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ABSTRACT. Let N be an imaginary abelian number field. We know that hy,
the relative class number of N, goes to infinity as fn, the conductor of N,
approaches infinity, so that there are only finitely many imaginary abelian
number fields with given relative class number. First of all, we have found
all imaginary abelian number fields with relative class number one: there are
exactly 302 such fields. It is known that there are only finitely many CM-
fields N with cyclic ideal class groups of 2-power orders such that the complex
conjugation is the square of some automorphism of N. Second, we have proved
in this paper that there are exactly 48 such fields.

1. INTRODUCTION

Let N be an imaginary abelian number field of conductor fy, maximal real
subfield N*, and relative class number hy. It is known that hy goes to infinity
as fn approaches infinity, so that there exist only finitely many number fields N
with hyy =1 ([S1} Theorem 2]). It is interesting to find all imaginary number fields
with relative class number one. Yamamura has determined all imaginary abelian
number fields with class number one. One of the purposes of this paper is to prove
the following:

Theorem 1. There are exactly 302 imaginary abelian number fields with relative
class number one: 243 out of them are non-cyclic number fields. Their degrees are
less than or equal to 24 and their conductors are less than or equal to 65689. These
fields are given in Table 1.

Louboutin [Loul] has proved that there are only finitely many CM-fields N
with cyclic ideal class groups of 2-power orders such that the complex conjugation
is the square of some automorphism of N and he also proved that the relative
class numbers of such fields are equal to 1 or 2. Furthermore he determined the
non-quadratic imaginary cyclic number fields of 2-power degrees with cyclic ideal
class groups of 2-power orders. Our second goal of this paper is to determine all
imaginary abelian number fields with relative class numbers less than or equal to 4
such that the complex conjugation is the square of some automorphism of N:
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Type Field N (hy+,QnN)
(2*a2*73) <X§7X37X7>( ) )a <X7aX4;X7>(152
(3, xax3, x5) (1, 1), (X3, xats, x3)(1
<X7aX117X7>(17 )a <X7aX3X57X7>(2a 1)
(X3, x4, X3)(1,2), (x3,x3x3,x3)(2,1)

1,2), (x3,x51,X3)
(1,1), (xas x3x3: x3)(
),
(

(1
<X37X47/}8a $> (
(X3, x3X3, x7)(1,1) )
(x4, xa¥s, x7)(1,1 <X47X117X7>(1 2)
<X4;X3X5aX7>(2 )7 X5X7aX4w87 % 2,
<X4w8aX117X7>(372) <X4w8aX3X57X$>(271)
<X3aX4aw9>(172)a <X3aX3X§71/)9>(171
(X3 X3, 19) (1, 2), (X3, X3ts, %) (1,1
<X4,X3X5aw9>( ) ) <X47X77¢9>(172
(xax3, X3 ¥0)(2,1), (x3, X7, X13) (1,
<X37X41/187X4113>(1a2) <X4X137X77X 3)
(xaxTs, xats; X13)(2,1), (X3, xa¥s, X13)
{xas X395 x39) (1,2), (X3, X3, Xi3)
<X37X77X7¢9>(37 2), <X7aX7X13aX7X
(2r,2%,5) <X3aX?17X%1>( 2), (x3, 47X11>(1 2), <X47X?
(4*72*) <X5aX3>( ) )7 <X57X4>( ,2), <X55X§>(1’2)
<X57X4w8>( ) )7 <X13aX4>(1a2)7 <X%37X%>(172)
(xa¥16,x3) (L, 2), (xa¥16, X4)(1, 1), (xatb16,Xx71)(1,2)
<X4w16;X4X§>(2a1)7 <Xg7aX4>(1a2)v <X;9,X41/)8>( ) )
<X4w16X§a X4>(2a 1)7 <X3w167 X3>(17 ]-)
(X316, X71)(2, 1), (x3xi7,X3)(2,1)
(X7 x31) (2, 1), (xa, x3) (5, 2)
(4*a2*73) <X57X§aX$>(1a2)v <X57X37w9>(172)a <X5aX3aX$>(1a2)
(8%,27) (xat32, x0) (1, 1), (xa¥32, x3)(1,2), (xa¥32, xax3)(2, 1)
(2*72*a2*) (fk17fk27fk3) : kl — Q(\/_ml)a k2 (\/_mQ) k3 Q(\/_m3)

l\?

¢
1
(

1
1

S

(3,4,7)(1,2),(3,4,8)(1,2), (3,4, 11)(1,2)
<3,4,15>(1 2) <3 4,19}(1 2),<3 7, 8}(1 2)
<3,7,15>(1, ),< 8, 15}(1, ) <3 11 19}( ,2)
(3,11,24)(1,2), <3 11,51)(1,2), (4,7,19)(1,2)
(4,7,20)(1,2), (4,7, 52>( 2), (4,8, 11>(172)
(4,8,20)(1, )<7,73>( 2)
(2*a2*a2*73) <X3aX4aX77 $>(1 ) <X3aX7aX3X57X7>(]— 2)
(4*,2%,27) (X5, x4, xa¥8)(1,2), (x5, x3, x4)(1,2), (x5, x3,x3)(1,2)
<X57X35X4 >(7 ) <X55X45X7>( 2)
(xa¥16, X3, x4)(1,2), <X4¢16,X4,X4X5>(171)
(4%,2) (x5, v8)(1,1), (x5, X330 (1, 1), (x5, x37)(1, 1)
(xts x3) (1, 1) (XT3, ¥s)(1,1), {(xat16,x2)(1,1)
(4, 47) (x5, x13) (1, 2), (x5, xah16)(1,2)

Theorem 2. There are exactly 107 imaginary abelian number fields with relative
class numbers < 4 such that the complex conjugation is the square of some auto-

morphism of N: 58 out of them are non-cyclic number fields. These fields are given
in Table 1I.
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TABLE II. The imaginary non-cyclic abelian number fields with
relative class number 2 and 4. The fields with non-trivial cyclic
ideal class group of 2-power orders are mentioned with (,)€.

Type | hy Field N (hy+,®@nN)
(4%,2) | 2 (Xat16, x3X4)(1,2), (x5, X3Xx2)(1, 1)
(X5, X3x3)(1,1), (x5, xaxa¥s)“(1,1)
<X5aX4X7> (17 )a <X5;X%é>c(271)
<X§3aX§7>C(1a 1), <X;97X5%> (2,1)
(X518, sxT3)¢(4,1), (x5%s, YsxT7)(2,1)
<X5X?3aX13X17> (2,1), <X5X13,X§¢8>C( ;1)

(X316, X3Xax2)(2,1)
4 (X416, Xax7)(1,2), (xat16, xT7)(1,1)
(X316, X3x3)(1,1), (xath16X3, xax2x3)(2,1)

(x5 x3x31) (1, 1), (xss x37)(1, 1)
(x5, xax71)(1, 1), (x5: x3x19) (1, 1)
<X57X61>(1a )7 <X:;)3aX3X4>(1;1)
<X13aX3X$>( , 1), <X137X29>( 1)
(X5vs, Xxaxa¥s)(1,1), <X51/)87X3X71/)8>(2 1)
(x5¥s, xaxa)(1, 1), (xs¥s, xathsx?)(1,1)
<X5w87w8X29>( 51)7 <X5X137X3X4X13>(27 1)
<X5X13aX3X7X13>(27 1), <X5X13aX3X4¢8 3>(27 1)
<X5X137 X4X7X13>(47 1), <X5X13a X13X29>(4a 1)
<X5X177X3X4X17>(2 1), <X5X17aX3X7X17>(8ﬂ1)
(x5xP7s xaxa¥sxi7) (2, 1), (xsXi7: xax3xir)(2,1)
<X5X17aX17X29>( 1), <X5X137X5X17>( ;1)
<X13¢87¢8X17>( , 1), <X%X‘1177X4X%>(1 1)

<X7X177X41/’8X7>(1 1), <X§X41177X3X§X7>( 1)

(4*a 273) 4 <X137X57X13>(1’ 1)
(8*72) 4 <X3X177X3X4>(1a 1)
(47,47) | 4 (X5, X39)(2,2), {Xxat16, X3x1X5)(2,1)
(47,2,2)| 4 (x5, ¥s, xax4) (1, 1)

Corollary 1. There are exactly 48 imaginary non-quadratic abelian number fields
N with cyclic ideal class groups of 2-power orders such that the complex conjugation
is the square of some automorphism of N: 20 out of them are non-cyclic number
fields. Their class numbers are less than or equal to 8.

This paper is organized as follows. Section 2 reviews some of the standard facts
on imaginary abelian number fields. In Section 3 we briefly sketch our method of
computations. Throughout this paper the following notations will be used. For
a number field K, let Ok, Ck, di, hx and (x be the ring of integers, the ideal
class group, the absolute value of discriminant, the class number and Dedekind zeta
function of K, respectively. If K is abelian, let us denote by fx the conductor of K.
If K is a CM-field, we will denote by K, hj, wk, @k the maximal real subfield,
the relative class number, the number of roots of unity in K and the Hasse unit
index of K, respectively. For an odd prime p let x, be an odd Dirichlet character of
conductor p, order p—1. For p > 2, let v, be an even primitive Dirichlet character
of conductor p?, order p?~! with wpp = 1Ype-1. For the prime 2, let x4 be the odd
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Dirichlet quadratic character of conductor 4. When p > 3, let 12, be the even
primitive Dirichlet character of conductor 27, order 2°~2 with 3, = typ-1.

2. PRELIMINARIES

In this section we sum up some of the standard facts on imaginary abelian
number fields which will be used in the sequel.

Proposition 1. (1) Let F be an imaginary abelian number field, xp the group
of primitive Dirichlet characters associated to F' and x5 the set of X € xXF
such that x(—1) = —1. For a x € xr we denote by f, the conductor of x.
We have

hy = Qrwr H <_%Bl,x) ;

XEXfp

where By y = Zixzzl x(a)a/ fy.
(2) Let K C L be two CM-fields. Then hy dwides 4h} . In addition, if [L : K] is
odd, then hy; divides hy .

Proof. (1) is the content of [W] Theorem 4. 17]. (2) For the first statement see [Ok|
Theorem 1] and [Hol Theorem 5]. For the second statement see [Leml Corollary 1]
or [LOO) Theorem 5]. O

Proposition 2. Let K be a CM-field of degree 2n.

(1) We have
- Qrwi | dx Ress— (¢k)
K (271’)” dK+ Ress=1 (CK*).
(2) The fact that B € [1 —2/logdk, 1] and Cx(B) < 0 implies
Res,—1 (Gx) = = (1-5).

2mnel/™ 2 27n

where ex = max | 1 — Zexp | —
K d}(/zn ' 5 p d}(/zn

(3) (a) There exists a constant u > 0 such that for any abelian extension K/k
of degree m unramified at all the infinite places we have

Res,oa (6) < (Resecr (60)" (g 10w (j—g) n zuk)w |

(b) If k is a real abelian number field of degree s > 2, then

s—1 s
prRess—1 (Cr) < Yy (log fr +2uq)”,
where pug = (2 + v —log(4r)) /2, v is Euler’s constant.

Proof. (1) is the content of [W], Chapter 4]. (2) See [Lou2, Proposition A] or [LOL
Proposition 9]. (3) is the content of Theorem 1, Corollary 2 and Theorem 11 in
[Lou3]. O

Proposition 3 ([Loud] Lemma (b)]). Let K be an imaginary cyclic number field
of degree 2", n > 1. For a positive integer n we let {, be a primitive nth root of
unity. Then, wx = 2, except when K = Q((4) (in which case wix = 4), or when
2" +1 is prime and K = Q ({any1) (in which case wx = 2(2™ + 1)).
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Proposition 4. Let L be a CM-field. We denote by ir/r+ the homomorphism
Cr+ — Cr induced by mapping an ideal a to aOr. We write L = LT (\/a) for
some a € Op+.
(1) ([Had, Satz 24]) If L is a cyclic number field, then Qr = 1.
(2) ([Leml, Theorem 1]) Assume that wy, =2 mod 4.
(a) If the principal ideal () is not a square of an ideal of O+, then Qp =1
and ir/+ is injective.
(b) Assume that there is an ideal b in Op+ such that (o) = b2 |
i) Qr =2, if b is principal.
ii) QL =1 and ker (i r+) = ([b]), otherwise.

Proposition 5. Let N be an imaginary cyclic number field.
(1) If [N : Q)] is a power of 2 and if hyy < 16, then [N : Q] < 16.
(2) If hy <4, then [N : Q] < 22.

Proof. (1) See [PK2]. (2) See [CK]. O

3. MAIN RESULTS

Let s be a positive integer, r a non-negative integer. For 1 < i < s let m; be
a positive integer, for 1 < j < r let n; be a power of a prime number. Assume
that mi; > mg > --- > m, and n; < 2™ for each j such that n; is a power of 2.
The imaginary abelian field IV is called of type (2’”77 cee 2 g, ,n.) if N is a
compositum of s imaginary cyclic number fields K; of degree 2™, 1 < i <s, and r
real cyclic number fields L; of degree nj, 1 < j < r, such that K; 1 1N(K;--- K;) =Q
foreachi=1,---,s—1and Lj;1 N (Ky---KsLy---L;) = Q for each j =0, -,
r — 1. Let G be the Galois group of N over Q. Then G is isomorphic to the direct
product [[;_, Z/2™ Z ], Z/n;Z.

This section is divided into subsections:

3.1. Proof of Theorem 1.

3.2. Proof of Theorem 2.

3.3. Proof of Corollary 1.

3.1. Proof of Theorem 1. In order to determine all imaginary abelian num-
ber fields with relative class number one we proceed as follows. Every imaginary
abelian number field with relative class number one is a compositum of a finite
number of distinct imaginary cyclic number fields with relative class number 1,
2, or 4. Since all imaginary cyclic number fields with relative class number < 4
are known, there remain only finitely many computations to determine all imagi-
nary abelian number fields with relative class number one ([S2], [S3], [A], [MW],
[Cond|, [PKT], [PK2], and [CK]). Assume that N is an imaginary abelian number
field of type (271,---,2™ nq,--- ,n,) with relative class number one. A primi-
tive Dirichlet character will be called a character in brief. Let 7p,---,7s be odd
characters of order 2, 1 < i < s, and let ¢1,--- , ¢, be even characters of order
n;, 1 < j < r, such that N is associated with the group (71, -+ ,7s, 01, -+, @r).
Since hy = 1, the subfields M; associated with (7;), 1 < i < s, satisfy that
h&il“'Mia|4 for 1 <a<s, i1,--,iq € {1,---,s}. If n; is odd, then the cyclic
subfields L; associated with (r;,p;), 1 <1 < s, satisfy hy |4. If n; is a power of
2, n; = 2™, then the relative class numbers of the cyclic subfields associated with
<Ti<p?>, 1<i<s,1<k<2™ divide 4. On the other hand, if there is no field
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of type (271,22, ... 2™ ny,--- ,n,) with relative class number dividing 4 such
that all imaginary subfields have relative class number dividing 4, then we conclude
that there is no field with relative class number one containing a subfield of type
(271, 2™ ny,--- ,n,). For the fields N of type (2*,2%) or (2*,2%,2*) we de-
termine Qn using [HY1], [HY2] and [HY3]. For other fields we use Proposition 4.
In order to determine whether an ideal b is principal or not we use the function
IdeallsPrincipal in KASH [KT]. By Proposition 1.(1) we can easily evaluate hjy.
Our computational results are summarized in the following. All fields mentioned
below are given in Tables I and II.

Proposition 6. Let | be an odd prime number.

(1) (a) There is only one field of type (2*,3,3) with relative class number one :
this field is associated with (x3, X?,%9) and has class number one.
(b) There is no field M with relative class number one such that M contains
a subfield of type (2*,3,3,3) or a subfield of type (2*,3,9).
(2) If 1 > 5, then there is no field with relative class number one in which a field
of type (2*,1,1) is contained.
(3) If 1 > 3, then there is no field with relative class number one in which a field
of type (4%,1,1) is contained (cf. Proposition 15 below).

Proposition 7. (1) (a) There are exactly 147 fields of type (2*,2*) with relative
class number one.
(b) There are exactly 34 fields of type (2*,2*,3) with relative class number
one.
(¢) There is no field with relative class number one in which a field of type
(2%,2%,3,3) or type (2*,2*,9) is contained.
(2) (a) There are 3 fields of type (2*,2*,5) with relative class number one.
(b) There is no field with relative class number one in which a field of type
(2*%,2%,5,5) is contained.
(3) Let!l be an odd prime number > 7. There is no field with relative class number
one in which a field of type (2*,2*,1) is contained.

Proposition 8. (1) There are 18 fields of type (4*,2*) with relative class number
one.
(2) There are 3 fields of type (4*,2*,3) with relative class number one.
(3) There is no field with relative class number one containing a subfield of type
(4*,2%,5).

Proposition 9. (1) There are three fields of type (8*,2*) with relative class num-
ber one.
(2) Let 1l be an odd prime number. There is no field with relative class number
one containing a subfield of type (8*,2%1).

Proposition 10. There is no field with relative class number one containing o field
of type (16*,2%).

Proposition 11. (1) There are 6 fields of type (4*,2) with relative class number
one.
(2) Letl be a prime. There is no field with relative class number one containing
a subfield of type (4*,2,1).
(3) There is no field with relative class number one containing a subfield of type
(8%,2).
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(4) There is no field with relative class number one containing a subfield of type
(16*,2) (cf. Proposition 19).
(5) There are 2 fields of type (4*,4*) with relative class number one.

Proposition 12. (1) There are 17 fields of type (2*,2*,2*) with relative class
number one.
(2) There are two fields of type (2*,2% 2%, 3) with relative class number one.
(3) There is no field with relative class number one containing a subfield of type
(2*,2*%,2*1) for every primel > 5.

Proposition 13. (1) There are 7 fields of type (4%,2*,2*) with relative class
number one.
(2) There is no field with relative class number one containing a subfield of type
(4*,2*%,2* 1) for every odd prime l.

Proposition 14. There is no field with relative class number one containing a
subfield of type (2*,2%, 2% 2*).

Theorem 1 follows from Propositions 6-14.

3.2. Proof of Theorem 2.

Lemma 1. Let N be of type (271,--- ,2™ ny, -+ ,ns). The complex conjugation
is the square of some automorphism of N if and only if mi > --- > mg > 2.
Proof. Clear. |

According to [PK2, Proposition 3] it is clear that there is no field N of type
(2™1,-.. 2™ ny,---  n,) with relative class number 3 if mq > --- > m, > 2. The
content of Theorem 2 is divided into Proposition 15-19 according to the Galois
groups. Note that there are 8 fields of type (4*,3) with relative class number < 4:
6 of them have relative class number 1 and 2 of them have relative class number
4. There is exactly one field of type (4*,5) with relative class number < 4: Q ({z25).
For an odd prime ! with [ > 7, there is no field of type (4*,1) with relative class
number < 4 (see [CK]).

Proposition 15. Let | be an odd prime.

(1) There is no field N with relative class number dividing 4 such that N contains
a subfield of type (4%,1,1).

(2) There is no field N with relative class number dividing 4 such that N contains
a subfield of type (8*,1).

Proof. (1) Let M be a number field of type (4*,1,1), ¢ an odd character of order 4,
X1, X2 two characters of order [ such that M is associated with the group (v, x1, x2)-
Suppose that there exists a field N containing M with hy|4. By Proposition 1.(2)
all subfields of degree 41 associated with (i, XZiX%% 1<i,j<landi+j <2l have
relative class number dividing 4. Using the results in [PK2] and [CK] we verify that
there is no such characters ¢, x1, x2. From this we deduce (1).

(2) is proved similarly as (1). O

Proposition 16. (1) There are 13 fields of type (4*,2) with relative class number
2 and 32 fields of type (4*,2) with relative class number 4.
(2) There is no field of type (4*,2,3) with relative class number 2 and there is
one field of type (4%,2,3) with relative class number 4.
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(3) There is no field with relative class number < 4 containing a subfield of type
(4*,2,1), where | is an odd prime > 5.

(4) There is no field with relative number < 4 containing a subfield of type
(4%,2,9).

(5) There is no field of type (4*,2,2) with relative class number 2. There is one
field of type (4*,2,2) with relative class number 4.

(6) There is no field with relative class number < 4 containing a subfield of type
(4%,2,2,1), where l is a prime.

Proof. (1) Let N be a number field of type (4*,2), ¢ an odd character of order 4
and x an even quadratic character such that N is associated with (p, x). Let M;
and Ms be the quartic subfield associated with () and (pyx), respectively. Assume
that hy[4. There are exactly 133 pairs of (p,px) such that hy, |8, i = 1 and
2. It is sufficient to consider M; with hj, |8, instead of those with hy, [16, since
hy = QTNh]T/Il hyy,- For these fields we determine @y and hy. Note that if hy |4,
then f_. € {5,8,13,17,29} where f_. is the conductor of ©?. We will need this
remark in 2.(a) below.

(2) The computation consists of two steps : (a) Determine all imaginary cyclic
number fields of degree 12 with relative class numbers dividing 16 such that its
quartic subfield can be embedded into a field N of type (4*,2) with hyy|4. (b) We
consider the composite of N and K, where N is one of the fields found in (1), K
one of those obtained in (a).

(a) Let K be an imaginary cyclic number field of degree 12, L the quartic subfield
and k the quadratic subfield of K. Assume that hy |16 and L can be embedded
into a field N of type (4%,2) with hyy|4. Using Proposition 2 we find an upper
bound for fx. According to (1) fx € {5,8,13,17,29}. For those quadratic fields k
we verify that (i (s) < 0 for s € ]0,1[. Note that (x/(x is a product of L-functions
which come in conjugate pairs. Hence (i (s) < 0 for s € |0, 1[. By Proposition (2.2)

we have

ek 2
Resg— > .
ess=1 (Ck) 2 e logdy

Since f% < dx < f3#([Mul Corollary 1], [HH] Lemma 10] or [T, Lemma 1]), we

have
- — Yrwk | drx Resi1 (Ck)
K= 3
(2m)° \ dr+ Ress=1 (Cx+)
2wrnr  fufE 1

(27)° e-11log fx Ress=1(Cx+)’

Where NK = max (1 _ 127el/6 : % exp (_ 127 )) .

Vik Vi
According to Proposition 2.(3),

1 d 2
Ress—1 (Cx+) < Ress—1 (k) <Z Ress—1 (¢x) log dL; + 21 Resg—1 (Ck))
k
and .
ke Ress—i (G) < g (log fie +2 X 0.0231)°.

Computing Ress—1 ({) for these 5 quadratic fields k we verify that fx < 18000.
For such fields K with fx < 18000 we compute hy and verify that there are 4
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fields K with hyy =1, 2 fields K with hj; =4 and 2 fields K with hy = 8. There
is no field K with hj = 16.

(b) Let E be a number field of type (4*,2,3), ¢ an odd character of order 4, x
an even quadratic character and 7 a character of order 3 such that F is associated
with the group (¢, x, 7). Let N be the subfield associated with (g, x), and K; and
K those associated with (p, 7) and (px, ), respectively. If h |4, then N is one
of the fields obtained in (1) and Kj;, i = 1 and 2, is one of those obtained in (a).
There are only two fields E of which the subfields satisfy the above conditions: the
fields associated with (x5, x%3, X13) and {x3s, X3, X13), respectively. The former has
relative class number 16 and the latter has relative class number 4.

Similarly, we get (3), (4), (5) and (6). O

By the same reasoning as Proposition 16 we get the following.

Proposition 17. (1) There is no field of type (4*,4*) with relative class number
2 and two fields with relative class number 4.
(2) There is no field with relative class number < 4 containing a subfield of type
(4*,4*,1), I a prime.

Proposition 18. (1) There is no field of type (8*,2) with relative class number
2 and one field with relative class number 4.
(2) There is no field with relative class number < 4 containing a subfield of type
(8%,2,1), l prime.
(3) There is no field with relative class number < 4 containing a subfield of type
(8*%,4*) or type (8*,4).

Proposition 19. There is no field with relative class number < 4 containing a
subfield of type (16*,1), I prime.

3.3. Proof of Corollary 1. According to [Loull Theorem 2], if an imaginary
non-quadratic abelian number field N such that the complex conjugation is the
square of some automorphism of N has cyclic ideal class group of 2-power order,
then hyy =1 or 2. The class numbers of the maximal real subfield of the fields in
Theorems 1 and 2 are obtained from [K], [G], [Li], [YI] and [KT]. (We note that
KT is used only for the fields of type (4, 2).) Therefore, we verify that among the
fields in Theorem 2 there are 21 imaginary non-cyclic number fields N such that
(i) hy =1or?2,
(ii) hy+ = 22 for some non-negative integer a.
To determine which of those 21 fields has cyclic ideal class group of 2-power order
we use Proposition 4 and Proposition 20 below.

Proposition 20. Let M be a CM-field such that there exists a cyclic quartic MK

with K ¢ M+ C M. Let C’I(VQI) and C’](él be the 2-Sylow subgroups of Cpr and Chyy+,

respectively.
(1) The three following conditions are equivalent :
(a) C'](\?/i]\/[/]\/pr (CI(VQIL) is non-cyclic.
(b) 1657 fingyare (€37 ) 12 4.
(c) hyy =0 mod 4 if ip/ar+ 48 injective and hy, =0 mod 2 otherwise.

If these conditions are verified, then C’I(VQI) is not cyclic.
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(2) If CJ(\?[)/Z'M/M+ (C'](VQ[)JF) is cyclic, then C’J(\? and C’](\;)Jr are cyclic. In addition,
M satisfies one of the three following conditions :
(a) Qum =1, ippg+ s injective and tyr < 2,
(b) Qrn =2 and ty <1,
(¢) in/aat is not injective and tpr < 1.
Here tpy is the number of prime ideals ramified in M /M.

Proof. See Lemma II.1 and Proposition I1.3 in [Gu]. O
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