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PERIODIC HYPERFUNCTIONS AND FOURIER SERIES

SOON-YEONG CHUNG, DOHAN KIM, AND EUN GU LEE

(Communicated by Christopher D. Sogge)

Abstract. Every periodic hyperfunction is a bounded hyperfunction and can
be represented as an infinite sum of derivatives of bounded continuous periodic
functions. Also, Fourier coefficients cα of periodic hyperfunctions are of infra-
exponential growth in Rn, i.e., cα < Cεeε|α| for every ε > 0 and every α ∈
Zn. This is a natural generalization of the polynomial growth of the Fourier
coefficients of distributions.

To show these we introduce the space BLp of hyperfunctions of Lp growth
which generalizes the space D′Lp of distributions of Lp growth and represent
generalized functions as the initial values of smooth solutions of the heat equa-
tion.

1. Introduction

In this paper we show that the following results:
(i) Every periodic hyperfunction is a bounded hyperfunction.
(ii) Every periodic hyperfunction can be represented as an infinite sum of deriva-

tives of bounded continuous periodic functions.
(iii) Fourier coefficients cα of periodic hyperfunctions are of infra-exponential

growth in Rn, i.e., |cα| < Ceε|α| for every ε > 0. Our result contains the
result of Sato and Helgason which deals with the case of R1 (see [Sa], [He]).

These results are natural generalization of the well known results in distributions
and ultradistributions. See [S], [G], [GG] for details.

In the proof of these results we use the heat kernel method and introduce the
space BLp of Sato hyperfunctions of Lp growth which generalizes the space D′Lp of
Schwartz distributions of Lp growth. This “heat kernel” method, which represents
the above generalized functions as the initial values of smooth solutions of heat
equations as in Matsuzawa [M], Kim-Chung-Kim [KCK] and Chung-Kim [CK], can
overcome difficulties due to the sheaf theoretical definition of the hyperfunctions
when we are dealing with the analytical and global properties in the theory of
hyperfunctions. Applying this idea we relate the periodic hyperfunctions to the
periodicity of its defining function. Note that also in the case of distributions
periodicity in terms of the defining function for the distributions and the original
definition for periodic distributions coincide naturally. See (2.1) for the definition
of the defining function.
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In Section 2 using this heat kernel method we state a structure theorem for dis-
tributions and Fourier hyperfunctions in [M] and [KCK] respectively. In Section 3
we also introduce the space BLp of Sato hyperfunctions of Lp growth and give a
structure theorem for this space. In Section 4 we define periodicity for hyperfunc-
tions u in terms of its collection of restrictions uj to Ωj by following A. Martineau’s
approach in Theorem 2.3 and its following remark. We relate the definition of the
periodic hyperfunctions and periodicity of its defining function and show that ev-
ery periodic hyperfunction is a Fourier hyperfunction and furthermore a bounded
hyperfunction, which is parallel to the fact that every periodic distribution is a tem-
pered distribution and furthermore, a bounded distribution. Finally, we show that
Fourier coefficients cα of periodic hyperfunctions are of infra-exponential growth,
i.e., for every ε > 0 cα < Ceε|α|, which is a natural generalization of polynomial
growth of the Fourier coefficients of distributions and of Gorbačuk’s result for the
case of ultradistributions in [G], [GG].

2. Generalized functions as initial values of solutions

of the heat equation

We first briefly introduce analytic functionals, hyperfunctions and Fourier hy-
perfunctions. See [H], [KCK], [M] for more details.

Definition 2.1. Let K ⊂ Rn be a compact set. Then A(K) is the space of all real
analytic functions in some neighborhood of K with the seminorms

sup
x∈K
α

|∂αϕ(x)|/h|α|α!,

where we use the multi-index notations: |α| = α1 + · · ·+αn for α = (α1, . . . , αn) ∈
Nn0 where N0 is the set of non-negative integers and ∂α = ∂α1

1 · · ·∂αnn , ∂j = ∂/∂xj.
We denote by A′(K) the strong dual space of A(K) and call its element an

analytic functional carried by K.

We set A′(Rn) =
⋃
K A

′(K) and the support of u ∈ A′(Rn) is the smallest
compact set K ⊂ Rn such that u ∈ A′(K).

We are in a position to define the space B of hyperfunctions following A. Mar-
tineau as in Hörmander [H] and to state the localization theorem.

Definition 2.2. Let Ω be a bounded open set in Rn. Then the space B(Ω) of
hyperfunctions is defined by B(Ω) = A′(Ω̄)/A′(∂Ω).

Theorem 2.3. Let Ωj , j = 1, 2, . . . , be bounded open subsets of Rn such that
Ω =

⋃∞
i=1 Ωj. If uj ∈ B(Ωj) and for all i, j we have ui = uj in Ωi ∩ Ωj (that

is, supp (ui − uj) ∩ Ωi ∩ Ωj = ∅), then there is a unique u ∈ B(Ω) such that the
restriction of u to Ωj is equal to uj.

Remark 2.4. It follows from the above theorem that a hyperfunction u ∈ B(Rn)
can be regarded as a collection of uj ∈ A′(Ωj) with Rn =

⋃
j Ωj , and we write

u = (uj).

We now introduce a real version of the Fourier hyperfunctions.
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Definition 2.5 ([KCK]). We denote by F the Sato space of all infinitely differen-
tiable functions ϕ in Rn such that the seminorms

|ϕ|h,k = sup
x∈Rn
α∈Nn0

|∂αϕ(x)| exp k|x|
h|α|α!

<∞

are finite for some h, k > 0 and these seminorms define its topology.

We denote by F ′ the strong dual of F and call its elements Fourier hyperfunc-
tions.

We denote by E(x, t) the n-dimensional heat kernel

E(x, t) =

{
(4πt)−n/2 exp(−|x|2/4t), t > 0,
0, t ≤ 0.

Note that E(x, t) belongs to the Sato space F for each t > 0.

Definition 2.6. For every u ∈ F ′

U(x, t) = uy(E(x − y, t))(2.1)

is well defined in Rn+1
+ = { (x, t) | x ∈ Rn, t > 0} and called the defining function

of u.

We now represent distributions, hyperfunctions as in Matsuzawa [M] and Fourier
hyperfunctions as in Kim–Chung–Kim [KCK], as the initial values of smooth solu-
tions of the heat equation.

Theorem 2.7 ([M]). (i) Let u ∈ D′(Rn). Then there is a defining function U(x, t)
∈ C∞(Rn+1

+ ) satisfying the following conditions:

(∂/∂t−∆)U(x, t) = 0 in Rn+1
+ .(2.2)

For any compact set K ⊂ Rn there exist positive constants N = N(K) and CK
such that

|U(x, t)| ≤ CK t−N , t > 0, x ∈ K,(2.3)

and U( · , t)→ u as t→ 0+ in the sense that for every ϕ ∈ C∞c

u(ϕ) = lim
t→0+

∫
U(x, t)ϕ(x) dx.(2.4)

Conversely, let U(x, t) ∈ C∞(Rn+1
+ ) satisfy (2.2) and (2.3). Then there exists a

unique u ∈ D′(Rn) satisfying (2.4).
(ii) Let u ∈ B(Rn). Then there is a defining function U(x, t) ∈ C∞(Rn+1

+ )
satisfying the heat equation (2.2) and the following conditions: For every compact
subset K ⊂ Rn and for every ε > 0 there exists a constant Cε,K > 0 such that

|U(x, t)| ≤ Cε,K exp(ε/t), t > 0, x ∈ K,(2.5)

and

U( · t)→ u as t→ 0+(2.6)

in the sense that U(x, t) − Uj(x, t) =⇒ 0 as t → 0+ in Ωj , j = 1, 2, . . . , where
=⇒ means weak uniform convergence in Ωj and Uj is the defining function of
uj ∈ A′(Ω̄j) as in (2.1) and u = (uj) ∈ B(Rn) with Rn =

⋃
j Ωj.

Conversely, let U(x, t) ∈ C∞(Rn+1
+ ) satisfy (2.2) and (2.5). Then there exists a

unique u ∈ B(Rn) satisfying (2.6).
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Remark 2.8 ([KCK]). If we replace the growth condition (2.5) by

|U(x, t)| ≤ Cε exp [ε(|x|+ 1/t)] ,(2.7)

then we obtain the case for Fourier hyperfunctions.

3. Hyperfunctions of Lp growth

We first introduce the new space BLp of hyperfunctions of Lp growth which is
a natural generalization of D′Lp for hyperfunctions and will be used to characterize
the periodic hyperfunctions. We also represent these hyperfunctions as the initial
values of solutions of the heat equation.

Definition 3.1. We denote by ALq (1 ≤ q < ∞) the space of all functions ϕ ∈
C∞(Rn) satisfying

‖ϕ‖Lq,h = sup
α

‖∂αϕ‖Lq
h|α|α!

<∞

for some constant h > 0. We say that ϕj → 0 in ALq as j →∞ if there is a positive
constant h such that

sup
α

‖∂αϕj‖Lq
h|α|α!

→ 0 as j →∞.

We denote by BLp (1 < p ≤ ∞) the dual of ALq , where 1/p+1/q = 1. In particular,
every element in BL∞ is called a bounded hyperfunction. Note that every element
in D′L∞ is called a bounded distribution.

It is easy to see the following topological inclusions:

F ↪→ ALq (1 ≤ q <∞), BLp ↪→ F ′ (1 < p ≤ ∞).

We will prove the structure theorem for BLp (1 < p ≤ ∞). We need the following
two lemmas to prove the main theorem.

Lemma 3.2 ([M]). For any h > 0 and ε > 0 there exist functions v(t) ∈ C∞c ([0, ε])
and an ultradifferential operator P (d/dt) such that

|v(k)(t)| ≤ Ch−kk!2, k = 0, 1, · · · ,
|v(t)| ≤ C exp(−h/t), 0 < t <∞,

P (d/dt) =
∞∑
k=0

ak(d/dt)k, |ak| ≤ C1h
k
1/k!2, 0 < h1 < h,(3.1)

P (d/dt)v(t) = δ + w(t),

where w(t) ∈ C∞c ([ε/2, ε]).

Lemma 3.3. For every ϕ ∈ ALq (1 ≤ q < +∞), let

ϕt(x) =
∫
E(x − y, t)ϕ(y)dy, t > 0.(3.2)

Then ϕt ∈ ALq and ϕt → ϕ in ALq as t→ 0+.
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Proof. Let ϕ ∈ ALq . Then, clearly ϕt ∈ ALq . Also, by the same method as in
Kim-Chung-Kim [KCK, Theorem 1.3] we can easily show that for every ε > 0 there
exists a constant δ > 0 such that, for 0 < t < δ,

‖∂αϕt − ∂αϕ‖Lq
h|α|α!

< ε

for all α where δ is independent of α. Thus we obtain that ϕt(x) → ϕ(x) in ALq
as t→ 0+.

Let u ∈ BLp . Then the defining function U(x, t) = uy(E(x−y, t)), (x, t) ∈ Rn+1
+ ,

is a well defined C∞ function, since E(x− ·, t) belongs to ALq (1/p+ 1/q = 1) for
each (x, t) ∈ Rn+1

+ .

Theorem 3.4. A hyperfunction u belongs to BLp (1 < p ≤ ∞) if and only if u can
be written as

u = P (−∆)g(x) + h(x)

where P (−∆) is given in Lemma 3.2 and g and h are bounded continuous functions
belonging to Lp.

Proof. Sufficiency: If ϕ ∈ ALq (1 ≤ q < ∞) with ||ϕ||Lq,h < ∞ (1/p + 1/q = 1),
then P (−∆)ϕ ∈ Lq and for ε < 2/nh2,

||P (−∆)ϕ||Lq ≤
∞∑
k=0

|ak| ||(−∆)kϕ||Lq

≤
∞∑
k=0

(εnh2)k(2k)!
k!2

||ϕ||Lq,h

≤ C||ϕ||Lq,h
for some constant C > 0. Therefore, we can easily obtain that u is a bounded linear
functional on ALq .

Necessity: We first prove that u∗ϕ ∈ Lp for all ϕ ∈ F . We denote by B the unit
disc with respect to the Lq norm, i.e., B = {ψ ∈ F : ||ψ||Lq ≤ 1}. Then B is dense
in the unit ball of Lq. Consider ϕ ∗ ψ for fixed ϕ and ψ ∈ B. Then it follows that
(u ∗ ϕ)(ψ) = u(ϕ̌ ∗ ψ) is bounded. Therefore, u ∗ ϕ is a bounded linear functional
on F by topology induced by Lq. Thus u ∗ ϕ ∈ Lp.

By Lemma 3.2 there exist functions v, w ∈ C∞c (R) such that P (d/dt)v+w = δ.
Define

V (x, t) =
∫ ∞

0

E(x, t+ s)v(s)ds and W (x, t) =
∫ ∞

0

E(x, t + s)w(s)ds.

Then it follows that V (x, t) and W (x, t) are contained in F for fixed t > 0 and in
C∞(Rn+1

+ ).
Therefore, we can see that u ∗x V (x, t) and u ∗xW (x, t) belong to Lp for every

fixed t > 0. Moreover, we have

(∂t −∆)u ∗x V = 0, (∂t −∆)u ∗xW = 0,

P (−∆)u ∗x V + u ∗xW = u ∗x E.
Then by the well known theorem in Widder [W] there exist functions g(x) and h(x)
in Lp such that

u ∗ V (x, t) = g(x) ∗ E(x, t), u ∗W (x, t) = h(x) ∗ E(x, t).
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In fact, it follows from u ∗ V (x, 0) = g(x) and u ∗W (x, 0) = h(x) that g(x) and
h(x) are also bounded continuous functions on Rn.

Therefore, by the uniqueness of defining function U(x, t) = uy(E(x − y, t)) of u
we have u = P (−∆)g + h, which completes the proof.

Theorem 3.5. Let u ∈ BLp. Then the defining function U(x, t) of u belongs to
C∞(Rn+1

+ ) and satisfies the following:

(∂t −∆)U(x, t) = 0 in Rn+1
+ .(3.2)

For every ε > 0 there exists a constant C > 0 such that

‖U(x, t)‖Lp(Rnx) ≤ C eε/t in Rn+1
+ ,(3.3)

and U( · , t)→ u as t→ 0+ in the sense that

u(φ) = lim
t→0+

∫
Rn
U(x, t)φ(x)dx, φ ∈ ALq .(3.4)

Conversely, every C∞ function defined in Rn+1
+ satisfying condition (3.2) and

(3.3) can be written as

U(x, t) = uy(E(x − y, t)) in Rn+1
+

with a unique element u ∈ BLp .

Proof. Let u ∈ BLp . Then it follows from Lemma 3.3 that∫
U(x, t)ϕ(x) dx = uy(ϕt(x))

for every ϕ ∈ ALq , which gives (3.2).
Since u ∈ BLp , we can write u = P (−∆)g + h where g and h are bounded

continuous functions belonging to Lp. Then we have

||U(x, t)||Lp(Rnx ) = ||u ∗ E||Lp
≤ ||P (−∆)g ∗ E||Lp + ||h ∗ E||Lp
= ||g ∗ P (−∆)E||Lp + ||h ∗ E||Lp

≤ ||g||Lp
∞∑
k=0

||ak(−∆)kE||L1 + ||h||Lp ||E||L1 .

Applying the following estimate in [M, p.622]:

|∂αxE(x, t)| ≤ C|α|t−(n+|α|)/2α!1/2 exp(−|x|2/8t), (x, t) ∈ Rn+1
+ ,

we can obtain that for some C > 0

||∂αE(x, t)||L1(Rnx) ≤ C|α|t−(|α|+n)/2α!
1
2
∥∥ exp

(
−|x|

2

8t

)∥∥
L1(Rnx)

.

Therefore, it follows that for every ε = 2hC2 > 0

||U(x, t)||Lp ≤ C
∞∑
k=0

hk

k!2
C2kt−k(2k)!1/2 ≤ C

∞∑
k=0

(2hC2)kt−k

k!
= Ceε/t

in Rn+1
+ .

We now prove the converse. By (3.3) we can define the convolution of v or w
given in Lemma 3.3 and U(x, t). Therefore we can prove the converse by the same
method as in Theorem 3.4.
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Remark. In Theorem 3.4 we can obtain that u ∗ϕ ∈ Lp for every ϕ ∈ F if and only
if u ∈ BLp .

4. Periodic hyperfunctions

In this section we give a definition of periodic hyperfunctions u in terms of the
collection of analytic functionals with compact support uj ∈ A′(Ωj) as in Remark
2.4 along lines proposed by Martineau. Also, we relate this definition of periodic
hyperfunctions and the periodicity of the defining function U of u as in Theorem
4.2.

We now give a natural definition of periodic hyperfunctions.

Definition 4.1. A hyperfunction u = (uj)j∈Z ∈ B(Rn), where uj ∈ A′(Ωj) with
Rn =

⋃
j Ωj is periodic if ταu = (ταuj) = u for all α ∈ Zn. Here, ταuj ∈ A′(ταΩj)

with ταΩj = {x+ α|x ∈ Ωj}.

From this definition we can easily obtain the following

Theorem 4.2. If a hyperfunction u is periodic, then the defining function U(x, t)
of u is also periodic.

Proof. Let Uj(x, t) = uj ∗ E(x, t) be the defining function of uj and Vj(x, t) =
ταuj ∗E(x, t) be the defining function of ταuj . Then we have Vj(x, t) = Uj(x+α, t).
In fact,

Vj(x, t) = uj(E(x− (· − α), t)) = uj ∗ E(x+ α, t) = Uj(x+ α, t).

Therefore, the defining function of ταu is U(x+ α, t). It follows from ταu = u that
U(x+ α, t) = U(x, t) for all α ∈ Zn.

Making use of the periodicity of the defining function U of a periodic hyperfunc-
tion u we now prove the following

Theorem 4.3. Every periodic hyperfunction is a bounded hyperfunction.

Proof. Let U(x, t) be a defining function of u which is periodic with respect to x.
It follows from Theorem 2.7 that for any compact subset K of Rn and ε > 0, we
have

|U(x, t)| ≤ Cε,K eε/t, (x, t) ∈ Rn+1
+ .

But since U(x, t) is periodic, we can choose Cε,K = Cε independent of K. Therefore,
by Theorem 3.5 we have u ∈ BL∞ .

Remark. It follows from Theorem 4.3 that every periodic hyperfunction u is a
periodic Fourier hyperfunction, i.e., u is periodic in F ′. Therefore, we obtain that
ταu(ϕ) = u(ϕ) for all α ∈ Zn, ϕ ∈ F .

We now show that a periodic hyperfunction can be expanded as a Fourier se-
ries with coefficients of infra-exponential growth, which generalizes the results of
Gorbačuk’s [G], [GG] and the similar result for distributions.

Theorem 4.4. The trigonometric series u =
∑
α∈Zn cαe

2πiα·x is the Fourier series
of a periodic hyperfunction, i.e., ταu = u for all α ∈ Zn if and only if for every
ε > 0 there exists a constant C > 0 such that |cα| ≤ Ceε|α| for every α ∈ Zn, where
|α| = |α1|+ · · ·+ |αn|.
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Proof. Necessity: It follows from Theorem 3.4 and Theorem 4.3 that u can be
written as u = P (−∆)f + g where P (−∆) is given in Lemma 3.2 and f and g
are bounded continuous functions. We can easily obtain that f and g are periodic
functions as in the proof of Theorem 3.4. Accordingly, expanding f and g as Fourier
series we write

f =
∑
α∈Zn

f̂(2πα)e2πiα·x, g =
∑
α∈Zn

ĝ(2πα)e2πiα·x.

Therefore, we have the following identity:

P (−∆)f + g =
∑
α∈Zn

(
P (4π2α2)f̂(2πα) + ĝ(2πα)

)
e2πiα·x,

where α2 = α2
1 + · · ·+ α2

n. Writing

cα = P (4π2α2)f̂(2πα) + ĝ(2πα)

we finally obtain that, for every ε = 2π
√
h,

|cα| ≤ ||f ||L∞
∞∑
k=0

|ak||(4π2α2)k|+ ||g||L∞

≤ C
∞∑
k=0

(4π2h)k

k!2
|α|2k

≤ Ce2ε|α|.

Sufficiency: If the growth condition for the coefficients cα is satisfied, we can
define a linear form u on AL1 by

u(ϕ) =
∑
α∈Zn

(cαe2πiα·x)(ϕ), ϕ ∈ AL1 .

Then u is continuous on AL1 . In fact, for all ϕ ∈ AL1 with ‖ϕ‖L1,h < ∞ there
exist constants ε, C with ε < 1/2hn such that

u(ϕ) =
∑
α∈Zn

|cα||ϕ̂(−2πα)|

≤ C1

∑
α∈Zn

∞∑
k=0

(ε|α|)k
k!
|ϕ̂(−2πα)|

≤ C2

∞∑
k=0

(ε)k

k!

∑
α∈Zn

1
|α|n+1

∑
|β|=k+n+1

(k + n+ 1)!
β!

‖∂βϕ‖L1

≤ C3

∞∑
k=0

(2εhn)k‖ϕ‖L1,h

≤ C‖ϕ‖L1,h.

Remark. One dimensional version of the above Theorem 4.4 was given by Sato in
[S] and Helgason [He, Lemma 4.25] by using a quite different method from our heat
kernel method.
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We finally estimate the partial sum of Fourier series.

Theorem 4.5. Let u be a periodic hyperfunction. Then for every ε > 0 there exists
a constant C > 0 such that

|sm(u, x)| =
∑
|α|≤m

|cαe2πiα·x| ≤ Ceεm.

Proof. Also, if sm(u, x) =
∑
|α|≤m cαe

2πiα·x, then

|sm(u, x)| ≤
∑
|α|≤m

|cα|

≤ C
∑
|α|≤m

∞∑
k=0

εk|α|k
k!

= C

∞∑
k=0

∑
|α|≤m

1
|α|2

(k + 2)(k + 1)εk|α|k+2

(k + 2)!

≤ C
∞∑
k=0

mk+2(2ε)k+2

(k + 2)!

∑
|α|≤m

ε−2

|α|2

≤ C′
∞∑
k=0

(2ε)k+2mk+2

(k + 2)!

≤ C′e2εm.
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1981. MR 83g:43009
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[S] L. Schwartz, Théorie des distributions, Hermann, Paris, 1966. MR 35:730
[W] D. V. Widder, The heat equation, Academic Press, New York, 1975. MR 57:6840

Department of Mathematics, Sogang University, Seoul 121–742, Korea

E-mail address: sychung@ccs.sogang.ac.kr

Department of Mathematics, Seoul National University, Seoul 151–742, Korea

E-mail address: dohankim@snu.ac.kr

Department of Mathematics, Dongyang Technical College, Seoul 152–714, Korea

E-mail address: eglee@orient.dytc.ac.kr

http://www.ams.org/mathscinet-getitem?mr=94m:46076
http://www.ams.org/mathscinet-getitem?mr=90g:46062
http://www.ams.org/mathscinet-getitem?mr=24:A2237
http://www.ams.org/mathscinet-getitem?mr=35:730
http://www.ams.org/mathscinet-getitem?mr=57:6840

	1. Introduction
	2. Generalized functions as initial values of solutionsof the heat equation
	3. Hyperfunctions of Lp growth 
	4. Periodic hyperfunctions 
	Acknowledgement
	References

