, ¢ > 4, is of the form A = wA’, where
Te€QN2={2€R: 22cQ(\)} and A’ € PGL (Q()\)) is primitive.

5. SECOND REDUCTION: N(Gy(7)) < G5

Throughout this section, m is the smallest positive rational integer in the nontriv-
ial ideal (1) and A = 1A’ € N(Go(7)), where 7 € Q(\)*/? and A’ € PGLJ (Q(\))
is primitive. The main purpose of this section is to show that A is a member of
G = Gs.

For each

A=7A =1 (Z Z) € N(Go(7)),

let @’ /¢’ be the reduced form of a/c. Proposition 6 of [LITT] implies that G contains

an element of the form
_ a v
Bl = (C, d,) .

U(A)_BA_WBA,—W<x Z) .

It follows that

0
where x,y, z € Z[A]. Note that since B € G and A’ is primitive, ged (x,y,z) = 1.
Furthermore, since B € G and A € N(Gy(7)),

(5.1) w(A)ou(A)™! = BAc(BA)™! = (Z Z) e

for every o in Go(7). In particular, /t and s/u are in reduced form.

Lemma 5. z/z is a rational integer and m is a multiple of x/z.

Proof. Let 0 = (1 A

0 1>. It follows by applying (5.1) that

0 1
By Corollary 5 of [LLTI], /2 € Z. This completes the proof of the first part of
1 O). It follows that

w(A)ou(A)t = (1 “/Z> ca.

the lemma. Let o0 = (m)\ 1

muN/z —myiN xz
(5.2) u(A)ou(A)~ = (1 ;sz/Ax/ 1 —lr/nzi/w) <¢
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Hence mzA/x € Z[A]. Since
(1) mzA/xz € Z[)],
(ii) both x/z and m are rational integers,

m is a multiple of z/z. This completes the proof of the lemma. O
Lemma 6. z = +1.

Proof. Replacing x by —z if necessary, we may assume that mz/x > 0. By (5.2),
(14+myA/z)/(mzA/z) and (=14 myA/x)/(mzA/x) are reduced forms (recall that
the denominator of a reduced form is nonnegative). Note that

(I +myr/x)/(mzA/x) — (=1 4+ myA/z)/(mz\/z) = 2/(mz\/z) .
By Corollary 3, we have
(i) (1 +myr/z)/(mz)/x) =kX+1/(mz)\/x),
(i) (i) (=1 +myr/z)/(mzA/x) = kX —1/(mz)/z),
where k € Z. Hence y = kz)\. Using Lemma 5, we conclude that both = and y are
multiples of z. Since ged (z,y, 2z) = 1, the above implies that z = +1. O

Applying Lemmas 5 and 6 to u(A), we have (replace B by —B if necessary)
u(A)=BA=nBA =nx (g kl)\> ;
where z, k € Z. Multiplying u(A) by

1 —kX
(6 1Y) e

d@4)—»<é _fA> u@4)—-ﬂ-(g ?).
Note that since A € N(Go(7)),

one has

(5.3) aAmaA)1—<Z Z)ea

for every o in Go(7). In particular, /¢ and s'/u’ are reduced forms.
Lemma 7. Let (1) be a nontrivial ideal of Z[\]. Then N(Go(1)) < G = G5s.
Proof. Let A = wA’ € N(Go(r)), where 1 € Q(A\)'/2 and A’ € PGL$(Q(\)) is

primitive. Since
z 0

0 aa = (5 ).

(ii) A and d(A) have the same determinant,
det A = 7%z, It follows that det A’ = z. Since z/2z € Z (Lemma 5) and z = +1
(Lemma 6), z € Z. As members in PGLj (Q(\)) admit positive determinant,
detA’ = z € N. Suppose that z > 2. By Lemma 4, there exists some f such
that e(mazf*!) > e(ma’) (m is the smallest positive rational integer in (7)). Let
n = 2+, Since =A™ /X (") mp s in reduced form (Section 3), by Proposition
6 of [LLT1], Go(7) has an element of the form

—)\eé(mn) "
0= (/\e(mn)mn *> € GO(T)'
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By (5.3),

d(A)od(A)~! = ( ) *) ca.

N mn e %
It follows that
_)\e(mn)/(/\e(mn) mn/x)

is in reduced form. This is a contradiction (e(mn) = e(mzf*!) > e(maf) =
e(mn/x)). Hence x = 1. As a consequence,

A =B (é kl)‘) €qG.

Since 1 = det A = 72 det A’ = 72 and © € Q(\)'/2, we conclude that m = +
Hence A = +A’. Since A’ € G, A= +A" € G = G5. This implies that N(Go(7))
G = Gs.

6. THE MAIN THEOREM

Theorem 8. Let (1) be an ideal of Z[\] and let (19) be the mazximal ideal of Z[\]
such that (18) C (7). Then N(Go(7)) < Go(70)-
(

Proof. Let A € N(Go(7)). By Lemma 7, A € G. The theorem now follows by
applying (4.1). O

Main Theorem. Let (1) be an ideal of Z[\]. Suppose that T is square free. Then
Go(T) is self-normalized in PSLy(R).

Proof. Since 7 is square free, (1) = (79) in Theorem 8. This completes the proof of

the theorem. O
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