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BOUNDED VARIATION IN THE MEAN
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(Communicated by Christopher D. Sogge)

ABSTRACT. It is shown that the concept of bounded variation in the mean is
not a meaningful generalization of ordinary bounded variation. In fact, it is a
characterization of functions which differ from functions of bounded variation
on a zero set.

Let f be a real-valued function in L' on the circle group 7. We define the
corresponding interval function by f(I) = f(b) — f(a), where I denotes the interval
[a,b]. Let 0 =1t < t1 <--- < t, = 2w be a partition of [0, 27], and I, = [z + tx_1,
T+ tk]. If

Vi (f) = sup{ [ D |f(Ixa)| dar} < o0,
T
k=1

where the supremum is taken over all partitions, then f is said to be of bounded
variation in the mean (or of bounded variation in the L' norm). We denote the class
of all functions which are of bounded variation in the mean by BV M. This concept
was introduced by Méricz and Siddiqi [MY], who investigated the convergence in
the mean of the partial sums of S[f], the Fourier series of f.

If f is of bounded variation (f € BV) with variation V(f,T), then

| il ds < 2mvir.),

k=1
and so it is clear that BV C BV M. Clearly this integral is invariant under an
alteration of f on a zero set, and so a function which differs from a BV function
on a zero set is in BV M.
A straightforward calculation shows that BV M is a Banach space with norm

||f||BVM = Hf||1 + Vi (f)-

We shall show that bounded variation in the mean implies convergence of S[f, z]
to f(z) for every x which is a symmetric Lebesgue point, i.e., for every f which
satisfies the symmetric Lebesgue condition,

h

at x and, for an f which satisfies this condition uniformly on a set E and is bounded
on E, the convergence is uniform.

h
(%) l/0 |[flx+t)+ fla —t) —2f(z)|dt =0(1) ash—0
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We use a convergence test of Waterman [W]. For odd integers n , let

flx+t/n) = fle+ (E+m)/n)

Tn(x,t) ]
+f(a:+ (t+2m)/n)— fx+ (t+ 37)/n)
3
fla+({t+m—Dm)/n) = flx+ ( +nm)/n)

n
and let Q,(x,t) be obtained from T),(z,t) by substituting —¢ and —= for ¢ and

respectively.

Convergence Test (Waterman). If f € LY(T) satisfies the symmetric Lebesgue
condition (x) and also satisfies

(%) / ! [T (z,t) + Qn(x,t)]dt =0(1) asn — oo,

then S[f,x] converges to f(x). If (x) and (xx) hold uniformly on a set E and f is
bounded on E, then S[f,z] converges uniformly to f(x) on E.

If f € BVM, then for a positive integer k, and %° indicating summation over
odd integers,

27 2
/ T, (2, )] dt :/

n

Zo fla+(@t+ G- 1))7r/n) — fx + (t +im/n)) P

t
. i
i=1
k n
< /Z“...dt+/ Z“...dt
i=1 i=k+1
T 1
< kwl(ﬂg)*‘k—_’_lvm(f)-

The first term is o(1) as n — oo for fixed k and the second can be made as small as
we wish by choosing k large. The corresponding integral with @, is estimated in
the same manner. The test then yields convergence of S[f, z]. Note that (x%) holds
uniformly on T'. If f is bounded on E and the Lebesgue condition holds uniformly on
E, the test yields uniform convergence on E. Note that if f is uniformly continuous
on E, then the Lebesgue condition holds uniformly.

The similarities of the implications for the convergence of S[f] of the property
BV M and the property BV lead us to ask, “What functions are in BV M \ BV?”.

It is easy to see that even exceptionally regular f which are not of bounded
variation may not be in BV M. Let V(f,I) denote the variation of f on the interval
I. Suppose f is a continuous function which is in C*(a, 27| for every a € (0,2m)
but V(f,[a,27]) /" oo as a \, 0. Given a partition of [0, 2], let

K, ={k: Ix;(mod 27) C [a, 27]}.
Then

n

S Ta)| = D 1 Tna)l = D 1 Ok (tr — ta1)

k=1 kEK, kEK,
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for some Oy, € Ii,. For any given € > 0, there is a 6. > 0 such that sup(ty —tr—1) <
0. implies

> 1F G0 - )| = [ @ dt— e = V(0 27]) — <.

kEK,

Thus, for sufficiently fine partitions, we have
1 n
2 [ 301l do = V(s .20 - e
T k=1

implying that f ¢ BV M.
This observation leads us naturally to conjecture that BV M does not constitute
a true extension of BV. The following result shows that this is indeed the case.

Theorem. A function f € BV M if and only if there is a function g € BV such
that f = g a.e.

Proof. Consider the integral means of a function f € L',

h
fh(ar)=%/0 f(z+t)dt, h>0.

Note that these means are absolutely continuous and fj(z) — f(z) a.e. as h \, 0.
We have also

fi==(flx+h)— f(z)) ae.

= =

and, therefore,

V(fn,T) = %/T|f(:c+h)—f(x)|dx

If f € BV M, then there is a C' < oo such that

e ) /Z

We note that

L)1) = [l s(e-2)

2m
= WV(fQW/an)
Thus (x % *) implies that

2n(i+1)
n

dx < C.

flo+ 20— flat )

27TV(f27r/n7T) <C< 00,

or { far/n} is of uniformly bounded variation. Choose zo such that f(xo) is finite
and fr(xo) — f(xo) as h — 0. Then for a given € > 0 there is a § > 0 such that

[fr(zo) — f(mo)| <e if 0<h<§
and so

[fn(@o)| < [f(z0)| +
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for such h. Thus the sequence { for/,(70)} is bounded. By Helly’s theorem we may
deduce the existence of an increasing sequence of the positive integers {ny} and a
function g € BV such that

Jfompny, (2) = 9()
for every = as k " co. However

Jorme () — f(2) ae.
and so

f(z) =g(x) € BV ae.
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