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ABSTRACT. We show that the first non-finitely generated local cohomology
module HE(M) of a finitely generated module M over a noetherian ring R
with respect to an ideal a C R has only finitely many associated primes.

1. INTRODUCTION

Apparently very little is known about the finiteness of the set Assg (HQ(M )) of
associated primes of the local cohomology module H:(M) of a finitely generated
module M over a noetherian ring R with respect to an ideal a of R. So, in [M-S]
the authors ask whether the sets Assg (Ext%(R/a", M)) become stable for n >> 0.
An affirmative answer to this would imply that the set AssR(Hg(M )) is always
finite. On the other hand it seems not to be known whether the set Assp (H 2(M ))
is finite in general even if a is generated by two elements only. Moreover, if for two
elements a,b € R the set Sys(a,b) := U,cy Assg (M/(a™,b™)M) is finite, then
Assg (H(2a7b)(M)) is finite. But Katzman [K] has shown that Sas(a,b) need not be
finite. In [B-R-Sh| we have shown that Sjs(a,b) is finite under certain conditions.
These conditions imply that H (1a7b) (M) is finitely generated and so the resulting
finiteness of Assp (H(2a7b)(M)) is not surprising, as Assg (H2(M)) is finite whenever
H} (M) is finitely generated (see [B-R-Sh} (2.4), (2.5)]).

Finally, let us mention that the finiteness of the sets Assg(HE(M)) is related
to the local-global-principle for finiteness dimensions due to Faltings [E] (cf. [B=Sh}
(9.6.2)]) and also to the open problem of whether such a principle holds for the
annihilation of local cohomology modules (see |R], [B-R=Shl).

The aim of this note is to show that the set Assp(HZ(M)) is finite, whenever
the modules H(M),... ,Hi"'(M) are finitely generated. This generalizes the
corresponding result which is shown in [B-R-Sh| for the special case i < 2 and
which was already mentioned above.

Throughout this note, let R be a noetherian ring, let a C R be an ideal and let
M be a finitely generated R- module. If i € Ny, we write H.(M) for the i-th local
cohomology module of M with respect to the ideal a. For convenience we write
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H g (M) = 0, whenever j is a negative integer. For the unexplained terminology we
refer to [B-Sh].

2. THE FINITENESS RESULTS

Proposition 2.1. Let i € Ny be such that Hg(M) is finitely generated for all
j < i and let N C HL(M) be a finitely generated submodule. Then, the set
Assp(HL(M)/N) is finite.

Proof. We proceed by induction on i. The case i = 0 is obvious as HJ(M) is finitely
generated. So, let i > 0 and set M = M/Tq(M). As HO(M) = 0 and in view of
the natural isomorphisms H¥(M) = HE(M) for all k € N, we may replace M by
M and hence assume that T'q(M) = 0. We thus find an M-regular element y € a.
By our choice of N, there is some n € N with y" N = 0.

We set  := y™ and apply cohomology to the exact sequence 0 — M = M —
M/xzM — 0. Tt follows that H!(M/xM) is finitely generated for all I < i — 1.
Moreover, we get the following commutative diagram with exact rows and columns
in which ¢ is the connecting homomorphism and in which € and g are the natural
maps:

(%)
Héfl(M) - Héfl(M/xM) —° 5 H!
| e L

0 — s HIYM/zM)/6~Y(N) —>— Hi(M)/N —Z— Hi(M)

I l

0 0

As Ker(6) = e(Hi7'(M)) and N are both finitely generated, so is ().

Therefore, by induction
T:=H Y (M/xM)/5 1 (N)

has only finitely many associated primes. It thus suffices to show the inclusion
() Assp(HL(M)/N) C Assp(T) U Assg(N) .
So, let p € Assr(H:(M)/N)\Assg(T). With an appropriate h € H’(M) we may
write p = N B h, hence p = 0 B o(h). As p ¢ Assg(T), the last equality and the
second row of (x) show that p € Assg(Z(o(h))R) = Assg(zhR). This allows us to
write p =0 Iz)bxsh for some s € R.

As zsh is annihilated by some power of z, we have x € p. By our choice of h
this means that xsh € N. This implies that p € Assg(N) and hence proves the
inclusion (**) and thus our result. O

Now, the announced result follows easily.

Theorem 2.2. Let i € Ny be such that HL(M) is finitely generated for all j < i.
Then the set Assg(HL(M)) is finite.

Proof. Apply Proposition (2.1) with N = 0. O
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Next, let us introduce the a-finiteness dimension of M (see [B-Shl (9.1.3)]):
fa(M) :=min{j € No | H}(M) not finitely generated} .
Using this notation we may write Theorem (2.2) in the form
Corollary 2.3. If i < fo(M), then Assg(Hi(M)) is a finite set. O

Corollary 2.4 (see [B-R-Sh, (2.2)]). The set Assp (HfmdeM(u)(M)) is finite.

Proof. Follows from Corollary (2.3) as gradeps(a) < fo(M). O
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