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ABSTRACT. We give estimates for the entropy numbers and the Gel’fand di-
ameters of the symmetric convex hull of a finite number of points in a Banach
or a Hilbert space.

0. INTRODUCTION
Let (X,] -||) be a Banach space and let A be a bounded subset of X. The
covering numbers N(A;¢€), € > 0, of A are defined by

N
N(A;e):=inf ¢ N : 3xq,...,zny € M such that A C UB(:ck;s) ,
k=1

the entropy numbers €, (A) by
en(A) :==1inf{e > 0: N(4;¢) <n}
and the dyadic entropy numbers e, (A) by
en(A) := egn-1(A), n=12,....

The dyadic entropy numbers of a bounded linear operator u: X — Y between two
Banach spaces X and Y are defined by

en(u) :=en(u(Bx)), n €N,

where By is the unit ball of X.
We say that a Banach space X is of type p, 1 < p < 2, if there exists a constant
C > 0, such that for every finite family of points {z1,z2,...,2,} of X, we have

1] n n 1/p
/ S rit)m|| dt < C (Z ||xi||p> ,
0 |[i=1 i=1

where (7;)72, are the Rademacher functions. The smallest constant C' which satis-
fies the previous inequality is the type p constant of X, which we denote 7, (X).
The following theorem is due to B. Maurey (see [P2] and [C]).
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Theorem 0.1. Let X be a Banach space of type p, 1 < p <2, and let us consider
an operator S: ¢ — X. Then there exists a universal constant C > 1, i.e. C is
independent of N, S and X, such that

(1) ex(S) < Cry(X) <1g(%%1)> ISl 1<k<N.

The Gel'fand numbers ¢, (u) of a bounded operator u: X — Y between the
Banach spaces X and Y are defined by

cn(u) == mf{Hu‘EH : EC X, codim(E) <n}.

Let H be a Hilbert space and let us consider an operator S: ¢ — H. The following
estimate is the analogue of (II) for the Gel'fand numbers ¢ (S) and it is due to Carl
and Pajor (see [CP]):

log (&£ +1)
k
If S is a (closed) subspace S C X, then we denote by Qg the quotient mapping from
X onto X/S. The Kolmogorov numbers d,,(u) of a bounded operator u: X — Y
between the Banach spaces X and Y are defined by
dp(u) == inf{||Qsul: S C X, dim(S) < n}.

We have ci(u) = di(u*).

Given a set A, we can write down analogues of (Il) and (2) which describe the
convex hull of A. More precisely, given a set A, we can consider the Banach space
£1(A) of all summable families of real numbers, (& )teca, indexed over A, i.e.

2) r(8) < C S|, 1<k<N

L(A) = {(ft)teAi (&) eall = Z & < +oo} .

teA

We denote by (et)tca the canonical basis of ¢1(A).

Now let us assume that A is a bounded subset of a Banach space X and consider
the operator u: £1(A) — X defined by u(e;) = t. If By, (4) is the unit ball of £;(A)
and co(A) is the symmetric convex hull of A, then u(By, (4)) = co(A) and hence

en(co(A)) =en(u) and c¢,(co(A)) = cn(u) = dy(u”).

Suppose now that A is a subset of a Hilbert space H and that card(A) = N.
Then the estimates (Il) and (@) imply that

(3) erx(co(A)) <C log(%T—i—l) diam(A4), 1<k<N,
() cx(co(A)) < C gﬂ%iﬂmmm% l<k<N

where diam(A) denotes the diameter of A.
If A is a subset of a Banach space X of type p, 1 < p < 2, with card(4) = N,
then Theorem [Tl implies that

log (X +1)\"
(5) ex(co(A)) < Cr,y(X) <+> diam(A), 1<k<N.
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We want to obtain variants of the estimates (B]), @) or (&) which take into consid-
eration not only the diameter of A but also the distribution of the points of A in
the space, i.e. the decay of the entropy numbers ¢, (A) of A. This is, for example,
the case when A = co({xg}r>1) where {x;}r>1 C X is a sequence of points in X
such that ||zx]| < ¢(k), k > 1, where ¢ is a positive decreasing function.

In this paper we obtain some results in the case where the entropy numbers
en(A) of A do not decrease too fast as n — +oo. More precisely, let ¢ be a positive
decreasing function on N* which satisfies for some a > 0,

(6) p(k) < agp(2k), k=1

Let A C X be a finite subset of a Banach space X with card(4) = N and let us
assume that

en(A) < oK), 1<k<N.

In this article, we give some estimates of the dyadic entropy numbers ex(co(A))
and of the Gel'fand numbers cx(co(A4)) in terms of ¢(k). The proofs are inspired
by ideas from [BP].
In the first section we treat the case of an arbitrary Banach space X and in the
second, the case of a Hilbert space and of a Banach space of type p, 1 < p < 2.
An interesting example of a function ¢ which satisfies (@) is given by

¢(k) = Ck™ " (In(k + 1)), k=1,2,...,

for y1,72 > 0 or for 73 > 0, 72 € R.
Throughout this article, ¢ will be a positive decreasing function on N*, satisfying
the property (G for a fixed o > 0. Note that () easily implies that

(7) d(m) < allos2 w1 k),

for any m < k.

1. CASE OF AN ARBITRARY SPACE

Theorem 1.1. Let A be a finite subset of the unit ball of a Banach space X with
card(A) = N and such that

ex(4) < o(k), k=1,2,...,N.
Then there exists C(a) > 0 independent of N, such that
ck(co(A)) < C(a)o(k), 1<k<N.
Proof. Since A is contained in the unit ball of X, we have
ck(u) < e (u) <1.
So, if we set C; = 1/¢(6), the decay of the function ¢ implies that
(8) cr(co(A)) <1< Crg(6) < Crg(k),

for all £ < min{6, N'}.
If 6 < k < N, then we set

ol = [
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Note that m < k/2. Let Ty C A be a 2e¢,,,(A)-net of A such that card(I'y) < m.
For every t € A, we denote by ((t) an element of I'y such that ||((t) —t|| < 2e,,(A)
and we define

Ty ={t—C(t): t € A},

Then co(A) C co(T'1) + co(I'2) and hence, using a classical property of Gel'fand
numbers,

9) ck(co(A)) < ¢rpa(co(Tr)) + ¢r(co(T2)).
Since 7 +1 > m and card(I'y) < m, we have
(10) ¢r+1(co(T'y)) = 0.

To estimate the remaining term c,(co(I'3)), we use the inequality (@) to get

er(co(T2)) < sup ||s]| < 2em(A) < 26(m) < 2008 g (k).
sel's

Since k > 6, we can see that % < 6, and hence
(11) cr(co(Ty)) < 2001082 6141 (k).
Theorem [Tl follows from (@), (I0) and () by taking

C(a) = max{C}, 2allos 6141} O

The following result is a variant of Carl’s inequality (for a proof see [CKP|
Theorem 1.3]).

Proposition 1.2. Let (b,) be a positive and nondecreasing sequence with the prop-
erty that there is a constant v > 1 such that bay, < vb, for all n € N. Then there
exists a constant c¢(y) > 1 such that for every bounded u: X — Y between the
Banach spaces X andY and all n € N,

sup brer(u) < c(vy) sup bgsi(u),
1<k<n 1<k<n

where s denotes either ¢, or dy,.

Using Proposition[.2 and Theorem [[1], we can obtain the following estimate on
the entropy numbers of the symmetric convex hull of A and its dual version.

Theorem 1.3. Let A be a finite subset of the unit ball of a Banach space X with
card(A) = N and such that

er(A) < ¢(k), k=1,2,...,N.
(i) There exists C(a) > 0 independent of N, such that
(12) er(co(4)) < C(a)p(k), 1<k<N.

(ii) If u: £1(A) — X is the bounded operator defined by u(e;) =t, t € A, there
exists C(a) > 0 independent of N, such that

(13) ep(u”) < Cad(k), 1<k<N.
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Proof of (i). Theorem [[Tlimplies that for every integer n € N,
——cp(co(A)) < C(a).

sup

1
<N O(k)

Now we observe that the sequence by, = 1/¢(k) is a positive, nondecreasing sequence
satisfying bor < vbg, k € N, with v = a.
So, by Proposition [[2, there exists a function C’(a) > 0 such that

SeHeoA) < C'(a) sup ¢(1 sex(ea(4)) < C'(a)C(a)

sup

1
k<N (k)
and hence for all 1 <k < N
ex(co(A)) < C'(a)C(a)(k)

and the first assertion follows.

Proof of (ii). Since ci(u) = dg(u*), the proof of (ii) follows exactly the same lines.
O

Remark. Since the conclusions of Theorems [[LT] and do not depend on the
cardinal N of A, we can extend these results to the case of arbitrary subsets of X.
Thus, we can obtain an elementary proof of a result in [CKP].

The following result is an immediate application of Theorems[TTl and 31
Corollary 1.4. Let A be a subset of the unit ball of a Banach space X such that
ex(A) < Ck™ " (In(k + 1)) 72, k=1,2,...,

for 1,72 >0 or for v1 > 0, v2 € R. Then, there exists a constant C' = C(v1,7v2) >
0 such that

max{eg(co(A)), cr(co(A))} <C'k™ " (In(k+ 1)), k>1.
2. CASE OF HILBERT SPACES

Theorem 2.1. Let A be a finite subset of the unit ball of a Hilbert space H with
card(A) = N and such that

er(A) < ¢(k), k=1,2,...,N.
Then there exists C(a) > 0 independent of N, such that

n(X
(14) er(co(A)) < C(a) wd)(k‘), 1 <k<N.

Proof. First we observe that, since A is contained in the unit ball of H, we have
ck(co(A)) < ci(co(A)) < 1.
So, if we set C1 = V6/(¢ ), then the decay of the function ¢ gives

15)  enloo(d)) <1< Cyyf Y “ Cly/ln(%%l)qb(k)

for all k& < min{6, N'}.
If 6 < k < N, then we proceed as in the proof of Theorem [[.1] and we set

N
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Let us consider I'y C A, a 2e,,,(A)-net of A, such that card(I'y) < m. Forany ¢t € A,
we denote by ((¢) an element of I'; such that ||((¢) — t|| < 2e,,(A) and we define
the set

Ty ={t—((t): t € A}.
Then co(A) C co(T'1) + co(T'2), which implies that

(16) ex(co(4)) < cps1(co(Ty)) + er(co(T2)).
Since r + 1 > m and card(T';) < m, we obtain
(17) ¢r+1(co(T'y)) = 0.

To estimate ¢,(co(I'2)), we use Theorem [l and the property (@) of ¢, to obtain

In(&¥+1 /In (X 41
cr(co(I'z)) < Gy M sup [|s|| < Cnm i (5 + )25m(A)
r sels r
In(&¥+1 In(&¥+1
< Cuy M%ﬁ(m) < Oy n ( i )2a[10g2 ﬁ]ﬂd)(k)’

where C)y is the numerical constant (independent of N and of k) of Theorem

Now since k > 6, we have [%] > % and % < 6 and hence

In (3% +1
cr(co(T)) < CurV/3 wzaﬂogz 61+14 (k)
(18)
N
< Cpr6alios: 01 wd’(’“)'

The estimates ([6), (I7) and (I8) imply the assertion of the theorem with the
constant

C(a) = max{C}, 6Cy a2 61+1}1,
O

The following result gives the corresponding estimate for the entropy numbers
of the convex symmetric hull of A C H.

Theorem 2.2. Let A be a finite subset of the unit ball of a Hilbert space H such
that card(A) = N and such that

ex(A) < ¢(k), k=1,2,...,N.

(1) There ezists C(a) > 0 independent of N, such that

In (% +1)
k

(ii) If u: £1(A) — H is the bounded operator defined by u(e;) =t, t € A, there
exists C(a) > 0 independent of N, such that

(19) er(co(4)) < C(w) o(k), 1<k<N.

N
(20) ex(u*) < Cla) w

When k£ > N a better estimate than ([) is given by the following result ([Piel,
[P1], [CS] or [BP)).

¢(k), 1<k<N.
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Proposition 2.3. If T: X — Y is an operator of rank n and k > n, then
en(T) < 8-2 nwe,(T).

Proof of Theorem (i). We shall prove by induction on the cardinal N of A that
there exists C(a)) > 0 such that the following statement, denoted by P(IV), is true:

VA C X such that card(4) = N and such that
VE <N, ex(4) < o(k),

In (&£ +1)

then Vk < N, ex(co(A)) < C(a) 5

o(k).

Fix a constant 5 > 3, to be determined later, and set Cg = v/25/(¢(26)V1n2).
Since A is contained in the unit ball of H and since the function ¢ is decreasing,
we have

o (N
er(co(A)) < ei(co(A)) <1< Cp wﬂw)
(21)
N
<Cp w&k%

for all k < 28. So, for all N < 23, P(N) holds for C(a) > Cjg.

Now let Ny > 20 and suppose that P(NV) is true for all N < Ny. We shall prove
that P(Np) is also true.

If k < 28, then by (ZI),

n(X
exteo() < G| E D i)

If 28 < k < Ny, then we proceed again as in the proof of Theorem and we set

[t -l

Next we consider I'y C A, a 2e,,-net of A, such that card(T'y) = m. For any ¢t € A,
we choose an element ((¢) of 'y such that ||((t) — ¢|| < 2, and we define the set

Fo={t—((t): t e A}.
Then co(A) C co(T'1) + co(I'z), which implies
er(co(A)) < ery1(co(I'1)) + er(co('2)).

To estimate e,(co(T'2)), we use Theorem [0.1]and the inequality (f), to obtain

[In (¥ +1
sup ||s|| < Ca Mzgm(A)
sels r

In (£ +1)
T

In (£ +1)

er(co(Ty)) < Oy

2¢(m) < O 2001082 wl+1g(k),
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where C) is the numerical constant (independent of N and of k) of Theorem
Since k > 23, we can see that [g] > % and % < 2 and hence

N
(22) er(co(T'2)) < 6Cy allos: 20141 wqxw

To estimate the remaining term e,1(co(I'1)), since card(T';) < m < r + 1 and
ol > g, Proposition [Z3] implies

er1(co(T'1)) < 8- 27 ep(co(T'h)) < 827 Zem(co(T'y)).

Now, I't € A and so €,(T'1) < ¢(k) for all k& < Ny. Moreover, card(I'y) = m and
m < Ny. So by the induction hypothesis, P(m) is true for 'y, which implies

em(co(T')) < Cla)y| 22 p(m)

Using again the inequality (@), we have
3 [In2 s 1
<8.9774/ =2 < -3 _—
ert1(co(T1)) <8272/ —em(co(I'n)) < 8v/22 2C(a)m¢(m)
< 8v2272C(a)alos: %Hl%qﬁ(k‘).

Since k > 20, we have % < 20 and [%} > £ and hence

243
eri1(co(Th)) < 8224 \/2Ballos 251“0(04)%@1@).

So, we have

ex(co(A)) < epy1(co(T'1)) + er(co(I'2))

—8 llog, 28]+1 1 llog, 28]+1 In (F +1)
< 164/327 2 alloe: C(a)—=¢(k) + 6Cpallos o(k)
NG k
-3 llog2 26]+1 log, 26]+1 In (F +1)
§(16\/Bz 2 allog> 281410 () 4 60 rallo H) ——o(k).

We now choose [ satisfying

B>3 and 161/52 2 (822841 <

N =

We set
C(a) = Cy + 12Callos2 201+1,
Then we obtain
C > Cj and C > 16+/52~ 7 allo22 281410 () + 6C)y alloB2 28141
and consequently
In (% + 1)

er(co(A)) < C(a) 3

o(k), 1<k<N.

This proves P(Np), and ([I3) follows.
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Remark. We can see that also in this case, the estimates concerning the entropy
numbers can be derived from those concerning the Gel’fand numbers, by using
Proposition[L2l We decided to give the above proof because it is more direct.

Proof of Theorem [Z2 (ii). The proof of (20) is similar to the proof of (IF). The

only difference is that we use the sequence by, = Vk/(4 /log(% + 1)¢(k)) instead of
the sequence b, = 1/¢(k). We shall omit the details. O

Corollary 2.4. Let A be a finite subset of the unit ball of a Hilbert space H with
card(A) = N and such that

en(A) < Ck M (In(k+1)72,  k=1,2,...,N,

for v1,72>0 or for v1 >0, 7o € R. Then there exists a constant C'= C(y1,72) > 0
such that

[l (X
max{eg(co(A)), ck(co(A))} < ' %k_% (In(k +1))772, 1<k<N.

The following result is the analogous version to Theorem for Banach spaces
of type p, 1 < p < 2, and can be proved in the same way.

Theorem 2.5. Let A be a finite subset of the unit ball of a Banach space X of type
p, 1 <p <2, with card(A) = N and such that

er(A) < ¢(k), k=1,2,...,N.
(i) There exists a constant C = C(p, &) > 0 such that

ex(co(4)) < C (m(%%) : o(k), 1<k<N.

(ii) If u: £1(A) — X is the bounded operator defined by u(e;) =t, t € A, there
exists a constant C' = C(p, ) > 0 such that

N 1-3
ek<u*)<c<w> ok), 1<k<N.

Corollary 2.6. Let A be a finite subset of the unit ball of a Banach space X of type
p, 1 <p <2, with card(A) = N and such that

ex(A) < CE " (n(k+ 1),  k=1,2,...,N,

for y1,72 > 0 or for v > 0, 72 € R. Then there exists a constant C' =
C(p,v1,72) > 0 such that

ex(co(4)) < ' <ln(%T+1)> ' k=7 (In(k + 1)) 772, 1<k<N.

Remark. We could not prove an analogue of Theorem 2.5] (i) for Gel’fand numbers,
because there does not exist an estimate similar to the estimate (B) for Banach
spaces of type p, 1 < p < 2. Nevertheless, we can prove such a result for the

smaller class of Banach spaces X = [X7, H]z2p—2 o 1-e. the (Qﬁ'%Q,p)—interpolates of
=2,

a Banach space X; and a Hilbert space H, by using a result on the interpolation
of Gel'fand numbers [Pie, Proposition 11.5.8].
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Let us recall that for K C R™, the polar set K° of K is defined by
K°={xeR": (z,y) <1Vye K}.

The Santalé inequality [S] and the inverse Santalé inequality [BM] compare the
volume of a compact symmetric convex set B C R™ with a non-empty interior with
the volume of its polar B°, in the following way:

There are positive constants D7 and Ds (independent of n and B) such that

(23) D;/n < (vol(B)vol(B°))* < Dy/n.

Using the above inequalities, the previous results concerning the entropy numbers

of co(A) can provide volumic estimates for co(A) and its polar (co(4))°.

Proposition 2.7. Let H be an n-dimensional Hilbert space and let A be a finite
subset of its unit ball with card(A) = N > n and such that

er(A) < o(k), k=1,2,...,N.
Then there exists a constant C = C(«) > 0, independent of n, N and A, such that

1
2

(24) (vol,(co(A))°)* > C <1n <% + 1)) d(n)L.

If A is a finite subset of the unit ball of {7, 1 < p < 2, and under the same
hypothesis, then there exists C = C(a,p) > 0 such that

(25) (vol,(co(A))°)= > C (ln (% + 1>>1+% p(n) "t

Proof. By Theorem we have that for any k£ < N,

In (X
exloo()) < Cr(a) | E D o)
In volumic terms, this means that
N
(26) (volo (co(A))+ < 203 (ay | Pl T i C2

Using (26) and (23)), we obtain that

1 Dy N
> mT 2 (201(04)021)1)/< In (Z + 1>¢(n)>

which proves (24)). The inequality ([28) can be proved in the same way. O

3=

(vol,(co(A))°)

A result similar to that of Proposition 2.1 has been given in [BP2].
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