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ABSTRACT. We prove for many self-similar, and some more general, sets £ C
R™ that if s is the Hausdorff dimension of E and f : R™ — R™ is Holder
continuous with exponent m/s, then the s-dimensional Hausdorff measure of
EnfR™)is 0.

1. INTRODUCTION

In this paper we shall study the following question, and some more general forms
of it: which s-dimensional self-similar subsets of R™ can be parametrized by (m/s)-
Holder continuous maps from R™? More precisely, let £ C R™ be a compact
self-similar set. This means that there are contracting similarities S; : R® — R™,
i=1,....N, N > 2, such that

N
E=]JSi(E)
i=1
Our question is: when does there exist f: A — R™, A C R™, such that
(1) | f(x) = fy) |Sclz—y|™* forz,y € A

and f(A) = E? We shall call maps f satisfying @) (m/s)-Ho6lder maps.
Obviously, when the Hausdorff dimension, dim F, of E is s, we can never replace
m/s with a larger exponent. On the other hand, if we allow a smaller exponent,
such parametrizations can be easily found for many sets E; see Theorem [3.41
It was shown in [MM2| that if the similarities S; can be chosen so that the
different parts S;(F) are disjoint, then the above parametrization is impossible. In
fact, then the s-dimensional Hausdorff measure

(2) H*(ENf(A) =0

for all such (m/s)-Holder maps f. In section[d we give simpler proofs of this result
in specific cases.

In Theorem 2.1 we consider a general class of disconnected but not necessarily
totally disconnected sets for which (2)) holds for all (m/s)-Holder maps as above.
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This applies to many self-similar sets, a typical example being the cartesian product
of a Cantor set in R with an interval; see Theorem

Recently Remes has given in [R] rather general sufficient conditions for the exis-
tence of (1/s)-parametrizations from R. For example, he has shown that any con-
nected self-similar set satisfying the open set condition admits such a parametriza-
tion. Some of the sets he can parametrize are disconnected. The following question,
which we formulate only in the most basic case m = 1, is left open:

Question 1.1. Let £ C R™ be a self-similar set with uncountably many connected
components, s = dim E > 1, and suppose that F satisfies the open set condition.
Is H*(E N f(R)) = 0 for every (1/s)-Holder-map f : R — R"?

We shall introduce the basic notation we will use. We denote by B(x,r) the
closed ball with center z and radius 7, by £" the Lebesgue measure in R", by
a(n) = L™(B(0,1)) the volume of the unit ball, and by H* the s-dimensional
Hausdorff measure. For x € R", A;B C R", d(z,A4), d(4, B) and d(A) will be
the distance from z to A, the distance between A and B, and the diameter of A,
respectively. By x4 we denote the characteristic function of A.

2. HOLDER-MAPS AND PRODUCT-LIKE SETS

In this section we consider sets which have a local structure similar to that of
the product of a Cantor set and an interval. We first prove a general result which
states that it is impossible to cover a set of that type with a Holder-image of R™
with Holder exponent m/dim E.

Theorem 2.1. Suppose that E is a Borel set in R™, p is a Borel measure in R™
and s is a positive number such that u(E) > 0 and

(3) w(B(z,r)) <r® forx € R" and r > 0.

Suppose further that there is a sequence d \, 0 and that for every n > 0 there
is My > 0 such that the following holds:
For every k =1,2,... there are Borel sets Ey 1, ..., Ey m, such that

(4) E= U Ek,iv
i=1
(5) d(Eg,i, Ex ;) > 0k for i # j, and
(6) w(Eg,i N B(z,r)) <nu(B(x,r)) for all x € E and r > M,0y.

Then for any (m/s)-Holder-map f: A — R", A CR™, we have
W(E N F(A) = 0.

Proof. Suppose, contrary to the assertion, that there exists an (m/s)-Holder-map
f:A—=R" ACR™ with u(ENf(A)) > 0. Since Holder-maps always extend (see,
e.g., [Sl VI 2.2, Theorem 3] or [MM2], Lemma 3.1]), we may assume that A = R™.
Applying a homothety we may also assume that

(7) f(@) = f)] < |z —y|™* for 2,y € R™.
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There is some open ball B for which u(E N f(B)) > 0. Let z be a p-density point
of EN f(B), that is,
L m(ENF(B) N B(zr)
r—0 p(B(z,7))
(See for example [M] 2.14] for the fact that p almost all points of E N f(B) are
u-density points.) Choose g > 0 such that

=1

(8) w(B(z,mo)\(EN f(B))) < iu(B(z, 70))-
Set
(9) F=FEnf(B)NB(z,r9) and C = BN f~1(F).

Let P(m) be the constant in Besicovitch’s covering theorem as in [M|, Theorem
2.7(1)], and set C'(§) = {x € R™ : d(z,C) < §} for 6 > 0. Let n be such that

(10) 0 < 1< 8 ™a(m)P(m)£™(C(1)) " u(B(z o))
and let M = M,, be as in the assumptions of the theorem. We have
gin% LM(CO)\C) =0

and we can choose ko such that d, < 1 and

(1) L7(CELMNC) < Plm)~ alm)6™" M~ u(B(=,ro)).
Set
(12) 5:5k0;Fi :Ekoﬂ‘ﬂF and C; :Bﬁfil(Fi).

For each « € C let r(x) be the largest radius such that
B(x,r(x)) c C(5°/™/2).
Then r(z) > §°/™/2 and there is 2’ € R™ such that
B(z',6°/™/6)  B(x,r(x))\C.

Applying Besicovitch’s covering theorem [M], 2.7], we find closed balls B; =
B(xi,r(x;)),z; € C, and B, = B(x},5%™/6) such that

(13) cclJBi cc@/m)2),
(14) ZXBi < P(m)7
(15) B! c B,\C and d(B}) = °/™/3.

Since C = J, Cj, by (@), ([2) and (), we have for each i , z; € Cj, for some j;. By
@) and ([12), d(Fj, Fx) > 6 for j # k. Hence (@) and [I2) yield d(C;, Cy) > 5°/™
for j # k, and so d(C},, C\C},) > 6*/™. Since B; C C(6*/™/2) by (I3), B; cannot
meet Cy for k # j;. We conclude that there is a unique j; such that

(16) C]1 N B; 7é 0 and f(C N Bz) C qu‘,'

Pick y; € F;, N f(B;) and set

(17) D;i = B(yi, d(f(Bi))) > f(Bi)-
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Then by @), (@), (I3)), (Id) and the fact that 6 < 1,

ZM(Di) < Zd(f(Bi))s < Zd(B
- zizﬁm(Bi) =2"a(m)” /C ZXB acm

(62/m/2) 5
(18) < 2™a(m) " P(m)L™(C(1)).
Set
(19) I'={i:d(f(B;)) > Md},
(20) J={i:d(f(B;)) < Md}.

Then, as f(C'NB;) C F;, ND; by (I8) and (7)), we have using (@), (I9), (IF) and

)

p(lJ F(€NnBy)) <> u(f(CNBi)

el el
<> wF,NDi)<n> D
el el
(21) < n2™a(m)” P(m)L™(C(1)) < (1/4)u(B(z,70))-
Since by (@) and (I3),
ENf(B)NB(zr)=Fc|JfCnB)ul]J f(CnB),

i€l =
[EI) together with (B) yields
w(J F(CNB)) = w(B(z,10)) — il £(C 1 Bi) = w(B(z,m0)\(E N £(B)))

ied el
> u(B(z.70)).
Recalling also (IF), ([5), (@), @), ([7) and @) we get from this
£ e@m N = £ B) = [ Plm) Y xde™

i€J i€J

DN | =

= P(m) " Y(card J)a(m)(6*/™/6)™ > P(m) ta(m)6~™ M ~* Zd(f(B )

i€
> P(m) " a(m)6™" MY " u(D; m)6~" M " u(f(
ic€J i€

1
> P(m) ™ a(m)~" M~ L u(B(z.10)).
This contradicts ([I) and proves the theorem.

Remarks. 1) By Frostman’s lemma [M] Theorem 8.8] the existence of a measure u
satisfying p(E) > 0 and (3) is equivalent to H*(E) > 0.

2) Theorem 2.J] applies if F is a self-similar set with disjoint parts, that is, there
are contracting similarities S1, ..., Sy, N > 2, such that

E= US ) and S;(E) N S;(E) =0 for i # j.
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More generally it applies under the assumptions of the following theorem. How-
ever, we do not know if any set F as in Question [Tl has a structure to which
Theorem Z.I] or the method of its proof applies.

Theorem 2.2. Let E' C RP be a self-similar set with disjoint parts, t = dim E’
and F C R™™P such that with some positive number cy,

(22) 5oy < HS Y FNB(y,r)) <cir® ' forye Fand 0<r < 1.
Then for any (m/s)-Holder map f: A — R™, A CR™, we have
H*((E' x F)n f(A)) =0.

Proof. We may assume d(E) < 1. Let us show that the conditions (3])-(6) in Theo-
rem 2 hold for E = E' x F. We take u = (H' | E') x (H*~! | F') where H" | A is
the restriction of H* to A. There is a positive number ¢y such that

(23) rt/co < HY(E'NB(x,r)) < cor' forx € B and 0 < r < 1;
see [H] or [E]. It follows that with ¢z = 2¢1ca,
(24) r¥/cs < p(ENB(x,r)) < cgr’® forx € Eand 0 <7 < 1.

This gives @) for c5 ' p.
Let E' = Uivzl S;(E"), where the sets S;(E’) are disjoint. Let r; <...<ry <1
be the similarity ratios of Sy, ..., Sy and

6 = min{d(S;(E"), S;(E")) : i # j} > 0.
For each k = 2,3, ..., let B ;,i=1,...,my, be all the sets S;, o...0S;, (E') such that
Ty Ty < r]f < Py enli_ g -
Then
(25) d(E} i Bl ;) > 40 for i #

We take now Ey; = Ej ; x F and 6, = r}0. Then (@) and (G) are satisfied. We
show that (@) holds for M, = (cic3'n *HY(E'))/*0~'. Let B = B((x,y),r) with
r€E,ye Fandl>r> M, = M,rtf. Since d(E) < 1, it is enough to consider
r < 1. Then for £} ; = S;, o...08;(E'),

Ek,i NBC Ellc,i X (Fﬁ B(y,?“)).
Thus by (22), the definitions of u, M, and c3, and by (24),
w(Er N B) < H (B ) )H* " (F N B(y,r)) < (riy...rs,) ' HY(E)err® ™"

<P HYE )eyr* ™ < (M, 0) 't HY (E )eyr® ™"
= ez r° < nu(B).

Hence (B) holds and Theorem 2Tl gives u(E N f(A)) = 0. By @4) p and H® | E
are comparable, as well as H*(E N f(A)) = 0.
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3. SELF-SIMILAR SETS WITH DISJOINT PARTS

In this section we give different proofs for two special cases of Theorem 211
First, the proof of the following theorem will be quite simple and elementary.

Theorem 3.1. Let E C R™ be a compact self-similar set, F = Ui\;l Si(E), N > 2,
such that S;(E) N S;(E) =0 fori # j. If s=dimE and f : R — R" is a (1/s)-
Holder map, then

H*(EN f(R)) = 0.

Proof. We may assume N > 3; otherwise we replace the similarities S; with all
S;08;. To simplify the argument we assume that all the similarities Sy, ..., Sy have
the same similarity ratio r. In the case where they are different we could cut the
sequences i1, ig, ... S0 that 7y, ...r;, ~ 7%, as in section 2, and this would complicate
the argument only slightly. If the above statement was not true, we could find
f: I — R I = [a,b], such that | f(z) — f(y) |<| = —y |V/* for x,y € T and
H*(ENnf(I)) >0.

Let Ei,i = 1,...,N*, be all the sets S;, 0...0S;, (E). It can easily be shown
that there is Ey = S;, 0...0.5;, (E) such that for all k& > ko,

1
(26) card{i: E; N f(I) # 0, Ex; C Eo} > ENk—kO.

Let Fy 4,k =1,...,mi, k > ko, be all the sets Ej, j C Eg such that Ej, ;N f(I) # 0.
Then by 26), my > (1/2)NF~Fo > Nk=ko=1 — N, For k > ko we can find Ny

open, disjoint subintervals Ij’-C = (a?,b?)aj = 1,..., Nk, such that f(a?) € Eyj,,

f(b;c) € Ek,jzv jl # j2a and f(I]k) NEky = 0. Letting
0 = min{d(Si(E), S,(E)) : i # i},
we have for j; # jo,

(27) Or* < (B i, Exjo) <| f(a5) = FOF) <] af = b7 [V/°.

All the different intervals I¥,i = 1,..., Ny, k = ko + 1,ko + 2, ..., are disjoint
by their construction. But we may have IF = T ]l for some k # [. However, for
k>ko+1,

card{IF : IF ¢ {I]l ci=1,.. ,Nyl=ko+1,..,k—1}}
k-1 k—1
> N, — Z N, = Nk—ko—l _ Z Nl—ko—l
I=ko+1 l=ko+1
1

_ Nk*kofl _ Nk*kofl -1 N—1)> _Nkfkofl

( /N 1) > Lkt

since N > 3. Letting JF,i = 1,..., My, where M), > (1/2)N*~*0~1 be all the

intervals I¥ which do not agree with any I Jl for I < k, we get from (27) for any
k > ko + 1, recalling that Nr* =1,

k M, k
1 1
1/ 7l l—ko—1ps,ls __ —ko—1ps
b—a> ) 2 LYI) = Y0 GNITRTg = SNk — ko — 1),
l=ko+1 j=1 l=ko+1

Letting kK — oo we get a contradiction which completes the proof.



ON THE PARAMETRIZATION OF FRACTAL SETS 2647

The proof of our second special case of Theorem 1] will depend on the following
lemma. This lemma reduces the proof to m-dimensional sets and Lipschitz maps
from R™. We leave its easy natural proof to the reader.

Lemma 3.2. Let E and E’ be compact self-similar subsets of R™ of dimensions s
and s', respectively. Furthermore, we assume that E and E’ are of the form

N N
E= U Si(E), E = U Sz/(El)a
=1 =1

where the unions are disjoint, r1,...,7N,T1,... Ty are the similarity ratios of
Sty 8N, 81, ..., SN, and 1} = ()" fori=1,... ,N. Then there is a bijective
(s/s')-Hélder map g : E — E' such that g~1 is (s'/s)-Hoélder.

Remark. Lemmal[32lis not valid for arbitrary totally disconnected self-similar sets,
even in R; see [EM].

Suppose now that £ = Ui\;l Si(E) is a compact self-similar set such that the
sets S;(F) are disjoint and the open set condition is satisfied with an open convex
set O. That is, there is a non-empty open convex set O such that

N
|J Si(0) € O and S;(0) N S;(0) = for i # .
=1

(We may assume S;(0) N S;(0) = 0 instead of S;(O) N S;(0O) = 0 since the sets
S;(E) are disjoint.)

Theorem 3.3. If E is as above, s =dimFE >m, ACR™, and f: A — R" is an
(m/s)-Holder map, then
H*(EN f(A)) =0.
Proof. Let S; be given by
Si(x) = gi(ri(z — a;)) + ai,
where g; € O(n) is a rotation and a; is the fixed point of S;. Then > rf = 1,
whence 7", 77 > 1 and we can find r < 1 such that Y., (rr;)™ = 1.

Define S by
Si(x) = gi(rri(r — a;)) + a;

and let E* be the self-similar set defined by E* = Uiil S#(E*). Since a; € E C O,
one easily checks that SF(O) C S;(O). Thus E* satisfies the open set condition,

0 < H™(E*) < oo and E* has disjoint parts, as S} (E*) C SF(O) C S;(0) and the
sets S;(O) are disjoint.

By Lemma [3.2] there is a bijective (s/m)-Holder map g : E — E* whose inverse
g ':E* — Eis (m/s)-Holder. Let f: A — R", A C R™, be an (m/s)-Holder map.
Replacing f by f | AN f~Y(E) we may assume f : A — E. Then go f: A — R" is
a Lipschitz map. The m-dimensional self-similar sets with disjoint parts are purely
m-unrectifiable (see [H]). Hence H™((g o f)(A) N E*) = 0. However,

g (g0 NA)NE") = f(A)NE.
Since g~! is (m/s)-Holder, it follows that H*(f(A) N E) = 0.
If we allow the Holder exponent to be less than m/dim E, we can easily find

such Holder maps whose image covers E for a large class of sets E. The following
result can be proved by the method of [MMI], Theorem 4.1(1)].
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Theorem 3.4. Suppose m and n are positive integers, m < s < n,E C R™ is H*
measurable and there is a positive number ¢ such that

r*/c < H*(ENB(z,r)) <cr® forx € E and 0 <r < 1.
If 0 < a < m/s, there is an a-Holder map f: R™ — R™ such that E C f(R™).
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