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A NONTRIVIAL EXAMPLE OF APPLICATION OF THE
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ABSTRACT. In reply to a problem posed by Jean Leray in 1950, a nontrivial
example of application of the Nielsen fixed-point theory to differential systems
is given. So the existence of two entirely bounded solutions or three periodic
(harmonic) solutions of a planar system of ODEs is proved by means of the
Nielsen number. Subsequently, in view of T. Matsuoka’s results in Invent.
Math. (70 (1983), 319-340) and Japan J. Appl. Math. (1 (1984), no. 2, 417—
434), infinitely many subharmonics can be generically deduced for a smooth
system. Unlike in other papers on this topic, no parameters are involved and
no simple alternative approach can be used for the same goal.

1. HISTORICAL REMARKS

Unlike any standard fixed-point principle, Nielsen theory gives us additional in-
formation about the lower estimate of the fixed points number. It was originated
by the Danish mathematician Jakob Nielsen in 1927 [N|, who studied with this re-
spect self-maps of compact surfaces. Later on, finite polyhedra were systematically
treated by Franz Wecken in 194142 [W], who also gave an alternative definition
of the Nielsen relations which we use below. The crucial step in this development
was also accomplished by Andrzej Granas who defined a strictly related fixed-point
index for arbitrary (i.e. also infinite-dimensional) ANRs in 1972 [G].

Thus, a sufficiently general fixed-point principle, preserving the number of essen-
tial classes of fixed points under homotopy, could be formulated by U. K. Scholz [S],
Boju Jiang [BaTl], R. F. Brown [Brl], and some others (see the references in [AG.IT],
[Bol], [Bx]). By sufficiency, we mean the appropriate form which was suitable for
answering the question posed already by Jean Leray [[J at the first International
Congress of Mathematicians held after World War II in Cambridge, Mass., in 1950.
Namely, he suggested the problem of adapting the Nielsen theory to the needs of
nonlinear analysis and, in particular, of its application to differential systems for
obtaining multiplicity results (for more details see e.g. [Br3|, [Brd]).

Since that time only several papers have been devoted to this problem (see e.g.
[BKM], [Br2], [Br3], [Brd], [F1], [F2]), but either additional parameters had to be
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involved, as in the quoted papers by R. F. Brown and M. Feckan, or a simple
alternative approach could be used for the same goal, as in [BKM].

Here we would like to present a nontrivial example of effective application of
a noncompact version of the Nielsen fixed-point theory to differential equations
without the above restrictions.

2. THEORETICAL BACKGROUND

In what follows, all topological spaces are assumed to be metric, and by a topol-
ogy in function spaces (in particular, the Fréchet spaces C(J, R")) we mean the one
of a uniform convergence on compact intervals. By a (metric) ANR-space Y we
understand, as usual, the one such that for any (metric) space X, its closed subset
S C X and a continuous mapping f : S — Y, there exists an extension of f onto
some neighbourhood of S in X.

Following [9], the basic notion of the Nielsen number will be defined for a so-
called admissible class A of self-maps f : X — X, namely those satisfying:

(i) f has a generalized Lefschetz number (for its definition and more details see

e.g. [Brl], [Bed]),
(ii) the set of fixed points, Fix(f) = {z € X : f(Z) = =}, is compact,
(iii) X is a (metric) ANR-space.

Similarly, an admissible homotopy is a map h : X x [0,1] — X such that h; €
A and H,s; € A for all r,s,t € [0,1], where hi(x) = h(x,t) and H, s(z,t) =
[h(z, (1 = t)r +ts), (1 = t)r + ts], i.e. Fix(h) = U1 Fix(he) is compact.

Definition 1 ([S], [W]). Given f € A and z,y € Fix(f), we say that = and y are
Nielsen-related (written z ~ y) if there exists a path u : [0, 1] — X so that u(0) = =,
u(l) =y and u, f(u) are homotopic keeping endpoints fixed.

One can readily check that the relation“. ~ 7

is an equivalence. Furthermore,
it is known (see [S]) that each fixed-point class is open in Fix(f) and hence, in view

of (ii), the number of such classes is finite. Therefore, we can give

Definition 2 ([BoTl, [S]). If, for a Nielsen class C' C Fix(f), we have ind(C, f) #
0, i.e. if the associated fixed-point index in the sense of [G] (see also [Boll) is
nontrivial, then C' is called essential. The Nielsen number N(f) is then defined to
be the number of essential Nielsen classes.

Lemma 1 ([S]). If f € A is admissible, then f admits at least N(f) fized points,
i.e. N(f) < #Fix(f). Moreover, N(f) is invariant under admissible homotopy
h:X x[0,1] = X, d.e. if h(0) = f and h(1) =g, then N(f) = N(g).

The following lemma is essentially due to J. Jezierski [].

Lemma 2 (reduction). Let X and its closed subset Y be ANR-spaces. Assume
that f : X — X is a compact map, i.e. f(X) is compact, such that f(X) C Y.
Denoting by f' : Y — Y the restriction of f, we have

(i) Fix(f") = Fix(f),

(ii) the Nielsen relations coincide,

(iii) ind(C, f") =1ind(C, f) for any Nielsen class C' C Fix(f).
Thus, N(f') = N(f).
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Proof. Tt is evident that Fix(f’) = Fix(f) and if x, y are Nielsen-related in Fix(f’),
then so they are in Fix(f). To prove the converse, let us assume that z,y € Fix(f)
are Nielsen-related. This means that there is a path u : [0,1] — X satisfying

H(t,0) =u(t), H(t,1)= fou(t), H(0,s)=z, H(l,s)=y

with a suitable continuous mapping H. However, then u'(t) = f o u(t) is a path in
Y satisfying

H/(f,,O) = ul(t)a Hl(ta 1) =fo U'/(t)v Hl(oa S) = f(l‘), Hl(la S) = f(y)7

where H'(t,s) = f o H(t,s), which already means that z,y are Nielsen-related as
the fixed points of [/ : Y — Y.

Since the third property (iii) for the fixed-point indices is well known (see [Boll,
[G]), the proof is complete.

Definition 3. We say that a mapping T : @ — S is retractible onto @Q if there
is a retraction r : P — @, where P is an open subset of C(J,R") (i.e. a set of
continuous maps from J to R™) containing Q U S, and p € P\Q, r(p) = g implies
that p # T'(q).

The main advantage of the above definition, already employed in [Br2], [Br3l,
[Brd], states that r o T : @ — @ has a fixed point ¢ € Q if and only if ¢ = T(q).

The following statement, having for us a character of the method, represents only
a special (single-valued) case of a more general (set-valued) version developed in
[AGJ2]. Let us note that it can also be derived as a combination of the results in [S|
Theorems 1,2], [CEM]|, Theorem 1.1], Definition[3 and the fact that a neighbourhood
retract in Fréchet spaces (in particular C(.J,R"™)) is at the same time an ANR.

Theorem 1. Let G : J x R™" x R™ — R™ be a Carathéodory mapping, where J is
an arbitrary interval. Assume, furthermore, that there exists a (nonempty) closed
connected subset Q of C(J,R™) such that the problem

X' =Gt X, q(t),
{ XeSs

has, for every q € @, a unique solution X (t) = T(q) with the property T(Q) C S,
where S is a (nonempty) bounded subset of C(J,R™), and T : Q — S is retractible
onto Q with a retraction r in the sense of Definition [3

At last, let there exist a locally Lebesgue-integrable function o : J — R such that

|G(t, X (t),q(t)] < a(t) a.e. in J,
for any pair (¢, X) € Ty, where I'r denotes the graph of T.
Then the Carathéodory system
X' =F(X)
admits at least N(r|pq) o T(.)) solutions belonging to Q, provided G(t,c,c) =
F(t,c) takes place a.e. in J, for any c € R™.
A Carathéodory mapping F': J x " — R means, as usual (cf. e.g. [E]), that:
(i) the mapping F'(¢, .) is continuous for a.a. t € J,
(i) the mapping F(.,X) is measurable for all X € R,
Let us add that by a solution X (t) we always understand a locally absolutely
continuous function X (¢) satisfying the given system for a.a. ¢t € J.



2924 JAN ANDRES

3. NONTRIVIAL EXAMPLE

Consider the Carathéodory system

(1) ' +axr = e(t; x7y)y7_}‘ + g(tvxvy)a
Y +by = f(t,z,y)ar + h(t,2,y),

where a, b are positive numbers and m, n are odd integers with min(m,n) > 3. Let
suitable positive constants Fy, Fy, G, H exist such that

le(t,,9)| < Eo, [f(t,z,y)| < Fo,
lg(t, 2, y)| <G, [h(t,z,y)| < H

hold for a.a. t € (—oo,o0) and all (z,y) € R2.
Furthermore, assume the existence of positive constants eg, fy, §1,d2 such that

(2) 0<eo<elt,z,y)
for x > —d1, y > J2 and a.a. t as well as for z < §;, y < —d2 and a.a t, jointly with

(3) 0<f0§f(tax7y)

for x > 61, y < d2 and a.a. t as well as for z < —d1, y > —J2 and a.a. t.

Another possibility is that (@) holds for z < 61, ¥y > 3 and a.a. t as well as
for x > =61, y < —J2 and a.a. t and that (3) holds at the same time for = > dy,
y > —d9 and a.a. t as well as for z < —§1, y < d2 and a.a. t.

As a constraint S, consider at first the periodic boundary condition

(4) (2(0),4(0)) = (z(w), y(w)) -
More precisely, we take S = Q = Q1 N Q2 N Q3, where

Q1 = {q(t) € C([0,w], R?) : [lg(t)]| = max[max;e(o,.) g1 (t)],
maxte(o,w] lg2(t)[] < R},

Q2 = {Q(t) € C([va]a §R2) : mintE[O,w] |QI (t)| >0, >0
or minge(o,u |g2(t)| > d2 > 0},

Qs = {q(t) € C([0,w],R?) : q(0) = q(w)};

the constants d1, d2, R will be specified below.

One can readily check that @ is a nonempty connected subset of C'(R,R?) and
that, in order to verify W C S = @, it is sufficient to prove only T(Q) C Q,
because S = @ is closed. Moreover, T'(q) would be trivially retractible onto @,
when T(Q) C Q, because Q is a neighbourhood retract of the Banach space Qs,
i.e. also an ANR-space.

Indeed. Defining

U={qe€Q3: min [q(t)] >0},
te(0,w]
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U is obviously an open neighbourhood of @) in Q3. The related retractionr : U — @,
for every t € [0,w], takes the form

AR for la(t)] > R,

(lgi(& o1, rte ) for |gz2(t)] < a1 (t)] < b2,

)t =1 (-

(102, 12(hd2) for 62 > laa(6)] > Elar V),

q(t), otherwise.

(
gﬁh@%®)bw<m2n<wmm<®,
a (t
2(

t
t

Besides (), consider still its embedding into

5 o' +az = [(1— p)eo + pe(t, z,y)ly= + pg(t,z,y),
y +by = [(1— p) fo+ pft.z,y)ar + ph(t,z,y),

where p € [0,1]. Thus, (B) reduces to () for u = 1.
The associated linearized system to (@) takes for u € [0,1] the form

(6) o'+ az = [(1 - p)eo + pedga(t) ™ + pgr,
Y +by = [(1— ) fo + pfila(t)w + phe,

where we use for simplicity the notation
€t = e(tv q1 (t)a Q2(t))a ft = f(tv q1 (t)a Q2(t))7

9o = g(t,q1(t),q2(t)), he == h(t,qi(t), g2(2)).

It is well known that problem (6)—(4) has, for each ¢(t) € @, a unique solution
X(t) = (x(t),y(t)) :== Ty(q), namely

= [ G1(t,8)[(1 = p)eo + pes)aa(s) 7 + pgs)ds,

TH(Q) = " 1
= Jo Ga(t, $)[(1 = p) fo + pfs)ar(s) + phslds,
where
% for 0 <t<s<w,
Ghltys) = —a(t—s)
S for0<s<t<uw,
(ib_(;%sbtm for 0 <t <s<w,
Ga(t,s) = e
e for0<s<t<w.

Since X(0) = X(w), ie. Tu(Q) C @3, our first goal is to show that @ is
invariant under T, (q), i.e. T,,(Q) C Q, for each p € [0,1]. Hence, we should prove
that T,,(Q) C Q1 as well as T,,(Q) C Q2.

Let us consider the first inclusion. In view of

—aw

min Gi(t, s) > >-% 9

t,5€[0,w] 1 —e-aw
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and

—bw

min Ga(t,s) >

—F >0
t,s€[0,w] T 1l —ebw ’

we obtain for the above solution X (¢) that

max [z(t)] < max / G (8, )L — )eo + peslan(s)™ + pgalds
te[0,w] te[0,w]

1
< [(eo —|—E0)Rm + G] max / Gi(t,s)ds = [(eo + Eo)Rm +G]

te[0,w]
and
ma ()] < max [ (Ga(t, (- phfo + nfdas ()% + o ds
te[0,w] telo,w] Jo
1 1
[(fo +F0)R" + H tggx]/ G2 t, S dS = E[(fo -I-Fo)R; + H]
Because of

X = ), t
X @) maX[tgfgg]lw()l tggf]ly()l]

= max{l[(eo + Eo)R + G, [(fo + Fo)R* + H]},

a sufficiently big constant R certainly exists such that [| X (¢)]] < R,ie. T,(Q) C @,
independently of p € [0,1].

For the inclusion T,,(Q) C Q2, we proceed quite analogously. Assuming that
q(t) € Q2, we have either

>0, >0 i t)| > 69 > 0.
tg[l(}r;]Iql()l_ 1 or téﬁgg}lqz( )| > 02

Therefore, we obtain for the above solution X (¢) that

min_|z(t)| = min / |G (t, 5)[[[(1 = p)eo + peslaz(s) ™ + pgalds
te[0,w] te[0,w]

> |eo(5’" - G|/ Gi(t,s)ds = |eo(5’" — G| > 0, provided G < 60(5’”

for g1 > —01, g2 > 2 as well as for ¢; < 1, ¢ < —d2 (or another alternative, as
above), or

min |y(t) = min /w|G2<t,s>||[<1—u)fowfs]ql(s)%+uhs|ds

te[0,w] telo,w] Jo
1 et 1 1 1
> |f051" - H|/ Ga(t, s)ds = E|f051" — H| > 0, provided H < fyd7",
0

for g1 > 01, g2 < 02 as well as for ¢; < —d1, g2 > —d2 (or another alternative, as
above).

So, in order to prove that X (¢t) € @2, we need to simultaneously fulfill the
following inequalities:

Leody — Gl >8> (£)",
(7) .

L\ fody — H| > 65 > ( )
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Let us observe that the amplitudes of the functions g, A must be sufficiently small.
On the other hand, if eq and fy are sufficiently large (for fixed quantities a, b, G,
H), then we can easily find d1, do satisfying ().

After all, if there exist constants 01, d2 obeying (@), then we arrive at X (¢) € Qo,
ie. T,(Q) C Q2, independently of p € [0,1]. This already means that 7, (Q) C @Q,
independently of € [0,w], as required.

Since the operators

(T, ) : @ x[0,1] = @ x [0,1] and (T",v) : @ x [0,1] — @ x [0, 1] (see below)
can be easily verified to be completely continuous with closed fixed-point sets, all
the associated homotopies are admissible in the sense of the above definition.

Now, since all the assumptions of Theorem [I] are satisfied, problem (5)-(4)
possesses at least N(T),(.)) solutions belonging to @, for every p € [0,1]. In
particular, problem (1)—(4) has N(T4(.)) solutions, but according to Lemma
N(Ty,(.)) = N(To(.)). So, it remains to compute the Nielsen number N (7Tp(.))
for the operator Ty : Q — @, where

€o / G (t, s)qg(s)ids,
_ 0

fo /Ow Goalt, 8)q1(8)%d3.

Hence, besides (B]), consider still its embedding into one-parameter family of
operators

(8) To(q)

T(q) =vTo(q)+ (1 —v)roTp(q), TV:Q — Q, ve0,1],
where 7(q) := (r(q1),7(q2)) and
r(¢;) = ¢:(0) fori=1,2.

One can readily check that r : Q — Q NR? is a retraction and Tp(q) : QNR? — Q
is retractible onto Q@ N R? with the retraction r in the sense of Definition [3 Thus,
roTp(q) : QN R? — QN R? has a fixed point ¢ € Q NR? if and only if § = Tp(q).
Moreover, r o Ty(q) : Q@ — Q NR? has evidently a fixed point § € @ NR2 if and only
if g = To(q). So, the investigation of fixed points for T%(q) = r o Ty(g) turns out to

be equivalent with the one for T°(q) : Q NR2 — Q N N2
Since, in view of Lemma [Il we have

N(T1(.)) = N(To(.)) = N(T"(.)) = N(T°(.)),

—aw w L —bw w L
T%(q) = (7606 / e qa(s)mds o™ / ebsch(s)nds) ,
0 0

where

1 —eaw "1 —etw

and
1@ = (Lt L) 1= @® = (@0).60) € Qi

it remains to estimate N(T°(.)). It will be useful to do it by passing to a simpler
finite-dimensional analogy, namely by the direct computation of fixed points of the
operator

T°q): QNR* — QNR?,

belonging to different Nielsen classes.
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There are two fixed points ¢y = (q1,¢2) and ¢_ = (—q1, —¢2) in Q@ N R2, where

1

(eo) T fo mn—1
1=\ -
a b ’

mn,

~ () =T f() mn—1

Q= \— - .
a b

These fixed points belong to different Nielsen classes, because any path u connecting
them in @ N R? and its image T°(u) are not homotopic in the space @ N R2.

Thus, according to Definition 2l N(7T°(7)) = 2. By means of Lemma 2| we have
moreover N(T1(.)) = N(T°(.)) = N(T°(q)) = 2 and so, according to Theorem
system () admits at least two solutions belonging to @, provided suitable positive
constants 01, do exist satisfying ().

In fact, system (Il possesses at least three solutions satisfying (@), when the
sharp inequalities appear in (@), by which the lower boundary of @ becomes fixed-
point free. Indeed. Since A(T1(.),Q) = A(T°(.),Q) = A(T°(q), @ N R?) holds for
the generalized Lefschetz numbers (see e.g. [Brl]) and one can easily check that
A(T%(q), Q@ N R?) = 2, we obtain that A(Ty(.),Q) = 2. Furthermore, since for the
self-map T3(.) on convex set Q1 N Qs we have A(Ti(.),Q1 N Q3) = 1 (see e.g.
[Brd]), it follows from the additivity, excision and existence properties of the fixed
point index (see [Bol], [G]) that the mapping Ti(.) has the third fixed point in
Q1 N Q3\Q, representing a solution of problem (I)-@) and belonging to Q1\Q.

As we can see, problem ([[)—(@)) admits at least two solutions in @1 N Q3 for an
arbitrary w > 0. Furthermore, because of rescaling (I}, when replacing ¢ by ¢ + ¥,
there are also two solutions of () satisfying X (—%) = X (%), for an arbitrary w > 0,
and belonging to Q1. Therefore, according to the intuitively clear Lemma 2.8.1 in
IK] and by the obvious geometrical reasons related to the appropriate subdomains
of @, system () possesses at least two bounded solutions in Q1.

Of course, because of replacing ¢ by (—t) the same result holds for (1) with
negative constants as well.

Finally, consider the system of inclusions

=)

' +ar € e(t,x,y)y% +g(t,z,y),
(9)
Y +by e flt,z,y)zw + h(t, z,y),

where a, b, m, n are same, but e, f, g, h are this time multifunctions, which are
product-measurable for all (t,z,y) € R3, lower-semicontinuous in (z,y) for a.a.
t € (—o0,0), and with the same estimates as above.

Since each mapping e, f, g, h has, under our regularity assumptions, a Carathéo-
dory selector (see e.g. [R] and the references therein), the same must be also true

for ([@).

Summing up the above conclusions, we can give finally

Theorem 2. Let suitable positive constants 61, do exist such that the inequalities
1 = g\"
Lleody” — G| > 61 > (f—) ,

(10) ) .
hlfodf = H| = 6> (£)
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are satisfied for constants eqy, fo, G, H estimating the multifunctions e, f, g, h as
above, for constants a, b with ab > 0 and for odd integers m,n with min(m,n) > 3.
Then system [@) admits at least two entirely bounded solutions.

If, in particular, the sharp inequalities appear in (), then system @) admits at
least three w-periodic solutions, provided the multifunctions e, f, g, h are w-periodic
mnt.

As a direct consequence of the existence of three harmonics, system (@) with
w-periodic in ¢t and right-hand sides satisfying suitable regularity assumptions pos-
sesses “generically”, in view of T. Matsuoka’s results in [MI], [M2] (cf. also [Bo2],
[HJ]), infinitely many periodic (subharmonic) solutions, provided the same assump-
tions as above are satisfied.

The “genericity” is understood in the sense of Artin’s braid group theory, i.e.
when the only exceptional braids representing periodic solutions are certain simplest
ones (for more details see [Bo2]).

So, we can conclude by

Corollary. Assume, in particular, that [e(t, z, y)yL +g(t,z,y)] and [f(t,z, y)leL +
h(t,z,y)] are Carathéodory-functions on R x N2 such that a uniqueness property
for Cauchy problems is guaranteed and that e(t,z,y) = e(t + w,x,y), f(t,z,y) =
fE+w,x,y), gt,z,y) = gt + w,x,y), h(t,x,y) = h(t + w,x,y). Let positive
constants 81, 0 exist such that the sharp inequalities take place in (IQ) for constants
eo, fo, G, H estimating the functions e, f, g, h as above, for constants a, b with
ab > 0 and for odd integers m, n with min(m,n) > 3. Then system () has
generically infinitely many periodic (subharmonic) solutions.

Example. Consider the system

o +ax= e(x,y)y% + cos 27t,
(11) 1
Y +y = f(z,y)et + cos 2nt,
where (0; = 1074, 6o = 1072, R = 100)
10 for (z,y) e RA\{(-R<z< -6 Ad <y <R)
V(1 <z <RA—R<y<—=0)V(lz] <d Aly| <d2)},

e(2,9) =4 0 for (w,y) € {(FHo, Fo), (B2, =I5}

any extension with |e(z, y)| < 10 such that e(z, y)y?
is locally lipschitzian, otherwise,

10 for (z,y) e R:\{(01 <z < RAd2 <y <R)
V(—R<z <=0 AN—R<y<—08)V(z] <o Aly| <d)},

T@y) =4 0 for (w,y) € {(H2, H52), (o, S0y,

any extension with |f(x,y)| < 10 such that f(z, y)y%
is locally lipschitzian, otherwise.
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According to Theorem 2] system (III) admits three 1-periodic solutions and so,
in view of the Corollary, it might have infinitely many p—periodic (subharmonic)
solutions, p € N.
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