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ANNIHILATING A SUBSPACE OF L,
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ABSTRACT. Let (X, X, 1) be a o-finite, nonatomic, Baire measure space. Let
G be a finite dimensional subspace of L1(X,X, u). There is a bounded, con-
tinuous function, g, defined on X, such that

(1) fx gsgngdp =0 for all g € G, and (2) |sgngq| = 1 almost everywhere.

1. INTRODUCTION

Let (X,X%, 1) be a finite, nonatomic measure space, and let G be a finite di-
mensional subspace of L1(X, X, ). The Phelps-Dye theorem states that there is a
measurable function, s, such that |s| = 1 almost everywhere, and [ sgdu = 0 for
all g € G. This is equivalent to saying that there is an extreme point of the unit
ball of the dual space of Ly that annihilates G. The theorem was originally used by
Phelps in 1960, to show that no finite-dimensional subspace of Lq(X, 3, 1) could
admit unique best approximations to all integrable functions (also see [L1])).

This paper shows that with the existence of a related topology on X, the theorem
can be strengthened so that s is also the sign of a continuous function.

There are other recent results involving an ambient topology in a measure
space setting. For example, Liapanov’s theorem states that the range of a fi-
nite, nonatomic, vector-valued measure is a compact convex set. H.Render and
H.Stroetmann [12] find necessary conditions that the range be unchanged when the
measure is restricted to only open sets. The strengthening of the Liapanov theorem
(unlike here) is not always possible.

A significant step in the proof here is the construction of a continuous, bounded
function whose level sets have measure zero on a o-finite, nonatomic, Baire measure
space. The main results in this paper are Theorem 5.3, and Theorem 4.3 and its
Corollary 4.4.

The paper assumes no regularity conditions on the measure space or on the
topology.

2. NOTATION AND DEFINITIONS

Measure spaces: Throughout the paper (X, X, 1) will be a measure space. For
U,K € 3, we say that U splits K if u(K) > u(KNU) > 0. A set K € ¥ is an atom
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of p if u(K) > 0 and no U in ¥ splits K. (X, X, u) is nonatomic if no set in 3 is
an atom with respect to u. We use a.e. as an abbreviation for the term “almost
everywhere”. We will reserve S for a collection of sets that generate X.

Functions: Let f be a real-valued function defined on X. The support of f is
supp(f) :={x: f(x) #0}. For ACR, f~1(A):={x € X : f(x) € A}. The a-level
set of fis f~1(a) := f~1({a}). The O-level set of f is abbreviated to Z(f). The sign
of a function f is sgn f(z) := {1 if f(z)>0;—-1if f(z) <0; and 0if f(x)=0}.
The composite of two functions f and g is written f o g, i.e. fog(z) = f(g(x)).

Sets: A set in the smallest o-algebra containing the supports of all the nonneg-

ative continuous real function is a Baire set. For sets K and U, we use K — U to
represent {x € K : x ¢ U}, and the complement of K C X is K¢:= X — K.

3. NONATOMIC SETS

Lemma 3.1. For a set K € X, put M = {V € ¥ : V does not split K}. If
w(K) < oo, then:

(i) M is a monotone class,

(i) if A€ M, then A° € M, and

(iil) M is a o-algebra.

Proof. Most of the properties are trivial to verify. We observe only that since
WEKNUUV)+uENUNV])=pwEKNU)+puKNV),

if oo > p(K)=pw(KNU)=pu(KNV), then (K N[UNV]) = pu(K). Therefore
since oo > pu(K), M is an algebra of sets, and the Monotone Class Theorem implies
that M is a o-algebra. O

For the remainder of the paper we will reserve S to be a collection of sets that
generates .. Although we will often state our results for an abstract set S, the col-
lection of sets to which we later apply the results is the set of supports of continuous
functions.

Lemma 3.2. Let (X, %, ) be nonatomic. If K be a set in ¥ such that oo > p(K) >
0, then there is a U € S that splits K.

Proof. Since p is nonatomic, some member of 3 splits K. Since S generates X, the
lemma, follows from Lemma 3.1 (iii). O

Example. The conclusions of Lemmas 3.1 and Lemma 3.2 are not necessarily true
for sets K of infinite measure. Easy examples can be constructed with Lebesgue
measure on the real line.

For the following lemma let S be a collection of sets that is closed under finite
unions and finite intersections. Assume also that S generates ¥ and that p is
nonatomic.

Lemma 3.3. If Ve S and p(V) < u(X) < oo, then
inf{p(U) : U 2 V,U € S,and p(U) > p(V)} = p(V).

Proof. First we observe that there is a set Uy € S such that V' C Uy and p(V) <
w(Up) < oco. That is if U is a member guaranteed by Lemma 3.2 that splits V¢,
then Uy = U UV has this property.
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Now having chosen Uy D Uy D --- D U,_1 2 V with each U; € S, let
Up = Inf{u(U) : Up—1 DU D V,U € S and pu(U) > u(V)}.

Choose U,, € S so that U,_1 2 U, 2 V and u,, + % > wu(U,) > u,. Note that
wu < ugy <uz<....

Let K = (2, U;. We have that V C K, K —V € X, and lim u(U;) = p(K) =
limu; > p(V). If u(K) > p(V), then from Lemma 3.2 there is a W € S that splits
K-V.

Choose m large enough that + < u(K — V) — p((K = V)N W).

Now

i) VC(VUuw)NUym CUn,

(i) p((VuwWinUp) > w([VUWINK) =w(V)+ p(K-V)NnW) > u(V), and
(i) [V O W] Un) < plUm) — (1K = V) = (K = V) ATV)] < p(Un) — L.
So the set (VUW)NU,, € S contradicts the choice of the set U,,. O

In addition to S and (X, ¥, 1) having the properties of the last lemma, for the
corollary below, assume also that S is closed under countable unions.

Corollary 3.4. If co > p(X), and ¢ € [0,u(X)], there is a U. € S such that
n(Ue) = c.

Proof. Consider all collections of sets {U; }icr € S where: (i) I C R, and sup;c;i <
¢, (ii) ¢ < j implies that U; C Uj;, and (iii) u(U;) = i. We can order such subsets by
inclusion. That is {U; }ier < {Vities if and only if I C J and U; = V; for all i € I.

By taking a union we see that every totally ordered set of these collections has
a maximal element. By Zorn’s lemma the entire set has maximal elements. Let
{Ui}ier be such a maximal element. Let b =sup{i:i € I}.

Let {0,152 1 be a sequence of real numbers decreasing to zero such that b—4,, € I.
Then ;2 Up—s,: (i) is in S, (ii) contains (J;;, ;e; U, and (iii) has measure b. So
we may assume that b € I. If b < ¢, then Lemma 3.3 provides a set V' € S such
that Uy, CV and b < u(V) < ¢. This, however, would contradict the maximality of
{Ui}ier. O

Comment. This corollary will be superseded by Corollary 4.4. Corollary 4.4 will
exhibit a nested collection of open sets with the properties above. However, we use
Corollary 3.4 in the development of the argument leading to Corollary 4.4.

4. FUNCTIONS WITH LEVEL SETS OF ZERO MEASURE

Lemma 4.1. Let u(X) < co. Let f and g be measurable functions. Except for
possibly countably many values of v, every level set of f + rg is contained, almost
everywhere, in the intersection of a level set of f and a level set of g.

Proof. There are at most countably many sets of the form A; = f~!(a;) N g~ 1(b;)
that have positive measure. Let A = |J;2; A;. Let r and s be distinct, nonzero,
real numbers. If a set is contained in the intersection of level sets of two of the
functions f, g, f +rg, and f + sg, then it is also contained in a level set of each of
the other two. Hence for all @ and b in R,

p([(f +rg)" () N AT [(f +59)71 () NAT]) = 0.



2434 DANIEL WULBERT

Since u(X) < oo, for any fixed a € R, there can be at most countably many values
of r for which

pl(f +rg)~ (@) N AT > 0.

Hence, except for these countably many values of r, if u[(f + rg)~!(a)] > 0, then
(f +rg)~Ha) C A ae.

We still need to show that (f 4+ rg)~*(a) is contained a.e. in a single set A; =
FYai) N g=(b;). If (f +rg)~'(a) intersects both A; and Aj, then ay + rby = a
for k =i and j. Hence b; # b;, and r = 72=—72. Hence if r also does not assume

0j—0i
any of the possibly countably many values {ZJ:Z’ o j=1,izjs then (f + rg)~*(a)
is contained a.e. in a single set A;. O

Lemma 4.2. Let (X, %, u) be a finite, nonatomic Baire measure space. There is a
bounded, nonnegative, real-valued, continuous function, f, for which p(f=*(a)) =0
for all values of a.

Comment. Let S represent the collection of supports of bounded, nonnegative,
real-valued, continuous functions defined on X. The proof is a construction of the
function with the properties of the lemma statement.

Proof. Let fo be a nonnegative, continuous function whose maximum is 1. A func-
tion can have at most countably many level sets of positive measure. Order by size
the level sets {Ao;}32, of fo which have positive measure. That is, ¢ < j implies
/L(Ao}i) 2 ‘LL(A()’]‘). Put To = 1.

Now suppose we have chosen continuous, bounded, nonnegative functions
{fo, f1, -+, fa—1}; positive numbers {rg, 1, -+ ,rp—1}; and sets {V1,Va,--- , V,,} C
S with the properties listed below.

Let s, = Ef:o rifi. Let {Ag;}52, be the level sets of s, which have positive
measure. As before let these level sets be ordered by size. Let Ay, = J;o; Ak,i. The
properties we assume for { f; ;’;11, {ri ?;11, and {V;}1, are that, for any fixed k:

(1) for each ¢ there is a j such that Ag; C Ap—1 j,
(2) if Agj C Ag—1,1, then p(Ay;) < gu(Ap—1,1),
3) lIrefelloe < 3r,

(4) Ap—1 C Vi € Vi,
(5) u(Vk — Ag—1) < 4, and
(6) suppfx C Vi.

We proceed to choose f,,r, and V1. From Corollary 3.4 there is a bounded

continuous function f, such that:

1
M(Anfl N Suppfn) = iﬂ(Anfl)

That is, to apply Corollary 3.4 we observe that if x is the o-algebra of subsets
of A, _1 generated by {UNA,,—1 : U € S}, then (A,,_1, x, pt) is nonatomic (e.g., use
Lemma 3.2). Applying Corollary 3.4 to this measure space yields a generating set
Uiy NAn—y (with Uy € 5) such that p(Us NAn_1) = Tp(Ap—1).

Let v be a continuous, nonnegative, bounded function with support V,,. Replac-
ing f, with vf,, if necessary, we may assume that suppf, C V.

Now consider s, = sp—1 + 7f,. From Lemma 4.1, there are at most countably
many real numbers r such that s,_1 4+ rf, has a level set that intersects AS_; in a
set of positive measure. We will choose r,, to satisfy 4 conditions.
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(i) (s, (@) NAS_y) =0 for all a.
(ii) If {a;}$2, and {b;}32, are all the real numbers such that, u(s, —1 L (a;)) >0
and u(f,71(b;)) > 0, then we require that

Tn ¢ { }fc; Zoloci,ioyél

Therefore a;+r,b; # ar+rnb and each of the sets s,; (az)ﬁf 1(b;) are distinct
level sets of s,, = sp—1 + 7 fn.

(iil) (17 fnlloe < gllrn—1fa—1lloo-
To state the fourth condition, let M,, be chosen so that

n—1
and let
€n, = Inf{|sp_1(u) — $p_1(v)| :w € Ap_1,i,v € A1 4,0 # 4, and 4,5 < M, }.

We note that €, > 0.

(iv) [Irnfalloo < %en-
We now choose V,,41. Let {a;} be the countable set of real numbers so that
s, (a;) = A,,;. For each i there is a d; such that

_ 1
(sy ((ai — diyai) U (ai, a3 + d;))) < pOTR
Let
Vs = Us_l —di,ai—i—di)) NV,.

Then V,4; is in S and satlsﬁes Condltlons (4), (5), and (6).

Finally put f = Y .o, r;fi. We have that f is a nonnegative, continuous (con-
dition (3)), real-valued function. The remainder of the proof is to show that
w(f~(a)) = 0 for all real values a. We will show that, for any n > 0, u(f~1(a)) < %

Condition (i) implies that A,, € A,,_1. Condition (ii) and condition (2) guarantee

that:
klim [sup{p(Ak;) :i=1,2,...,00}] = klim w(Ag1) =0.

Applying (vi) and (iii) to n+1 (instead of n) implies that f takes distinct values
on A, ; and Ay, j, for i # j, and 4, j < Mp4+1. By the choice of M,

o 1
p(f~ @) NA,) < W(An1) + 1 U Anji | < p(Ana) + n — 0.

i=Mp41
Choose N large enough that u(f~'(a) N Ax) < % and that & < % We will

estimate the measure of the portions of f~!(a) in the three sets Ay, Vi1 — Ay,
and Vy ;. We already have the first estimate.
The second estimate follows from condition (5),
1
p(f7Ha) N [Viver = AN]) < p(Viver — An) < 3
For the third set, we observe from condition (6) that if x € Vg, then f;(x) =0

for all j > N + 1. That is, f(z) = Zi\il rifi(x) = sy(x). From the definition
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of Ay, sy has no level set that intersects A% in a set of positive measure. Since
V41 C© A% and that f = sy on Vi, we conclude that pu(f~'(a) N Vg ;) =0.
Therefore putting together the three estimates we have,

0 < p(f~ (@) = p(f @) NAN) + p(f (@) N [Viver — AND) + u(f @ N VL))

<1yl
3 3n

O

Theorem 4.3. If (X,> , ) is a o-finite, nonatomic, Baire measure space, there
is a bounded, nonnegative, continuous, real-valued function f whose level sets have
zero measure.

Proof. Suppose that {X;}2; is a sequence of disjoint sets, each of finite positive
measure, and which union to X. We define a new measure,

= KN X))
0= 2 TR

Then v is a finite, nonatomic, Baire measure with the same null sets as pu.
Therefore the function of Lemma 4.3 that has level sets of zero v measure also has
level sets of zero p measure. |

Notation. Let cl U represents the closure of a set U.

Corollary 4.4. If (X,X, ) is a finite, nonatomic, Baire measure space, there is
a collection of sets {U;}o<i<p(x) such that: (1) each U; is an open set that is the
support of a nonnegative, continuous function, (2) i < j implies that clU; C Uj,
and (3) w(U;) = p(clU;) =i

Proof. Let f be a continuous, nonnegative, bounded function from Theorem 4.3.
The open sets V, = f~*((a,00)) for 0 < a < || f||o form a collection such that (1)
each is the support of a nonnegative, continuous function, (2a) b > a implies that
clVy, C Vg, (2b) p(Vy) = p(clV,), and (3) p(V,) assumes every value between 0 and
u(X). To see that (3) is true, let 0 < o < pu(X). Let A= {a: u(V,) > a} and let
B ={a: u(V,) < a}. Since every number is either in A or B, the infimum of the
numbers in B is equal the supremum of those in A. Call that common number b.
Then both
M[f_l([bv OO))] = :U[ﬂ f_l((aa OO))] = lim :U[f_l((av OO))] 2 a,

a—b,acA
a<b

and

ulf =M (0, 00)) =l F 7 ((@,00))] = Timpilf 7 ((a,00))] < e

a—b,a€B
a>b

Since u(f~1(b)) =0,
a< N[f_l([bv OO))] = u[f_l((b, OO))] <a.

Let U; be a set V, such that u(V,) = 4. ( Note: it is possible that V, = V}, for
distinct a and b.) O
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5. THE GENERALIZED PHELPS-DYE THEOREM

Definition. Let (X,X, 1) be a measure space. A linear space ) of measurable
functions is called smooth if the zero set, Z(q) = ¢~*(0), of each ¢ € @ has measure
ZETO.

Comment. This use of the term “smooth” for a subspace @ C L1(X,X, ) corre-
sponds to common Banach space usage. That is, @) is smooth in the sense here if
and only if for each ¢ € @ with ||¢|[1 = 1, there is a unique bounded linear func-
tional [, defined on L; such that I,(¢) = 1 = ||l4||, and hence @ is a smooth (in the
Banach space sense) subspace of Li. Of course, l,f = [ « f(sgngq)du. However, for
our purposes, the smooth subspaces ) are not necessarily contained in L.

Lemma 5.1. Let (X, X, u) be a measure space. Let G be an n-dimensional subspace
of L1(X,3,u). Let @ be an n + 1-dimensional, smooth linear space of bounded
measurable functions. There is a q € Q such that, for all g € G,

/ g(sgnq)dp = 0.
X

Proof. Let {g1,92,...,9n} be a basis for G. For ¢ € Q put

L(q):(/ g1sgnqdu,/ gzsgnqdu,m,/ Gn SENqd).
X X X

We first observe that L is continuous. Suppose that ¢; converges uniformly to
qo, and that g € G. Then |gsgng;| < |g| € Li. Also since u[Z(qo0)] =0, ¢; — qo
(uniformly) implies that gsgng; converges pointwise a.e. to gsgngo. From the
dominated convergence theorem, |[ + gsgn q;dy converges to J v gsgnqodp and L is
continuous.

Restricting L to {¢ € Q : ||¢||lso} We get a continuous, antipodal (i.e. L(—gq) =
—L(g)) mapping of the surface of an n+ 1-dimensional sphere into an n-dimensional
space. From the Borsuk antipodal mapping theorem, there is a ¢ € @ such that
L(q) = 0 and therefore satisfies the statement of the lemma. O

Lemma 5.2. Let (X,%,u) be a o-finite, nonatomic, Baire measure space. For
every integer n there is an n-dimensional smooth space of bounded, continuous
functions defined on X.

Proof. Let Il be the polynomials of degree k or less. Let f be the function of
Theorem 4.3. Then @ = {pof : p € II,,_1} satisfies the conditions of the lemma. O

Theorem 5.3. Let (X,X, 1) be a nonatomic, Baire measure space, and let G be a
finite dimensional subspace of L1(X, X, u). Let U be a o-finite set in ¥ such that
suppg C U for all g € G. (e.g., G = suppG.) There is a bounded, continuous
function, q, defined on X such that

1. [y gsgnqdp =0 for all g € G, and

2. |sgnq| =1 almost everywhere on U.

Proof. For each Baire set K, put v(K) = u(K NU). Then v is a nonatomic, o-
finite, Baire measure on X. Furthermore—relative the integral of the theorem—if
g € G and h is a bounded, p-measurable function, then fX ghdp = fX ghdv. We
may therefore assume that p itself is o-finite.

From Lemma 5.2 there is an n + 1-dimensional space of bounded, continuous
functions defined on X. From Lemma 5.1, one of these functions, ¢, satisfies the
theorem. O
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6. FINAL COMMENTS, EXAMPLES, AND OPEN QUESTIONS

Example. There is a nonatomic, Baire measure space that is not o-finite, but
supports a continuous, bounded function with level sets of measure zero.

Proof. Let X = {(a,b) : 0 < a <1; 0<b <1} C[0,1] x [0,1]. For each
a € [0,1], let p, be one-dimensional Lebesgue measure on the vertical line segment
I, ={(a,z): 0 <x <1}

Let X have the usual Euclidean 2-dimensional topology, and let ¥ be the Baire
sets. We define pu(U) = > i ta(U NI,) for U € X. Then (X,3,p) is a
nonatomic, Baire measure space that is not o-finite, and f(a, b) = b is a continuous,
bounded function with level sets of measure zero. O

Problem. Does there exist a nonatomic Baire measure space (X, X, ) such that
every continuous function defined on X has a level set of measure greater than 07

Problem. If (X, u) is a o-finite, nonatomic, Baire measure space, does there
exist a continuous, bounded, integrable function with level sets of measure zero?

Comment. Lemma 5.1 is related to a 1957 theorem proved by I.C.Gohberg and
M.G.Krein. They show that if £ and F' are n- and n 4+ 1-dimensional subspaces,
respectively, of a normed linear space, then there is a member of F' that has 0 as
a best approximation from E. The relation between Lemma 5.1 and the Gohberg-
Krein theorem can be seen in [I4] and in G.G. Lorentz’ book.
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