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A SHARP ESTIMATE FOR EXTREMAL FUNCTIONS

KEHE ZHU

(Communicated by Albert Baernstein II)

Abstract. We prove a sharp pointwise estimate for extremal functions of in-
variant subspaces of some weighted Bergman spaces on the unit disk. The
allowed weights include standard radial weights and logarithmically subhar-
monic weights.

1. Introduction

Let D be the unit disk in the complex plane C and let ω be a nonnegative weight
function in D. Throughout the paper we further assume that ω is continuous and
has isolated zeros in D.

For 0 < p < ∞ let Apω denote the closure of the polynomials in the space
Lp(D, ω dA), where dA is the normalized area measure on D. The spaces Apω will
be called weighted Bergman spaces.

Under our assumptions on the weight function it is easy to show that each point
evaluation in D is a bounded linear functional on each Apω. In particular A2

ω is a
reproducing Hilbert space. Let Kω denote the reproducing kernel of A2

ω. See [2]
and [6] for general properties of such reproducing kernels.

We call a closed subspace I of Apω invariant if pf ∈ I whenever f ∈ I and p
is a polynomial. For an invariant subspace I of Apω we let nI denote the smallest
nonnegative integer n such that there exists f ∈ I with f (n)(0) 6= 0 and consider
the extremal problem

sup
{

Re f (n)(0) : f ∈ I, ‖f‖p ≤ 1
}
,

where n = nI . Any solution to such a problem will be called an extremal function
in Apω .

The purpose of this paper is to prove the following sharp estimate for extremal
functions in weighted Bergman spaces for a large class of weights.

Theorem. Suppose logω is subharmonic. Then for all 0 < p <∞ and all extremal
functions G in Apω we have

|G(z)|p ≤ (1− |z|2)Kω(z, z)

for all z ∈ D.

It is customary to call ω logarithmically subharmonic when logω is subharmonic.
The theorem above will be proved under the assumption that ω is logarithmically
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subharmonic. However, we will explain that the result actually holds in many other
situations as well, including the case of standard radial weights.

This paper is an expanded version of my previously circulated manuscript “A
growth estimate for extremal functions”. I thank the referee for carefully suggesting
the revision.

2. Estimate for a general function in Apω

In this section we give a sharp pointwise estimate for functions in Apω. The
unweighted case of our result can be found in [10].

A weight function ω will be called representing at 0 if∫
D
h(z)ω(z) dA(z) = h(0)

for all bounded harmonic functions h in D.

Lemma 1. Suppose ω is logarithmically subharmonic and representing at 0. Then∫
D
|f(z)|p ω(z) dA(z) ≥

∫
D
|f(z)|p dA(z) ≥ |f(0)|p

for all 0 < p <∞ and f ∈ Apω.

Proof. The second inequality is trivial, and the first one follows from the main
integral formula in [4]. See also the proof of Proposition 2.5 in [1].

For any z ∈ D we let kωz denote the normalized reproducing kernel of A2
ω, namely,

kωz (w) =
Kω(w, z)√
Kω(z, z)

, w ∈ D.

Writing
|kωz |2 = kωz k

ω
z

and applying the reproducing property of the kernel function Kω, we easily arrive
at the reproducing formula

f(z) =
∫
D
f(w)|kωz (w)|2ω(w) dA(w),

where f is any bounded analytic function in D. Since |kωz (w)|2ω(w) dA(w) is a
probability measure, an application of Hölder’s inequality yields

|f(z)|p ≤
∫
D
|f(w)|p|kωz (w)|2ω(w) dA(w)

for all p ≥ 1 and all analytic functions f (first do this for bounded analytic func-
tions and then use a limit argument for the general case). We now show that the
inequality above also holds for 0 < p < 1.

Lemma 2. Suppose ω is logarithmically subharmonic. Then for all 0 < p < ∞
and all f in Apω we have

|f(z)|p ≤
∫
D
|f(w)|p|kωz (w)|2 ω(w) dA(w)

for all z ∈ D.
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Proof. Without loss of generality we may assume f is bounded.
Fix z ∈ D and let ϕz be the Möbius map defined by

ϕz(w) =
z − w
1− z̄w , w ∈ D.

Then a change of variables leads to∫
D
|f(w)|p|kωz (w)|2 ω(w) dA(w) =

∫
D
|f ◦ ϕz(w)|pλ(w) dA(w),

where

λ(w) = |kωz ◦ ϕz(w)|2ω ◦ ϕz(w)
(1 − |z|2)2

|1− z̄w|4 .

It is easy to check that λ is representing at 0. Also, λ is logarithmically subharmonic
since ω is. Applying Lemma 1 with ω replaced by λ, we obtain∫

D
|f(w)|p|kωz (w)|2ω(w) dA(w) ≥ |f ◦ ϕz(0)|p = |f(z)|p

for all z ∈ D.

We can now prove the main result of the section.

Theorem 3. Suppose ω is logarithmically subharmonic. If 0 < p < ∞ and f is a
unit vector in Apω, then

|f(z)|p ≤ Kω(z, z)

for all z ∈ D.

Proof. By [2] each kωz is nonvanishing. Thus we can write

1 =
∫
D
|f(w)|p ω(w) dA(z) =

∫
D

∣∣∣f(w)kωz (w)−
2
p

∣∣∣p |kωz (w)|2 ω(w) dA(w).

An application of Lemma 2 then yields∣∣∣f(z)kωz (z)−
2
p

∣∣∣p ≤ 1,

or
|f(z)|p ≤ Kω(z, z)

for all z ∈ D.

3. Estimate for extremal functions

In this section we show that extremal functions in Apω grow more slowly near the
unit circle than a typical function in Apω, and we will see exactly how much more
slowly.

Lemma 4. Let 0 < p <∞ and let G be an extremal function in Apω. Then∫
D
|G(z)|ph(z)ω(z) dA(z) = h(0)

for all bounded harmonic functions h in D.
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Proof. This follows from the same variational arguments used in [3] and [4]. In
fact, comparing the function G with

g(z) =
G(z) + azkG(z)
‖G+ azkG‖ ,

where k ≥ 1 and a ∈ C, leads to∫
D
|G(z)|p|1 + azk|p ω(z) dA(z) ≥ 1.

Fix any real θ and let a = teiθ, where t ∈ (−∞,∞). Then the differentiable function

f(t) =
∫
D
|G(z)|p|1 + teiθzk|p ω(z) dA(z)

achieves its minimum at t = 0, so that f ′(0) = 0. A simple computation then gives

Re eiθ
∫
D
|G(z)|pzk ω(z) dA(z) = 0.

Since θ is arbitrary, we must have∫
D
|G(z)|pzk ω(z) dA(z) = 0

for all k ≥ 1, which easily implies that∫
D
|G(z)|ph(z)ω(z) dA(z) = h(0)

for all bounded harmonic functions.

Corollary 5. If G is an extremal function in Apω, where 0 < p <∞, then∫
D
|G(z)|ph(z)ω(z) dA(z) ≤ h(0)

for all nonnegative harmonic functions.

Proof. For 0 < r < 1 define hr by hr(z) = h(rz), z ∈ D. The desired result then
follows from the lemma above and Fatou’s lemma.

For 0 < p < ∞ let Hp denote the standard Hardy space consisting of analytic
functions f in D with

‖f‖pHp = sup
0<r<1

1
2π

∫ 2π

0

|f(reit)|p dt <∞.

Lemma 6. If 0 < p < ∞ and G is an extremal function in Apω, then G is a
contractive (pointwise) multiplier from the Hardy space Hp into Apω.

Proof. Fix a function f ∈ Hp and let h be the least harmonic majorant of |f |p,
that is,

h(z) =
1

2π

∫ 2π

0

1− |z|2
|z − eit|2 |f(eit)|p dt, z ∈ D.

Using |f |p ≤ h and applying Corollary 5, we obtain∫
D
|G(z)f(z)|p ω(z) dA(z) ≤ h(0) = ‖f‖pHp ,

so that G is a contractive multiplier from Hp into Apω.

We now arrive at the main result of the paper.
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Theorem 7. Suppose ω is logarithmically subharmonic. If 0 < p < ∞ and G is
an extremal function in Apω, then

|G(z)|p ≤ (1− |z|2)Kω(z, z)

for all z ∈ D.

Proof. Fix z ∈ D and let

f(w) =
(

1− |z|2
(1− z̄w)2

) 1
p

, w ∈ D.

Then f is a unit vector in Hp. By Lemma 6, the norm of Gf in Apω does not exceed
1. According to Theorem 3, we must have

|G(z)f(z)|p ≤ Kω(z, z),

or
|G(z)|p ≤ (1 − |z|2)Kω(z, z),

completing the proof of the theorem.

4. Further remarks

Carefully examining the arguments used in the previous sections we realize that
the key to the proof of the main result is the inequality

|f(z)|p ≤
∫
D
|f(w)|p|kωz (w)|2 ω(w) dA(w),

where f is analytic, and the fact that the kernel function Kω is nonvanishing. If
1 ≤ p <∞, then as was remarked earlier, the above inequality holds in general. We
suspect that the above inequality also holds for 0 < p < 1 without the assumption
that ω be logarithmically subharmonic. We illustrate this with an example.

For −1 < α <∞ let

ωα(z) = (α+ 1)(1− |z|2)α, z ∈ D.
The weight function ωw is not logarithmically subharmonic unless −1 < α ≤ 0,
although it is representing at the origin. It is well known (see [11] for example)
that the kernel function corresponding to ωα is

Kα(z, w) =
1

(1− zw)2+α
.

Clearly, this function is nonvanishing.
If h is a nonnegative subharmonic function in D, then the use of polar coordinates

yields

h(0) ≤
∫
D
h(z)ωα(z) dA(z).

Replace h by h ◦ ϕz and make a change of variables. We arrive at

h(z) ≤
∫
D
h(w)|kαz (w)|2ωα(w) dA(w),

where

kαz (w) =
Kα(w, z)√
Kα(z, z)
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is the normalized reproducing kernel corresponding to the weight ωα. Let h = |f |p,
where f is analytic in D and 0 < p <∞. Then h is subharmonic and so

|f(z)|p ≤
∫
D
|f(w)|p|kαz (w)|2ωα(w) dA(w),

which is our key inequality. Thus we have proved the following

Theorem 8. If 0 < p <∞ and G is an extremal function in Apωα , then

|G(z)|p ≤ 1
(1 − |z|2)1+α

for all z ∈ D.

The above result was first proved in [5] in the case p = 2 and α = 0. In the
case α = 0 and 0 < p <∞, this result was mentioned in [9], and a slightly weaker
version was proved in [8].

Our approach in the paper also allows generalizations to higher dimensions and
other domains. We omit the details, since no application of this in higher dimensions
has yet been found. In the case of the unit disk, we point out that the estimate in
Theorem 8 plays a crucial role in the study of zero sets for Bergman spaces with
standard radial weights (see [7]).

Finally we mention that the estimates in Theorems 7 and 8 are sharp. To see this,
consider the unweighted Bergman space Ap (corresponding to α = 0 in Theorem 8)
and consider the extremal function G for the invariant subspace generated by the
singular inner function

S(z) = exp
(
−1 + z

1− z

)
.

It was shown in [4] that

G(z) = (1 + p)−
1
pS(z)

(
1 +

p

1− z

) 2
p

,

so that

|G(z)|p =
1

1− |z|2 ·
|p+ 1− z|2

p+ 1
· 1− |z|2
|1− z|2 exp

(
−p1− |z|2
|1− z|2

)
.

Letting z approach the unit circle along the edges of a Stolz angle at the point 1,
we see that |G(z)|p achieves the maximum rate of growth.
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