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ABSTRACT. We consider the differential equation f” + A(2)f’ + B(2)f =
0, where A(z) and B(z) are entire functions. Provided p(B) < p(A) and
T(r,A) ~ log M(r,A) as r — oo outside a set of finite logarithmic measure,
we prove that all nonconstant solutions f of this equation are of infinite order.

1. INTRODUCTION

We consider the second order linear differential equation
(1.1) f"+AQR)f' +B(2)f =0,

where A(z), B(z) # 0 are entire functions and neither of them are polynomials. It
is well known that each solution f of the equation (1.1) is an entire function, and
if f1 and f are any two linearly independent solutions of (1.1), then at least one
of f1, f2 must be of infinite order (see [10]).

In 1988, Gundersen [3] proved the following

Theorem A. Let A(z) and B(z) be entire functions, where
(i) p(A) < p(B), or
(ii) A(z) is a polynomial and B(z) is transcendental.

Then every nonconstant solution f of (1.1) has infinite order.
In the same paper, Gundersen also proved

Theorem B. If f is a nonconstant solution of (1.1), where

() p(B) < p(A) <}, or

(i) A(z) is transcendental with p(A) =0 and B(z) is a polynomial,
then p(f) = oo.

More recently, Hellerstein, Miles and Rossi [8] proved the following

Theorem C. If A(z) and B(z) are entire functions with p(B) < p(A) < %, then
any nonconstant solution of (1.1) has infinite order.
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In the proofs of Theorem B and Theorem C, the main tool is the classical cos pm
theorem, which guarantees that the minimum modulus of A(z) on a sequence of
circles |z| = Rn, n =1,2,..., may be suitably large, if p(A) < % When p(A) = %,
the proof is more complicated. We know that if an entire function has a finite
deficient value, then its order is > % (see [1]). Thus, a natural question is: If
p(B) < p(A) and A(z) has no finite deficient values, does every nonconstant solution
of (1.1) have infinite order? This problem remains open here. In fact, we prove the
same conclusion under a related condition on A(z). Namely, a slight modification

of the argument due to Hellerstein, Miles and Rossi in [8] implies

Theorem. If A(z) and B(z) are entire functions with p(B) < p(A) < oo and
T(r,A) ~log M(r,A) as r — oo outside a set G of finite logarithmic measure, then
any nonconstant solution of (1.1) has infinite order.

The notation T'(r, A) ~ log M (r, A) of course means that

lim T(r, 4)

el S ek
r—oo log M (r, A)

holds outside of G. An entire function f(z) = Yo7 a,z™ is said to have Fejér
gaps (see [6] or [9]) if

(o]
Z )\n_l < 0.
n=1

If an entire function has Fejér gaps, then Murai [9] proved that f(z) can have no
finite deficient values. In the course of his proof, Murai showed that

T(r,[f) ~logM(r, f)
holds as r — oo outside a set of finite logarithmic measure. Therefore, we obtain

Corollary 1. If A(z) and B(z) are entire functions with p(B) < p(A) < oo and
A(z) has Fejér gaps, then any nonconstant solution of (1.1) has infinite order.

If p(A) = p(B), the conclusion of our theorem is false in general. For example,
if P(z) is a polynomial, then f(z) = eF(*) solves (1.1) for arbitrary A(z) with
B = —P"—(P')? - A(2)P'. If p(B) < p(A), but T(r, A) ~ log M(r, A) does not
hold as r — oo outside a set of finite logarithmic measure, then the conclusion of
our theorem also fails in general. For example, if A(z) = e*, then log M (r, A) = r
and T(r, A) = r/m, so that

T(r,A) 1

logM(r,A) =«

Now, the equation f” 4+ e*f’ — f = 0 is of the form (1.1), with a solution f(z) =
e~ % — 1 of finite order.

2. SOME KNOWN RESULTS AND LEMMAS

To prove the theorem, we first establish a series of lemmas. To this end, we
recall some notions and results. For F C [1,00), we denote the complement of FE
in [1,00) by CE, i.e. CE = [1,00) \ E. We define the linear measure of E by
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m(E) = [ xe(t)dt where xp is the characteristic function of E, and the loga-

rithmic measure of E by
oo
t
my(E) = / xel) 4\
1

t
The upper and lower logarithmic density of E are defined by
Too dens o ENn|l
log dens E = lim m(EN[L,r])
r—00 logr
and
m(EN[Lr])

logdens F = lim
oo logr

respectively. We assume familiarity with the notations and fundamental results of
the Nevanlinna theory (see [A]). In particular (see [5], p. 13),

|T(T7f)_T0(raf)| :O(l)a r— 00,

n ) = [ 2ol a

where

t

is the Ahlfors—Shimizu characteristic, and A(¢, f) is the average number of solutions
of f(z) = ain |z| <t as a varies over the Riemann sphere. We will denote the
order and lower order of f by p(f) and pu(f).

Lemma 1 ([8] p. 697]). For a nonconstant entire function f, let
1 2m ]
o) = 3= [ ntne. pyda

be the mean covering number of the unit circle under the map f restricted to { z :
|z| <r}. Then there exists a set Ey with mi(Ey) < 0o such that

o(r)

lim
rers Al f)

Lemma 2 ([2] p. 90]). Let f(z) be a meromorphic function of finite order p, and let
e > 0 be a given constant. Then there exists a set Ea(g) that has finite logarithmic
measure, such that for all z satisfying |z| ¢ E2(e) U[0,1] and for all integers k >
j >0 in a given finite set of pairs (k,j), we have

F®(2)

70 (2)
Lemma 3. Suppose that f(z) is an entire function of order p < co. Let n(r) =
n(r, %) and suppose n(1) > 1. For K > 1, h > 0, let

< || p=1e)

E3(K,h)={r>e:n(r) > Kn(r/e")}.
Then
log K’

(2.1) logdens CE5(K,h) > 1

and consequently,

(2.2) log dens E3(K,h) < hp/log K.
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Proof. Fixing ¢ > 0, there exists g > e such that
(2.3) 1 <n(r) <rfte
for all 7 > ry. Consider now the inequality

(2.4) n(t) < Kn(t/e).

First of all, if there exists r; > 7 such that for all » > rq, the inequality (2.4)
holds for all ¢ € [ry,r], then (2.1) is trivial. So, we may assume, without loss of
generality, that for any given r > rg, there exists a value ¢t € [rg,r] such that (2.4)
does not hold. Let

th =sup{t € [ro,7] : n(t) > Kn(te™")}.

If n(t)) > Kn(tie "), we define t; = t}. Otherwise, we choose t; such that 0 <
t) —t; <eand

n(t1) > Kn(tie ™).

Suppose now, inductively, that ¢,,_1 has been defined similarly as for ¢; above.
Then let

! =sup{t € [ro,tm_1e "] : n(t) > Kn(te™")}.

If n(t,) > Kn(t,,e "), we define t,, = t,. Otherwise, we choose t,, such that
0 <ty —tm < ga=r and
n(tm) > Kn(tme ).

This inductive process now terminates either if (2.4) is satisfied for all ¢t €
[r0, tm—1e~ "] or if t,,e ™" <1y < t,,. From the above inequalities, we have

P > n(r) > n(t)) > n(t) > Kn(tie ™) > Kn(ty)
> K2n(tee ™) > - > K™ In(ty,) > K™ 'n(rg) > K™ L.

Hence
(pte)h
—1h 1
(m ) < log K ogr,
ie.
(pt+e)h
1
mh < Tog K gr+h
Therefore,
dt [T dt O dt
/ o[ Fomn-> [T
CEs(K.W)N[ro.r] b ro ! =t
(p+e)h 1o
> ] logr —h—") log-2
& ro log K & jz:; o8 tj
(p+e)h €
>1 logr —h —
& 70 log K jz::l 2~1rg
r (pte)h 2e
> log — 1 —h——.
=08 To log K To
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Hence,

lim inf
r—oo logr

CE3(K,h)N[ro,r] t - IOgK .

/ ﬂ>1 (p+e)h

Since € > 0 is arbitrary, (2.1) and so (2.2) follow by € — 0.
Lemma 4. Let T(r) > 1 be a nonconstant increasing function of finite order p in
r € (1,00), ie.
log T
lim sup L(T)

r—00 1
For any ps such that 0 < ps < p, if p >0, and p3 =0, if p =0, define
Ey(ps) ={r>1:r7 <T(r)}.

= p < o0.

Then
(2.5) § :=logdens E4(p3) > 0.

Proof. If ps = 0, then (2.5) holds trivially. Assume now that 0 < p3 < p. If
logdens E4(p3) = 0, then for any given real numbers a > 1, and 5 such that
0 <n< 2L there exists ro > 1 such that

a+1?
1 / i _
— <7
log 7 /.y (ps)ni1 e

for all 7 > ry by the definition of upper logarithmic density. Therefore,

dt
(2.6) / — < anlogr
Es(po)niryre]

for all » > ry. By (2.6),

™ dt dt dt
(a—l)logr:/ _:/ _+/ a
vt JEianire T JoBaes)nirre)

/ dt
< anlogr + —.
CEa(ps)nlrre] b
Since 1 < Z—H, a simple computation results in
dt
(2.7) nlogr </ —.
CEa(ps)nrre]

By (2.7), there exists t € CE4(p3) N [r, r*] such that
T(r) < T(t) <t/ < poPs

for all » > ry. This implies that p < aps. Since a > 1 is arbitrary, we obtain p < ps3
by a — 1, a contradiction.

Lemma 5. Suppose that ¢;(t), j =1, 2, are nondecreasing, nonnegative functions
in [1,00) such that for a real constant C,

" p1(t) " pa(t)
1 1

for all r > 1. For any given constant K > 1, define
Es(K) ={t>1:¢1(t) > Kepa(t) }.
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Then

—_— 1
log dens F5(K) < x

Proof. This is an immediate consequence of [7], Theorem 4, and [6], Theorem 3.

Lemma 6. Let f be a nonconstant entire function, and K > 1 a given constant,
and define

Es(K) = {t>1:To(t,f) > eKA(t, f) }.

Then
1

log dens Fg(K) < x

Proof. By partial integration,

1 1 !

t2 2 T t
By Lemma 5,

- 1
log dens Fg(K) < x

Making use of the notations of the preceding lemmas, we easily obtain

Lemma 7. Suppose that f(z) is a nonconstant entire function of finite order p,
0 < p < 00, satisfying

T f)
2.8 lim ———4 =1,
28) 8 Tog M (- J)
where G is a set of finite logarithmic measure. Then, for any given number K >
max(18, e160/%)  there exists a sequence {R,}, R, — 00 as n — oo, such that
T(Rn, f)
2. — 7 =
29 o M (R )
(2.10) n(Ry,) < Kn(R,/e),
. o(Rn)
2.11 Iim ———— =1,
210 A% ARy, f)
and
(2.13) R < T (R, f) <logM(R,, f).
Proof. Let
F .= E4(p3) \ (E1 @] EQ(].) @] Eg(K, 1) @] Eg(K) @] G)
Then
E4(p3) CFUE U Eg(l) U Eg(K, 1) U Eg(K) U G,
and so

§ < logdens F 4 §/16 + 75/16.
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Thus
5
3 < logdens F.

Therefore, there exists a sequence {R,}, R, € F, tending to infinity such that
(2.9)—(2.13) hold.

Lemma 8. Suppose that f(z) is a meromorphic function of finite order p and a
sequence {R,} has been defined as in Lemma 7. Then, for any given number h,
0 < h < oo, we have

T(Rue", ) < " T(Ry, f)(1 + o(1))
as n — Q0.

Proof. See [11], pp. 40—-43.

Lemma 9. Suppose that f(z) is a nonconstant entire function satisfying the con-
ditions of Lemma 7. Let {R,} be defined as in Lemma 7, let 0 < py < p3 < p, and
define

E(Ry) = {0 € [0,2m) : log | f (Rne”)| < RP? }.
Then, for any given constant € > 0, there exists ng such that
(2.14) m(E(R,)) <e
for all n > nyg.

Proof. Since §(oc0, f) = 1, it follows from (2.9) that

5 1 27 L 0
- < 7
(1 47T)1ogM(Rn,f) < 27T/O 10g | f (Rne'®)|do

CE(R,
< RfLQ + w IOgM(Rn, f)7
e
where CE(R,,) = [0,27) \ E(R,). It now follows that
5 2mRP?

Since pa < p3, Ry € E4(ps) and T'(Ry, f) < log M (R, f), from (2.15) we obtain
5
(2.16) 2n (1= =) < m(CE(Ry)),

provided that n > ng and ng is sufficiently large. Therefore,

m(E(R,)) <e.

3. PROOF OF THE THEOREM

Assume that f is a nonconstant entire solution of finite order p(f) of (1.1). If
f(2) has finitely many zeros only, then f(z) = P(2)e®*), where P(z) and Q(z) are
polynomials. Substituting this into (1.1) gives
(3.1) P’ +2P'Q' + PQ" + (Q')*P + A(2)(P' + Q'P) + B(2)P = 0.

Since p(B) < p(A), it follows from (3.1) that P’ + Q'P = 0. Thus Q' = 0 and
P’ = 0. Then f is a constant, a contradiction. Therefore, we may assume that
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f(2) has infinitely many zeros {a, }. Now let {R,} be the sequence determined by
Lemma 7 with respect to A(z), and proceed to estimate

1 , f'(Rnew))*
— ReRnewi. do.
27 JE(R,) ( f(Ryet®)

To this end, we apply the differential Poisson—Jensen formula (see [5], p. 22), to
obtain

(3.2)
z2f'(2) 1 ; 22 Re'? a2
= — 1 Re'? d
o =, el TP VS ol S
z ayz z ay 2
+ Z <z—al,+R2—aVz>+ Z <z—au+R2—ayz>
r/e<la,|<r r<lay|<R

=fi+ fo+ f3+ fa
where |z| = r < R; see also [§], pp. 696-697.

To apply (3.2), we choose R = Rgeh, h =1+ log4. By the first main theorem,
Lemma 8 and (2.12), we first obtain

|f1(Rne™)| < 18 To(R,,, f) < 18> K A(R,,, f),

so that
1 ) 2+hp
i(Rac®)do < 2

3.3
(3.3) o7 Lo,

KA(Ry, f)m(E(Ry)).

By the formula (3.5) in [8], we have

(3.4) o o R < 2 n(Rofe)m(B(R)

and by [8], (3.3) and (3.4),

(3.5) L |Ref3(R,e)|dd < n(R,) — n(R,/e).
27'(' E(Rn)

From (3.7) in [§], Lemma 8 and (2.12), we deduce

1 e Rz 1 . R,e" . .

o E(R’”)(R fa(Rne™)) d0<2ﬂ< ( 5 ) (Rn)> (E(Ry))
eh

- %n (Rg )m(E(R")) = 27r1log2N(R"eh)m(E(Rn))

1 ehr
T(Rye" E(R,)) <
27 log 2 (Bne®, F)m{E(Rn)) < 27 log 2

ehp 1+hp

To(R, 1)m(B(Ry)) < S KA(Rn, fym(B(Ra)).

<

T(Rp, f)m(E(Ry))

<
~ wlog?2

Combining now (3.2)—(3.6), we obtain
1 (R, + 10e2thr K
- 'LOf(R eig)) d9§ Oe
3.7) 2 JER) f(Rne'?)
2
+ ;n(Rn)m(E(Rn)) +n(Ry) —n(Ry/e).

(ReRne A(Ro, [ym(E(R,))
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As in [8], p. 698, we apply the argument principle to deduce

1 27 ) 1 i f’(Rnew)

n(Rn,e ,f)dOé ReRne Wd@,

2 0 2 Br.

where
Bgr, ={0€]0,27): |f(Rnei9)| >1}.

Moreover, by (2.11) and Lemma 1 we conclude

1+o(1) [?7 o F(Rnei®)\ *
A(Rn, f) < o /O (ReRneem) do

_ 1+o(1) w0 (Rne®)\ "

1+o(1) / ( ” f’(Rnew))Jr
+ ReR, eV ———2> do.
2r  JoB(Ry) f(Rne®)

We now choose p1, p2, p3 such that p(B) < p1 < p2 < p3 < p(A). If 0 € CE(R,,),
then from (1.1) and Lemma 2 applied to f(z) and Lemma 9 to A(z), we have

o f/(RneiG)

)| < e + RY
f(Rpe®®)

= eR';?

as m — 0o, where ¢ is a constant. It follows from (3.8) and (3.9) that

: o (Bue®)\

as n is sufficiently large. By (3.7), (3.10) and (2.10) we deduce that

(3.11)
1 i fl(Rnew) *
o E(R») (ReRne ' f(Rpei) ) 0
< O R Pym(B(R) + ZnRam(B(R,) +n(Re) — en(Fa)
10e>tr K 1 io f'(Rne”) !
S — m(E(Rn));/E(Rn) (ReRnee f(Rneie)) do
+ %n(Rn)m(E(Rn)) +n(Ry,) — %n(Rn)

Now fix 0 < € < ygo=rrgez- By Lemma 9, there exists ng such that

(3.12) m(E(R,)) <e
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whenever n > ng. It follows from (3.11) and (3.12) that

1 / it +
€ (ReRnezaf( 9)) i
27 JE(R.,) f(Rpe)
2the i\ T
< 106 Ke 1 ReRnele RneA ) a0
s Rneze)
2e
+;n< W)+ (Rn)— LR
L1 o f'(Rae®)\ "
oK 9 nel ") df
< 2K 21 /E(Rn) (ReR ¢ f(Rpei?)
L 1
+ soezrigeM(Bn) + n(Bn) = Zn(Bn).
Therefore,
19 +
(1) [ (R BBy
(3.13) 2K ) 27 E(Ry) ne
1
< Soeztrogz i) + iy )_E" Ry).
Since
1 o i0 fl(Rnew)
% ReRne Wd@ = n(Rn),

it follows from (3.9) and (3.13) that

14+ o0(1 1 1

Hence
1+4o0(1) 1
2 < 20e2the K
Taking K as in Lemma 7 large enough, we get a contradiction. The proof of the
Theorem is completed.
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